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Journal-Bearing Performance for Combina- 
tions of Steady, Fundamental, and Low- 


Amplitude Harmonic Components of Load 


This paper presents the results of an experimental study 
of the effect, on journal-bearing performance, of super- 
posing the low-amplitude harmonic to fundamentai and 
steady components of a vertical cyclic bearing load of the 
form 


P= Py + P, sin (wt) + P, sin (nwt + v) 


Amplitude ratio values (P,/P,) of between about 0.3 and 
0.4 and frequency ratio values (nm) of 2, 3, and 4 are con- 
sidered. Test results exhibit a bearing performance some- 
what similar to that obtained with sinusoidally alternating 
and fluctuating loads with critical changes in performance, 
at (w,/w) (ratio of the rate of load application to that of 
journal rotation) slightly less than 0.4, of a character 
mainly dependent on the ratio (P,/P,)). The striking 
phenomenon encountered in the tests, however, is the 
appearance of secondary critical changes in the perform- 
ance at submultiples of the one-half speed ratio, namely, 
at (w,/w) slightly less than 0.25, 0.167, and 0.125 for second, 
third, and fourth superposed harmonic components of 
load. An explanation of this behavior is suggested. Fur- 
ther work on the subject is proceeding. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


radial bearing clearance 

journal eccentricity 

total frictional force on journal 

frequency ratio of P,, to P, 

rotational journal speed 

load applied per unit projected bearing area 

steady component of P 

fundamental component of P 

nth harmonic component of P 

radius of journal 

time 

total external load on bearing 

nondimensional quantity known as load criterion 
(P5*/XN). It is a measure of the load applied to a 
journal bearing for specified values of journal rota- 
tional speed, lubricant viscosity, and relative bearing 
clearance 

A. = load criterion based on value of average load in cycle 

obtained with negative ordinates reversed 
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Amax = load criterion based on value of maximum load in cycle 
5 = relative bearing clearance = c/r 
€ = eccentricity ratio = e/c 
€max = Maximum eccentricity ratio occurring in cycle 
X = coefficient of viscosity of lubricant 
May = coefficient of friction for journal, obtained by dividing 
average value of F, in cycle, by value of average load 
(as per 
a, = ratio of rate of load application to that of journal rota- 
tion = w,/w, referred to, in text, as speed ratio 
y¥ = phase relationship between P, and P, (see foregoing 
equation) 
angular speed of journal rotation 
@, = angular speed of application of P, 


INTRODUCTION 


In a previous paper (1),* the fundamental problem of a journal 
bearing operating under variable loading conditions was discussed, 
and the bearing-performance characteristics were obtained for 
the relatively simple case of a vertical sinusoidal load with and 
without a deliberately imposed steady component of load. 

The present study which forms a further contribution to the 
solution of the general problem, concerns itself with the effect, 
on the bearing behavior, of superposing a harmonic component 
with an amplitude only a fraction of that of the fundamental 
component. The ratios of the harmonic to fundamental ampli- 
tudes for the load waves presented are of the order of between 
0.3 and 0.4. Three frequency ratios, viz., 2, 3, and 4, were used 
and for each ratio two values of the phase relationship, represent- 
ing two extreme conditions, were tested. 

In studying the effect of superposing the steady load com- 
ponent, only the cases in which the minimum or maximum load 
in the cycle assumed approximately a zero value were considered. 
This condition is based on test results with sinusoidally fluctuat- 
ing loads and serves to show the relative behavior with “non- 
reversing”’ load waves. 

Variations in the load criterion were obtained by changing 
only the journal rotational speed, and speed-ratio values between 
zero and unity were tested. 

APPARATUS 

The testing machine specially designed and built for the pres- 
ent investigations, Figs. 1 and 2, has been fully described (1). 
It simply comprises a full sleeve bearing, the journal being driven 
by a speed-controlled motor via a flexible coupling. The load is 
applied to the journal, through a lever system, by means of two 
helical compression springs actuated by variable throw eccen- 
trics. The drive of the latter allows for the adjustment of the 
frequency ratio and the phase relationship between the two varia- 
ble load components. 

The journal displacement is measured by means of photo- 


2 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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Fic. 1 Gernerau Front View or APPARATUS 


Fie. 2. Generat View or Loapine System 


electric pickup units coupled, through amplifiers, to a cathode ray 
tube. 

The load wave is obtained under static conditions by measur- 
ing the lengths of the loading springs, and under dynamic condi- 
tions, by means of strain gages in the lever system connected to 
an oscilloscope. 

Journal friction values are obtained from the power input to 
the journal. The oil temperature is measured by a thermo- 
couple, and rotational speeds of journal and loading shafts by 
generator-type tachometers connected to voltmeters. 


or Test ProcepURE 


The intercoupling of the eccentric drives was arranged to give 
the desired frequency ratio and phase relationship between the 
two sinusoidal load components. The adjustment of the eccen- 
tric throws provided for the required values of the component 
wave amplitudes. The steady load component was obtained 
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through the initial adjustment of the springs. The bearing was 
supplied, via four small holes at the ends of two horizontal diam- 
eters, with oil under an arbitrary pressure of 30 psi. 

The apparatus was run under load for at least 90 min, during 
which period the electronic equipment was switched on and the 
various operating conditions adjusted to attain the steady state. 

A complete set of observations was taken under the same 
conditions. 


PRESENTATION OF RESULTS 


For fourteen load-wave forms tested, some system of notation 
would be desirable. Each wave form is hereby denoted by a 
number, the digit to the left giving the frequency ratio n and the 
decimal figure representing the serial number of the load wave 
for the particular frequency ratio. Fig. 3 shows the ideal 
forms of the load waves used in the experiments and Fig. 4 
exhibits typical recordings thereof. 

For each group of waves (same frequency ratio), the journal 
center loci, maximum eccentricity ratio {simply referred to as 
eccentricity ratio), load-carrying capacity, and friction results 
are discussed. 

The journal center loci reproduced in the text are corrected for 
screen calibration only. No bending correction is applied owing 
to the uncertainty of this. correction outside the region of _maxi- 
mum eccentricity and correlation points. 
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Fic. 3 Ipeat Forms or Loap Waves Testrep 
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+ Load Wave 2.35 ( 150 cycles/min.) 


ce Wave 3.1 ( 100 cycles/min.) 


@. Load Weve 4.) ( 100 cycles/min.) f. Load Weve 4.5 ({ 100 cycles/min.) 


Fic. 4 Sampie Recorpines or Principat Loap Waves 


It is considered convenient to reproduce some of the recordings 


to emphasize certain aspects of the bearing performance. The 
center of the graticule is to be regarded as the bearing center. 
It should also be understood that the sensitivities (or scales) in 
the X and Y directions are not quite the same, the smallest divi- 
sion representing between 0.4 and 0.6 X 10~? in. 


Tests Seconp-Harmonic CoMPONENTS 


Journal Center Loci. Test results, Figs. 5 and 6, show, for 
waves 2.1 and 2.3, a general picture for the journal center locus 
not very different from that obtained for sinusoidally alternating 
loads (1). There is, however, in the neighborhood of o, = 0.25, 
some tendency for the appearance of a secondary loop. It seems 
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Fie. 5 Wave 2.1: Journat Center Loci 
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that the effect of a second-harmonic component with such low 
amplitude ratio P;/P; is insufficiently great as to bring considera- 
ble changes to the bearing behavior. 

For the nonreversing load fluctuation 2.2, the journal locus was 
found to be shifted toward the steady load locus and the stages 
of journal path to simulate those obtained for sinusoidally 
fluctuating loads with P,/P, = 1. For wave 2.4, however, the 
effect of the steady component did not seem to suppress to any 
considerable degree the whirl at the one-half speed ratio. It is 
suggested that with this wave form the journal is unloaded, in the 
cycle, with conditions simulating sudden release of load which 
were found to help in initiating the no-load whirl (3) and hence 
will support the journal oscillation at o, = 0.5. Distinct from 
this wave is wave 2.5 in which the converse conditions are exam- 
ined; the duration of the highest loads is far greater than the 
duration of the unloaded conditions in the bearing with the ex- 
pected result of a seriously suppressed whirl and orbits mainly 
confined to only one quadrant of the clearance cirele. 

Maximum Eccentricity Ratio and Bearing-Load Capacity. The 
eccentricity curves for waves 2.1 and 2.3, Fig. 7, show that the 
peaks take place at a value of o, between about 0.48 and 0.49, 
Only a slight relative increase in journal maximum eccentricity 
is noted in the neighborhood of o,; = 0.25. 

The variation in eccentricity for wave 2.2 is gradual with a 
rather flat nature of the curves in the important region of the 
speed ratio, For wave 2.4, however, test results show that there 
is still a considerable increase in the maximum eccentricity ratio 
attaining maximum values at a speed ratio of about 0.48. An 
explanation for this behavior is given in the foregoing. Eccen- 
tricity results for wave 2.5 show only a slight increase in 
eccentricity and a rather flat nature of the curves in the region 
of the one-half speed ratio. 

For this group of load waves, bearing design based on a steady 
load equal to the maximum load in the cycle seems to be of ade- 
quate safety for values of the speed ratio greater than about 0.8. 
In fact, the design on this basis would still be safe at lower values 
of the ratio with ioad waves for which journal whirl was obtained. 

Friction. The curves obtained for wave 2.1, Fig. 8, exhibit 
some critical increase in friction values at o, between about 0.48 
and 0.49. A similar increase but somewhat less peaked is noted 
for waves 2.3 and 2.4 at o, ~0.48. For waves 2.2 and 2.5, fric- 
tion values were found constant over the entire range of speed 
ratios tested. 

It can be seen that friction results fit in quite well with the 
general picture of behavior as drawn by eccentricity measure- 
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ments in the same manner as they do for sinusoidally alternating 
and fluctuating loads. 


Tests Wirs Turgp-HarmMonic COMPONENTS 


Journal Center Loci. An interesting phenomenon starts to 
appear quite clearly with these low-amplitude third harmonics. 
Loci for waves 3.1 and 3.3, Figs. 9 and 10, show that two second- 
ary loops seem to come into existence in the neighborhood of 
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Fie. 8 Waves 2.1, 2.3, anp 2.4: Journat Friction 


o, = 0.167. It is not difficult to explain this feature of the 
journal path should the extreme case of a very high amplitude 
ratio P;/P; be considered. Under such conditions, it would be 
reasonable to expect the appearance of three loops for the journal 
center path. The load wave would approach three sinusoidal 
load waves applied in one cycle and in the light of the results 
obtained with sinusoidally alternating loads, some critical in- 
crease in journal eccentricity and friction would be expected at 
the submultiple value of the one-half speed ratio corresponding 
to the third-harmonic component, viz., at a value of o; slightly 
less than 0.5/3 = 0.167. The presence of the loops appears more 
pronounced for wave 3.3, probably partly due to a higher value of 
the amplitude ratio P:;/P, (0.398 against 0.351). The orbits 
continue, after the foregoing value of o;, te exhibit some circular 


Fie. 9 Wave 3.1: Journnat Center Loci 
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Fie. 10 Wave 3.3: Journnat Center Loct 
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whirl in the region of the one-half speed ratio and then, with in- 
creasing speed ratio, they collapse to some elliptic or dumbbell- 
shaped paths in stages somewhat similar to those experienced 
with sinusoidally alternating loads. 

It is easy to show that a square wave form can be represented 
by a Fourier series in which the amplitudes of the first three com- 
ponent sine waves (with n = 1, 3, and 5, respectively) are in the 
ratio 1:1/3:1/5. As wave 3.1 is composed of two component 
waves of frequency ratios 1 and 3 and amplitude ratios 1 and 
0.351, it may be regarded as a first approximation to a square 
type of load wave, and the results of Burwell’s theoretical study 
(2) may then be compared with the present experimental results. 
The journal center loci, Fig. 9, disagree with Burwell’s loci which 
are composed of sections of the journal paths, first obtained by 
Swift (4), for the free oscillations of the journal center under a 
steady load. It is thought, however, that owing to the presence 
of terms other than the fundamental and third harmonic, the 
comparison may not be quite justified before loads composed of 
more than two component waves are first studied. 

For convenience in reference, the speed ratio at which the 
maximum value of some reiative increase in eccentricity or fric- 
tion values takes place, or is expected to do so under favorable 
conditions, will be termed “critical speed ratio.’’ It should be 
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Waves 3.1 anp 3.2: Curves or Maximum Eccentricity 
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understood, however, that the use of the term “critical’’ should 
not necessarily imply some actual critical change in the perform- 
ance characteristics, but rather to refer to the speed ratio at 
which these changes may take place should the operating varia- 
bles permit. 

Test results show that the journa! center path, for wave 3.2, 
is displaced in the direction of the steady load locus; there seems 
to exist, however, some tendency to whirl at the “fundamental’’ 
critical speed ratio. This is probably due to some stimulus to no- 
load whirl in a manner similar to that encountered with wave 2.4. 
The reason why the tendency appears at a somewhat lesser ex- 
tent may be partly associated with the comparatively shorter 
duration of the unloaded conditions in the bearing for this wave. 

The influence of the steady-load component in wave 3.4 was 
found to be quite effective in suppressing the journal center whirl. 

Mazimum Eccentricity Ratio and Bearing-Load Capacity. For 
waves 3.1 and 3.3, the eccentricity curves, Figs. 11 and 12, ex- 
hibit two relative increases in the range of speed ratio tested; 
rather slight at the “subharmonic”’ critical ratio and quite con- 
siderable at the fundamental critical ratio. As distinct from 
the above two waves, are waves 3.2 and 3.4 for which the steady 
component seems to suppress completely any increase in the 
eccentricity ratio in the neighborhood of the subharmonic critical 
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ratio. While the curves for wave 3.4 show very little increase in 
the eccentricity ratio at the fundamental critical ratio, those for 
wave 3.2 show some appreciable increase for which an explana- 
tion is proposed in the foregoing. 

For this group of load waves, bearing design based on a steady 
load equal to the maximum load in the cycle is of adequate safety 
for values of the speed ratio greater than about 0.7. 

Friction. Test results show, for waves 3.1 and 3.3, Figs. 13 and 
14, some critical increase in friction values at the fundamental eriti- 
cal speed ratio of about 0.48 with hardly any noticeable relative 
increase in the neighborhood of the subharmonic critical ratio. 
This is not difficult to visualize if reference be made to the results 
obtained for sinusoidally fluctuating loads with P;/P) = 1, in 
which case the friction values were constant while some increase 
in eecentricity values was recorded. It seems that friction values 
do not appear to be affected until some considerable change in 
the operating conditions takes place, e.g., at the one-half speed 
ratio for sinusoidal loads. This attitude of friction variation in 
relation to eccentricity variation can be seen in the results of all 
load waves tested. 

Constant friction values were obtsincd with wave 3.4, while 
some noticeable increase in friction was recorded for wave 3.2 at 
the fundamental critical speed ratio; this increase would be ex- 
pected to accompany the tendency to journal whirl for this wave. 


Wirn Fourtu-HarMonic CoMPONENTS 


Journal Center Loci. The journal center exhibits for waves 
4.1 and 4.3 some rather complicated patterns, Figs. 15 and 16, 
composed, in general, of four loops at the subharmonic critical 
speed ratio in the neighborhood of 0.125. With increase in a, 
the loops open out to join the main orbits which then pass 
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through some familiar stages of locus as for sinusoidal loads. 
The appearance of four loops, at the subharmonic critical speed 
ratio, can be explained in the same way as given previously for 
waves with third-harmonic components. 

Journal center loci for waves 4.2 and 4.5 were found to be con- 
siderably affected by the presence of the steady-load component. 
For wave 4.4, however, some tendency to journal whirl (in a 
manner similar to that experienced with wave 2.4 but to a lesser 
extent) was recorded at the fundamental critical speed ratio. 
This behavior can be explained on grounds of the unloaded condi- 
tions in the bearing as previously suggested for waves 2.4 and 3.2. 

Mazimum Eccentricity Ratio and Bearing-Load Capacity. Fe- 
centricity curves, Figs. 17 and 18, show, for waves 4.1 and 4.3, 
some relative increase at the subharmonic critical speed ratio of 
about 0.12. They also show a considerable increase at the 
fundamental critical ratio of about 0.48, beyond which the eecen- 
tricity ratio decreases, the display of the curves being similar to 
those obtained for sinusoidal loads. For these two waves the 
relative load-carrying capacity exceeds unity for speed-ratio 
values higher than about 0.65. 

Test results do not show, for waves 4.2, 4.4, and 4.5, any 
noticeable relative increase at the subharmonic critical speed 
ratio. While there is some tendency to journal whirl for wave 4.4, 
as discussed before, the curves for waves 4.2 and 4.5 show only a 
slight increase in eccentricity and a rather flat nature of the 
curves at the fundamental critical speed ratio. For these three 
waves, the value of the relative load-carrying capacity of the 
bearing exceeds unity for speed ratios above about 0.6. 

Friction. Curves for waves 4.1 and 4.3, Fig. 19 exhibit some 
critical increase in friction values at the fundamental critical 
speed ratio of about 0.48. While friction values are constant 
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Fig. 18 Waves 4.3, 4.4, anp 4.5: Curves or Maximum Eccen- 
Tricity Ratio 


over the entire range of speed ratio tested, for waves 4.2 and 4.5, 
there is some relative increase in friction for wave 4.4 accompany- 
ing the tendency te journal whirl at the fundamental critical 
ratio. For this group of load waves there does not seem to be 
any significant increase in friction values at the subharmonic 
critical ratio. 


SumMARY AND CONCLUSION 


The performance characteristics of a full journal bearing are 
obtained for load waves composed of low-amplitude second, 
third, and fourth-harmonic components superposed on the 
fundamental component. The value of the amplitude ratio 
P,,/P, used in the tests is of the order of 0.3 to 0.4. The study 
includes the investigation of two extreme values of the phase 
relationship and also the effect of a deliberately imposed steady- 
load component adjusted to give maximum or minimum loads 
in the cycles approximately equal to zero. 

The most striking phenomenon encountered in the tests is the 
appearance of the subharmonic critical speed ratio at a value 
which corresponds to the harmonic component involved, namely, 
in the neighborhood of 0.5/2, 0.5/3, and 0.5/4 for second, third 
and fourth harmonics, with journal center loci comprising 2, 3, 
and 4 loops, respectively. An explanation for this feature of be- 
havior is put forward. 
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Fie. 19 Waves 4.1 anp 4.3: JournnaL Fricrion 


The value of the phase relationship is found not to affect appre- 
ciably the presence of the subharmonic critical speed ratio though 
it is shown to have, in general, some influence on the bearing per- 
formance. 

The critical increase in maximum eccentricity ratio is accom- 
panied, at the fundamental critical speed ratio, by some related 
increase in friction. 

Owing to the improvement in the relative load-carrying capac- 
ity of the bearing after the fundamental critical speed ratio, 
for the load waves tested, bearing design based on a steady load 
equal to the maximum load in the cycle seems to be of adequate 
safety for values of the speed ratio greater than about 0.7 to 0.8. 

The superposition of the steady-load component affects the 
performance characteristics in a manner similar to that shown by 
sinusoidally fluctuating loads. For certain waves, with the inten- 
tionally imposed steady-load component, some tendency to jour- 
nal center whirl was noted. This is attributed to some stimulus 
to no-load whirl brought in by the form of the wave. With the 
load fluctuations herein presented, no significant relative change 
in the bearing behavior was experienced at the subharmonic criti- 
cal speed ratio. 

Work has also been carried out for load waves with higher 
values of the amplitude ratio P,/P,. The results of these inves- 
tigations will be published in the future. 


ACKNOWLEDGMENTS 


The author wishes to express his indebtedness and gratitude to 
Prof. H. W. Swift, M.A., D.Se., M.I.Mech.E., of the University 
of Sheffield, for his keen interest and able advice. He would also 
like to thank Mr. P. Freeman, B.Eng., of the same University, 
for his valuable assistance and encouragement. 


BIBLIOGRAPHY 


1 “Journal Bearing Performance Under Sinusoidally Alternating 
and Fiuctuating Loads,” by G. 8. A. Shawki and P. Freeman, paper 
read before The Institution of Mechanical Engineers, April, 1955, to 
be published in Proceedings of The Institution of Mechanical En- 
gineers, London, England. 

2 “The Calculated Performance of Dynamically Loaded Sleeve 
Bearings (I),"" by J. T. Burwell, Journal of Applied Mechanics, Trans. 
ASME, vol. 69, 1947, p. A-231. 

3 “Whirling of a Journal Bearing: Experiments Under No-Load 
Conditions,” by G. 8. A. Shawki, Engineering, vol. 179, 1955, pp. 
243-246. 

4 “Fluctuating Loads in Sleeve Bearings,” by H. W. Swift, Jour- 
nal of The Institution of Civil Engineers, vol. 5, 1937, pp. 161-195. 


. = 
ihe 
ges 
4 


ay 
= 
\ Vat 
= 
AS 
4 
= ee 
‘ 


This paper presents basic theoretical investigations into 
the performance of a complete journal bearing of infinite 
width under conditions of variable load. The theory ex- 
cludes the existence of negative pressure (below vapor pres- 
sure) in the lubricating film. Analytical solutions are 
given for few simple cases; they show closer agreement 
with experiment than those attained by previous theory. 
Owing to the complexity of the equations involved in the 
analysis, solutions, in general, may be effected only by 
numerical computations; tables of relevant functions are 


included. Further work on the subject is proceeding. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


B = axial bearing width 

b = relative bearing width (ratio of bearing width to 
diameter) 

c = radial bearing clearance 

e = journal eccentricity, Fig. 1 


NotTaTIoNn 


Fre. 1 


F, = total frictional force on journal 

hk = fluid-film thickness 

N = rotational journal speed 

P = load applied per unit projected bearing area 
p = fluid-film pressure 

r = radius of journal 


1 Lecturer, Mechanical Engineering Department, Cairo University. 

Contributed by the Research Committee on Lubrication under the 
auspices of the Lubrication Activity of Tae American Socrety or 
MeEcHANICAL ENGINEERS, and presented at the Second Annual 
ASME-ASLE Lubrication Conference, Indianapolis, Ind., October 
10-12, 1955. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Novem- 
ber 22, 1954. Paper No. 55—LUB-16. 
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Analytical Study of Journal-Bearing 
Performance Under Variable Loads 


By G. S. A. SHAWKL,' CAIRO, EGYPT 


time 

circumferential velocity of journal surface = wr 

value of uaty = 0 

value of uaty =A 

fluid velocity in x-direction 

value of vat y = 0 

value ofvaty =A 

fluid velocity in y-direction 

total load acting on bearing 

distance measured along journal surface in direc- 
tion of motion 

distance measured across fluid film 

distance measured along bearing axis 

angular rotation of journal = wt 

angle between fixed line in space and load vector, 
measured in direction of journal rotation 

nondimensional quantity known as load criterion = 
(P8/AN) 

load criterion with load constant in both magni- 
tude and direction 

load criterion with load of fixed magnitude rotating 
at uniform speed 

relative bearing clearance = c/r 

eccentricity ratio = e/c 

eccentricity ratio for a load constant in both 
magnitude and direction 

relative load-carrying capacity of bearing, i.e., 
ratio of applied-load criterion to steady-load 
criterion that would produce the same maximum 
eccentricity ratio 

angular position of any point in fluid measured 
from maximum film thickness end of line of 
centers, in direction of journal rotation 

value of 0 at beginning of operative film 

value of @ at end of operative film 

coefficient of viscosity of fluid 

coefficient of friction for journal = F ;/W 

ratio of frequency of load application to that of 
journal rotation w,/w (referred to, in text, as 
speed ratio) 

w,/w 

shear stress in fluid in z-direction 

angle between load vector and minimum film thick- 
ness end of line of centers measured in direction 
of journal rotation 

angle between maximum film thickness end of line 
of centers and load vector, measured in direction 
of journal rotation 

angular speed of journal rotation 

angular speed of load application 

angular speed of line of centers 

functions of ¢ and @,, Equations [13] and [14] 


f(@) = function of 6 with € as parameter, Equation [9] 
Ry = functions of € and Equation [18] 


INTRODUCTION 


Theoretical studies in dynamically loaded bearings were first 
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started by Harrison (5),? whose work was extended by Robertson 
(8), and the results used to explain the phenomenon of “‘oil-film 
whirl.’”’ An extensive treatment of the problem was later given 
by Swift (14). Subsequent contributors include Dick (4), Ott 
(6), and Burwell (1). 

Apart from Ott, these authors assumed film continuity in the 
bearing; this entails the admission of negative film pressure. 
There are certain indications in experimental research (10) point- 
ing to the nonexistence of negative film pressure as a major source 
of divergence between theory and experiment. For this reason 
a theory accounting for the incapability of fluids to stand tensile 
stress is put forward. Although Ott took the foregoing concept 
into consideration, his fundamental equations are open to ob- 
jection (9, 10). He obtained approximate solutions to the equa- 
tions giving the film extent in the bearing, but concluded that a 
forma! mathematical solution was, in general, unattainable. It 
was therefore decided in the present work to obtain, by numerical 
methods, exact solutions to the problem in which the bearing per- 
formance is to be determined for specified external load. 


ANALYTICAL TREATMENT 
It is assumed that the operative lubricating film is confined to 
regions of positive pressure, that the flow is streamlined and that 
the fluid viscosity is uniform throughout the film. 
(A) Fundamental Equations 


Load Equations. It can be shown that a more general form 
of Reynolds differential equation (7) giving the pressure dis- 
tribution in the lubricating film is 


1/2 (,,%\, (,, 
6X E (1 (1 


which, for the usual case of a stationary bearing and assuming no 
side leakage, may be manipulated to yield the equation 


, 
(1 + 008) + 2 (2 con + 8) [2] 


Integrating twice with respect to @ and evaluating the con- 
stants of integration for the boundary conditions 

Film continuity: =0 

p = atmospheric or surrounding pressure at 0 = 0, the equa- 
tion takes the nondimensional form 


+ € cos @) sin 0 120 
| 
(1+ecos0)? (1+ da 


in which p represents, in fact, pressure rise above the surrounding 
pressure and N is assumed uniform but not zero. 

The pressure, as shown by Equation [3], attains positive as 
well as negative values. As mentioned before, the film is con- 
sidered inoperative in the regions where the equation necessitates 
negative pressure. 

Neglecting frictional tractions with respect to fluid pressures, 
the load equations will be given by 


2? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Asin ® = 4 


(2+e)VYil-e 


(1 + €cos 6) | (2+ €)(1 + €cos 
de 6m 6m cos |” 
a laa +ecos#) «1+ “An 
and 
67 cos 0 
de — | € cos 8) 
6x sin 5] 


Friction Equations. It can be shown that the shear stress in 
the fluid at the journal surface is given by 


+ + e€cos 6)? (2 + €) (1 + € cos 


Owing to the uncertainty of treating the lubricant in the in- 
operative part of the film, the frictional resistance values will be 
confined, in the present analysis, to regions of positive pressure. 


Substituting Equation [6] in Equation [7], performing the inte- 
gration, and dividing the result by W, we obtain 


6 (1 + €cos 


las eal, 
da | + € cos 8) Io, 


+ (1 — 
/1—é sin 0 + 6er sin is] 
(1 + € cos 8) (2+) (1 + €cos0)f, 


giving the relation between frictional and load criteria. 
(B) Film Extent 


As a first approximation to the determination of the film extent, 


the pressure function in Equation [3] is equated to zero. There- 
fore 
(1 — + 
(2 + €*) 
(2 + €) 
= = f(0)...... 9 


The solution of Equation [9] is found to lead to two real and 
two complex roots. These latter roots are considered of no im- 
portance in the present study. It is, therefore, concluded that 
the pressure function attains, in general, zero values at precisely 
two points on the journal circumference. 

The value of @ = 6, = 0 or 24 determines one end of the oper- 
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ative film boundary. The other end 6 is the real root of the cubic 
equation in (tan 6/2) obtained from Equation [9]. With @ 
appearing as a limit of integration in load and friction equations, 
it seems that the numerical computation of 6, is a most suitable 
solution. 
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Fie. 2 f(@) Versus 0 


(/-20) + & + (s- 20,) - & — 


(1-2@) + & (1-20) & /da + 
(-2¢)4 (/-2¢)-: 


ee / 2 © , Kmextent > 
te / ea ftlm extent 


Fic. Comprnations or Pressure Waves 


Should f(@) in Equation [9] be plotted against 0, Fig. 2, a 
straight line parallel to the 6-axis would intersect the curve in 
points, the abscissas of which would give the film boundaries 
corresponding to the value of the left-hand side of the equation. 
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Table 1 is prepared for purposes of computation. 
Fig. 3 shows the four possible combinations of the component 
pressure waves which lead to the different cases of the operative 
film position around the journal periphery under the conditions 
cited. 

In the foregoing analysis the film is considered, for simplicity, 
to extend from 6, to 6: where the pressure function vanishes. It 
seems, therefore, that a more accurate solution would be obtained 
with the set of boundary conditions: p = 0 at 6, = Oand p = 
0 = 07/08 at 4. This set, which is based on stability considera- 
tions, is found, however, to result in very complex expressions 
(10); it is doubtful whether the higher accuracy attained would 
justify the far too laborious task of obtaining solutions. 


(C) Special Cases in Which (0€/Oa) = 0 


This condition greatly simplifies the load and friction equations 
which reduce to 


127re* 


A sin ® = (1 — 2c¢,) {10} 


and 


M; 3? 31r%e? 
J) A = + (1— 20,) [12 
(7) 


A Unidirectional Load of Constant Magnitude. For a fixed journal 
center position in the clearance circle, A = Ao, € = &, o, = 0. 
The results obtained, Figs. 4 and 5, are compared with earlier 
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theoretical investigations (2, 12). It should be pointed out that 
Cameron and Wood’s results are based on the more accurate 
solution referred to previously, and that Sommerfeld’s results 
are given only because they would be obtained from Swift’s 
theory (14). It is evident that the results of the present work, 
for this special case of loading, show closer agreement with ex- 
periment than those obtained from Swift’s theory. 

A Uniformly Rotating Load of Constant Magnitude. A journal 
is subjected to a load constant in magnitude but rotating at a 
uniform angular speed w, about the bearing center. In this case 
8 = wand A = A,; therefore 


= (8 +%)=— =o, 


The load equations are similar to those obtained in the previous 
case with A;/(1 — in place of Ao. 


LOCENTRICLT, 


o2 oF e 


Fic. 6 VARIATION OF ¢ AND 9 FOR A UntrorMLY Rotatine Loap 


Fig. 6 shows that 7 — o; curves obtained from Swift’s and pres- 
ent theories are identical. The € — o; curves indicate, how- 
ever, closer agreement of the latter theory with Simons’ results 
(3) which were obtained after modifying his test machine (11). 
The theoretical curves are chosen to give, at o, = 0, the same 
€ value as the experimental curve. 

The present theory is found, as would be expected, to lead to 
friction values lower than those obtained from Swift’s theory. 

A most interesting result is the gradual change in ®, the phase 
angle between the journal center position and the load direction, 
Fig. 7. While Swift predicts a sudden change in ® from 2/2 to 
—m/2 at the critical speed ratio of 0.5, the present treatment 
shows a gradual change depending on the value of A,; this 
latter trend is in agreement with experiment (13). 

Points of Instantaneous Maximum or Minimum Eccentricities 
on Journal Locus. It can be easily shown that, for the case of a 
unidirectional load, the points of instantaneous maximum or 
minimum eccentricities on the journal path (under instantaneous 
definite loads) lie on the steady-load locus. Experiment (10) 
shows a trend agreeing, in general, with the foregoing predic- 
tion. 

If, however, the instantaneous value of the load were zero, the 
points of maximum or minimum eccentricities would be expected 
to exhibit an instantaneous whirl with o, = 0.5. 

For a circular journal path under zero external load, ¢, = 0.5, 
and the eccentricity ratio assumes any value between zero and 
unity, the results being identical with Swift’s findings. 
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(D) General Case of Variable Load 


The fairly good agreement, shown to exist between the sug- 
gested theory and the trend of experimental results in the few 
simple cases just given, may be accepted as establishing the 
trustworthiness of the general theory. It should be made clear 
at the outset that a formal mathematical solution to the problem 
of variable load is not attempted; only means for obtaining solu- 
tions by numerical methods are considered. From an engineer- 
ing viewpoint such solution is by no means less useful than a 
strict mathematical handling of the problem which may prove 
far too laborious with no appreciable increase in the accuracy of 
the solutions effected. 

For computational purposes, the load Equations [4] and [5] 
may be put in the form 


A sin = (1—20,) + 


A cos ® = (1 —20,) Fr + 
0a 
(in which the functions F,; to F, are defined by comparison with 
Fquations [4] and [5], and are given in Tables 2 to 5), or proba- 
bly more conveniently in the form 
Oe (F; cos — Fy sin &) 
0a (FiFs — F2Fs) 


_ 1 F.sin®) , 
0a (F.iF, — F2F3) 2 


A = f(a, ®).... [15] 


= 9 (a, €, ®) 
Also 


(1—20,) _ — | 


F, cos ® — F; sin ® 


Equation [9] gives the operative film extremities. 
The friction Equation [8] may be put in the form 


de 
A=Rk + + (1 — 2¢,) Rs 
in which R,, Re, and R; are defined by comparison with Equation 
[8]; they are given in Tables 6 to 8. 
The problem in which the resultant load is to be determined 
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for given journal center displacement presents no obvious diffi- 
culties. On the other hand, the inverse problem which is en- 
countered in bearing design is decidedly more difficult. Com- 


puting aids may be resorted to depending on the nature of the 
problem. 
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Studies in Lubrication—XI 


Slider Bearing With Transverse Curvature; Exact Solution’ 


By A. S. C. YING,* A. CHARNES,? anv E. SAIBEL,* PITTSBURGH, PA. 


An exact solution is developed for the Reynolds equation 
in the hydrodynamical theory of slider-bearing lubrication 
with side leakage for film thickness varying exponentially 
both in the direction of motion and symmetrically per- 
pendicular to this direction. This solution is in the form 
of a rapidly convergent series from which calculations for 
the pressure distribution, total bearing load, frictional 
force, and so on, may be made conveniently for al! length- 
to-width ratios, all entrance-to-exit clearance ratios, and 
all center-to-side clearance ratios. The results which were 
obtained previously by the perturbation method‘ are shown 
to be quite accurate for small ratios of center-to-side 
clearance and, for the larger ratios, the error of the per- 
turbation method is calculated. In fact, the present 
exact solution turns out to be as convenient to apply as the 
former approximate one and is recommended for practical 
consideration. 


THEORY 


HE usual notation is used, p and p’ denote pressure, and 

I h and h’ the film thickness. The assumptions made are 
those which lead to the Reynolds equation® and, although 

this paper will be concerned with the case of constant viscosity, 
the results can be applied when the viscosity is a function of 


pressure.’ 
The Reynolds equation for fluid lubrication is 
re) dp re) dp oh 
— {th — — —) —..... 1 
Assuming h=ae™eY for y 


>0 
= for y £0 


where a, b, and c are known constants determined from the shape 
of the slider, the equation becomes 
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and the boundary conditions are that the pressure is zero on the 
exterior edge of the slider and that the pressure and the rate of 
flow in the y-direction are continuous on the common boundary. 


SoLuTION 
The solution of Equation [3] may be obtained readily as 


Az, ¥) = DAT, Y) + PAT, [5] 


where p,(z, y) is the particular integral and p,(z, y) is the compli- 
mentary function, and they satisfy, respectively, the equations 


oy? 


For the particular integral, p, will be in the form 
= 


Substituting this into Equation [6], we have the differential equa- 
tion for F(z) 


+ 3bF'(z) — 2c*F(z) = 


6buU 
= 


and its solution is 


3buU 
F(z) = (e~ 202 — 8 em?) 
where 


a, = ; + + 8c?) 


ay = 5 — + 84) 


The integration constants 8, and §; are so chosen that p, will be 
as simple as possible. This is effected by making p, = Oatz = 0 
and z = B. Using these boundary conditions we find 
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and the particular integral is 
3buU 
a%b? + c?) 
For complementary function p,, the solution can be put in the 
following form by separation of variables 
7 (E sinh jy + F cosh jy) 


Pp = — (e~ — — Bye™*)e—2ey [10] 


sin iz + D cos 


Qb2 2 
i= and j = 


Since p = p, = Oand p, = Oat xz = Oandz = B, then D = 0 
andi = nw/B which leads to 


J B? 4 


Therefore the general solution is 


+ c?) 


Sts 
n=1,2,3 


p= (e — Bye™? — Bre™*) 


2 2 


+e € — (Z, sinh j,y + F,, cosh j,y) 


.. [12] 


where £, and F, will be determined by the conditions at y = L/2 
and the common boundary. 
From the condition, p = Oat y = L/2 
(z. sinh juke + F,, cosh 
n=1,2,3 2 
_eb 9b? + Be? ) 


3b = 
—. e 3 — Bre 


+ c*) 
. . [13] 


The expression on the right-hand side of Equation [13] vanishes 
at the edge z = 0 and z = B. Such a function can be repre- 
sented by the series 


in which the coefficients A, are calculated by using the formula 


4. aXb? + 


V/9b? + Be? ) 


2 — Bre 


from which it follows that 
_ >B 
F —(—1)"e 


2 3) 
2(b +2) 


b? (9b? + 8c? 
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ab? + c*)B 


[15] 
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Substituting Equation [14] into Equation [13] and equating 
the corresponding coefficients for sin nmz/B, we have 
E, sinh“ + osh A,.. (16) 
For the continuity equation at the common boundary, we have to 
know the pressure distribution p’ for y < 0. This can easily be 
found by replacing y with —y in Equation [12] 


3buU 
a*(b? + c*) 


( —2bz __ Bye™* 


Bre™* )e2eu 
abs 
2 

n=1, 2,3 


sin (— E, sinh j,y + F, cosh j,y) 


It is obvious that p and p’ are symmetrical with respect to y, also 
p = p’ automatically at y = 0. The boundary condition re- 
maining to be satisfied is that the rate of flow in y-direction is con- 
tinuous, i.e. 


12u oy 
Since h = h’ at y = 0 (see Equation [2]}) 


By differentiating Equations [12] and [17] and substituting to- 
gether with Equation [15] into Equation [18], we find 


| 


jn + 2ce* sin 


| 


The final solution is Equation [12] for y > 0 and Equation [17] 
for y < 0 with a, a2 given by Equation [8], 8:, 8: by Equation 
[9], Z,, F, by Equation [20], 7, by Equation [11], and A, by 
Equation [15]. 


PERFORMANCE CHARACTERISTICS 


The characteristics treated in the present paper are (a) total 
ioad and (b) the total frictional force. Other characteristics such 
as center of pressure, oil flow, etc., can be obtained from the known 
pressure distribution. 

(a) Total Load. Making the customary assumption, namely, 
that the slope of the slider is small and that consequently the 
vertical component of the pressure against the slider is equal to 
the pressure itself, we have 


* The same equation can be obtained by setting = = 0. This 


follows from the symmetry (2 and continuity (2 


ae 
where 
ae 
< 
; 
—Qey 
5 ot op dp’ 
<i From Equations [16] and [19], we find 
a jn cosh — + — sinh 
2 2 2 [20] 
Jn 
2 2 2 
n=1, 2, 3 B 
— Bre sin —— dz 
oP ; 
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x 
Fie. 1 
L 
W=2 de d 
y=0 z=0 P 
where p is given by Equation [12]. The result is 
w= — ( —— 
ab? + c*) 2b ay 
nT 
1 — 1 — e~ = B 
4 B 
2 
mat { 4 [- — A, (2, cosn it 
9c? 
7 
j 3c 
+ F, sinh isk) + Bj + [21] 


(b) Total Frictional Force. 
ponent in the z-direction 


If S, is the shearing stress com- 


and 


L 

y= z=B 

F=2 f 8, dx dy 
y=0 z=0 


The evaluation of F can be simplified using integration by parts as 
follows 


L L 
ul op 
f +f f ae 
y=0 y=0 or 
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L 
u= z=B 
y=0 z=0 h 
B z=B 
oh 
ac) 
(| z=0 Pas 
2 c= 2 I= 
pU dh 
-2f f +f f 
y=0 ou. & y=0 Pos 


knowing p = Oat z = Oandz = B. 
With h = ae’*e™ for y = 0 the result is 


eL 
pU(2c? + 5b?) 1— e 1—e ? 
ab? + c?*) b c 
_bB 
> oF 
a=1,2,3 —_ — — j,? 
j L j 
{e 4 [- — A,—j, cosh + F,, sinh 
+ E,j, + F, (22) 


NUMERICAL EXAMPLE 


As a comparison of results with those from the approximate 
method, we calculate the total load and total frictional force for 
a square (ZL = B) slider having a ratio (qa) of film thickness at 
entrance to exit of 2 (see Fig. 1) and various ratios (@) of side-to- 
center clearances, The results are listed in Tables 1 and 2 to- 
gether with those from the perturbation method. The percentage 
of error for the latter method is seen to increase as § increases. 
This is to be expected. 


TABLE 1 
8= Exact W Approximate W Per cent 
(present paper ) (perturbation method) error 
1B 
1.00 0.01130 0.01130 0 
1.02 0.01110 0.01109 —0.09 
1.20 .00963 0.00914 —5.10 
1. 0.00719 0.00652 —0.35 
TABLE 2 
8= Exact F Approximate F Per cent 
(present paper) (perturbation method) error 
6nUB* 64UB* 
1.00 0.1259 _ 0.1259 hot 0 
1.02 0.1250 0.1250 0 
1 0.1150 0.1180 2.61 
1 0.1028 0.1074 4.48 
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Journal-Bearing Operation at 
Superlaminar Speeds 


By M. I. SMITH! anv D. D. FULLER? 


Journal bearings today are generally designed to operate 
under such conditions that laminar flow prevails in the 
lubricant film. However, with the continuing trend in 
machine design toward higher speeds, there is the possi- 
bility that the limits of laminar flow may be exceeded in 
many bearings of the future. In the investigation re- 
ported in this paper, the load-carrying and frictional 
characteristics of a journal bearing were studied at speeds 
ranging up to five times the critical speed. The “critical 
speed” is defined as that rotational velocity which just 
causes breakdown of laminar flow. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


c¢ = radial clearance, in. 


D = bearing diam, in. 
f = coefficient of friction, dimensionless 
h = film thickness, in. 
K, K’ = constants, dimensionless 
L = bearing length, in. 
m = clearance ratio, mils/in. 
N = speed, rpm 
p = pressure, psi 
P = load per unit projected area, psi 
q = flow rate per unit width, in*/sec 
r = bearing radius, in. 
Re = Reynolds number, dimensionless 
U = journal velocity, in/sec 
x = linear co-ordinate in direction of motion, in. 
€ = eccentricity ratio, dimensionless 
p = lubricant mass density, lb sec*/in.* 
u = lubricant viscosity, reyns, Ib sec/in.* 
uw’ = lubricant viscosity, centipoises, dyne sec/cm* 
vy = kinematic viscosity, centistokes 
6 = angular co-ordinate measured from point of maximum 
film thickness 
7 = shear stress, psi 
@ = attitude angle 


INTRODUCTION 


In one of the very few instances in which hydrodynamic theory 
has been applied successfully to predict breakdown or instability 
of laminar flow, Taylor analyzed the fluid motion in the annular 
film between rotating concentric cylinders(1).* For the case of an 
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unloaded journal bearing, Taylor’s instability criterion may be 
given in the form of a critical Reynolds number 


In terms of the usual dimensions employed in the lubrication 
literature, the critical speed in rpm is given by 


v 
Ner = 77,400 [2] 
These relations were confirmed quite well by Wilcock (2), who 
noted anomalous increases in the frictional torque developed in 
relatively lightly loaded journal bearings above this critical 
speed. Taylor observed visually that at speeds in excess of the 
critical value, the flow in the cylindrical annulus assumed a regu- 
lar vortex pattern which persisted over some range before de- 
generating into a truly turbulent motion. The frictional charac- 
teristics were such as to suggest that the vortical flow corresponded 
to the “‘transition’’ region found in other systems between the 
laminar and turbulent-flow regimes, such as, for example, in pipe 
flow (3). 


THEORETICAL ANALYSIS OF TURBULENCE 


The performance characteristics of bearings are usually de- 
duced from Reynolds differential equation 


re) op re) op dh 
E + E 4 6u U 


This is derived from the equations of continuity and Navier- 
Stokes, and assumes the existence of laminar flow in the lubri- 
cant film. 

Sommerfeld’s simplified analysis (4) neglected the influence of 
axial flow and permitted the pressure gradient to be expressed as 


where h* is the film thickness at the position of maximum pres- 
sure. 

This latter relation results from the formal manipulation of the 
basic laminar equations. However, in such a development, it 
may be shown that the flow of lubricant may be considered to be 
due to the additive effects of a pure shear flow, upon which is 
superimposed a flow due to a pressure gradient in a fixed-walled 
passage. 

In attempting to evolve an expression similar to Equation [4] 
applying to the turbulent regime, it was not found possible to 
proceed along the formal lines employed previously, since the 
equations of turbulent motion contain so-called Reynolds 
stresses, which are unknown quantities requiring empirical data 
for evaluation. Therefore the foregoing principle of superposition 
was assumed; i.e., it was assumed that the flow of lubricant 
could be attributed to the separate effects of a turbulent shear 
and a pressure flow. That the shear component of flow is no 
longer laminar above a critical speed could be accepted from the 
previously cited work of Taylor and Wilcock. The critical ques- 
tion then arose: What is the nature of the pressure flow compo- 
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nent at supercritical Reynolds numbers? There appeared to be no 
way of drawing upon earlier theory to predict definitely whether 
it would remain laminar, or whether it, too, would become un- 
stable and break into turbulence. If it did, in fact, retain its 
laminar characteristics, then Equation [4] would be valid, and 
the load-carrying capacity of the supercritical bearing would be 
essentially that of a laminar one, although friction would be ex- 
pected to be higher due to the turbulent shear flow. On the other 
hand, what sort of performance might result from the pressure 
flow becoming turbulent? This possibility had not been ana- 
lyzed up to the present time and, in order to study a bearing 
critically in the laboratory, a theory based upon turbulence of the 
pressure component was developed. The performance of the 
bearing was then expected to indicate definitely the actual nature 
of the pressure flow. 

Concerning the shear component of flow, it might be noted that 
a turbulent shear-velocity profile has not yet been defined without 
the introduction of empirical constants, thus far undetermined 
(5). However, for the purpose at hand, it is necessary to know 
merely the flow rate attributable to shear alone. Since this flow 
must be symmetrical about the channel mid-point, the rate is the 
same as that under laminar-flow conditions 


In a pressure flow in a passage, the pressure gradient under tur- 
bulent conditions is proportional to the average cross-sectional 
velocity raised to a power approaching 2, as compared to the value 
of this exponent of unity for laminar flow. Taking, then, the 
gradient as proportional to the average velocity squared 


dp ta! 
dz h 


where the negative sign indicates that the pressure decreases in 
the direction of mean motion. The quantity of flow attributable 
to the pure pressure effect is 


Neglecting side leakage, continuity of flow demands that 
U 
% + Gp = const = ry h* 


These equations lead to the relations for the turbulent pressure 
gradients in a bearing 


dp... (h—h*)? 
— = K'pU? 


> h* 


dp (h — h*)? 
h3 


= —K'pU? 


h* 
h< 


K’ represents K/4 and is an empirical constant. Equation [9] was 
solved for a journal bearing, where 


h = c({l + € cos 6} 


The boundary conditions imposed were those of the “half 
Sommerfeld’’ solution derived by Giimbel for laminar operation 
(6). That is, the are of positive pressure was taken to extend 
over the region 0 < @ < zm, while the remainder of the film was 
assumed to be at atmospheric pressure. Comparisons of the 
turbulent bearing were drawn with Giimbel’s laminar solution. 

As a result of this analysis, there emerged three outstanding 
differences between turbulent and laminar pressure films. 

1 Although the empirical constant K remained in the pressure 
equation, it was found that the turbulent pressure profile at a 
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given eccentricity ratio was much flatter than the sharply peaked 
profile characteristic of laminar flow. 
Turbulent pressure variation 
3 

p = KpU?— ——<—| are cos cos + € 

c2vVi—e 1 + «cos 

sin (cos + Vi—e 
(1 + € cos 6)? F 


r cos + 


sin 0 (cos + €) 
(1 + € cos | 


Here 6* is the angle corresponding to the position of maximum 
pressure, and is given by 


Laminar pressure variation 


6uUr + € cos sin 


(2 + €*)(1 + € cos 0)? 


2 An exact expression could be obtained to describe the 
eccentricity locus of a turbulent bearing. At a given eccentricity, 
the attitude angle measured between the line of centers and load 
line in the direction of rotation was smaller than that of laminar 
operation. 

Turbulent locus 


2(are sin € — € Vi — 
loge (1 — + 


tan = hy. 


Laminar locus 


tand = — 


3 The foregoing two factors placed a turbulent pressure film 
in a much better position to support an applied load, so that the 
load-carrying capacity was indicated as being considerably su- 
perior to that of a similar bearing which maintained laminar flow 
in the film under the same conditions of operation. 

Turbulent load-carrying capacity 


P (<) ™(are sin Vi—eé) 
KpN*r? \ r 


900 sin @ 
Laminar load-carrying capacity 


P 
alt) 102 + VW/1— 


Sin @¢ is most easily evaluated for a given value of € from Equa- 
tions {14] and [15], respectively. 

With these points serving as a guide for comparison, the be- 
havior of a journal bearing was then observed in the laboratory. 


Description oF APPARATUS 


The apparatus was designed with the object of attaining a 
fairly low critical speed, while holding power losses to reasonable 
values. Several methods might have been employed to measure 
the thickness of the lubricant film. The simplest, and one which 
lends itself to a high degree of precision, is the measurement of 
displacement of a “‘floating’’ bearing, corrected for the deflection 
of the journal produced by the load. 

A lubricant of low kinematic viscosity was required to depress 


A 
| 
cos = — 
| 
Uave? 
a ¥ 


the critical speed. Since load was never applied until the shaft 
was in motion, “lubricity’’ in the lubrieant was of secondary im- 
portance. Consequently, water was used as the test lubricant. 
In addition to its low viscosity, water possessed an additional ad- 
vantage in that its fairly good viscosity index and high specific 
heat minimized the error in the estimate of average film viscos- 
ity, which is a function of temperature. This is a factor which 
is generally troublesome to define in any lubrication study. 


G 


Fie. 1 Scuematic DiaGRAM OF APPARATUS 


A 3-in. X 3-in. bronze bearing (A in Fig. 1) of split construction 
was employed. The shaft (B) was stainless steel. Lubricant was 
introduced through a single '/,-in. hole in the bearing crown. 
The clearance ratio was 2.93 mils per in., a value which was 
calculated to remain constant under the conditions prevailing 
during operation. The shaft was supported at either end by 
rolling-contact bearings, and was driven through belted pulleys 
by a 1'/:-hp variable-speed d-c motor. 

Load was applied hydraulically to the test bearing through a 
hydrostatic shoe (C), which was suspended by thin straps (D) 
from a yoke (E). A ball bearing (F), positioned at the center of 
the yoke, was seated in the piston (G). Delivery of high-pressure 
water at the shoe-bearing interface effectively ‘‘floated’’ the bear- 
ing, so that the frictional torque developed could be counter- 
balanced on a laboratory-platform balance (H) without inter- 
ference from the loading mechanism. 

Displacement of the bearing was measured by two air gages 
which were positioned against the outer periphery of the bearing, 
each at a 45-deg angle with the load line. The combination of 
‘*Plunjet’’ air-gage heads and rotameter provided an amplification 
factor of 2000:1. The gage readings at each increment of load 
were referred to the concentric no-load positions, and corrected 
for journal deflection to enable -alculation of eccentricity and 
attitude angle. The maximum estimated error in eccentricity 
ratios measured in duplicate runs amounted to +0.02. Where 
whirling of the unloaded bearing oceurred at high speeds, ex- 
trapolation of the gage readings was necessary to establish the 
concentric position, and then the maximum estimated error in- 
creased to +0,.035. 

Film pressures along the median plane were obtained by means 
of five taps which were connected by flexible plastic tubing to a 
manifold and thence to a pair of pressure gages. Provision was 
made to rotate the bearing enabling the pressure to be recorded in 
increments of 7'/. deg over an arc of 255 deg. 

Accurate measurements of film temperatures to permit estima- 
tion of average viscosity are extremely difficult to make. It was 
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arbitrarily assumed in this work that the average temperature in 
the film was the arithmetic mean of the inlet and outlet tempera- 
tures. The latter was calculated from the power loss in the bear- 
ing, lubricant flow rate, and thermal gradients in the bronze. At 
the highest speed investigated, an error not exceeding 6 per cent 
may have been made in the viscosity calculated in this manner. 
This limit of uncertainty is much smaller than that encountered in 
subjecting viscous lubricants of lower specific heat to high rates 
of shear. 


FRICTIONAL CHARACTERISTICS AT No Loap 


The frictional characteristics of the unloaded bearing were used 
as the criterion to determine the mode of flow in the lubricant 
film. Under laminar-flow conditions, the shear stress is given by 


The shear stress may be defined in a manner similar to that com- 
monly employed in other fields of fluid dynamics 


Here f is a coefficient of friction and is a function of the Reynolds 
number. In the laminar bearing 


In turbulent flow, the coefficient of friction is related to the 
Reynolds number by the function 


Fig. 2 presents a log-log plot of experimental data for f (calcu- 
lated from f = torque/mpU*r*L) versus the Reynolds number. 
The form of the graph is similar to those commonly observed in 
other fluid systems, in that regions of laminar, ‘‘transition,’’ and 
turbulent flow were quite sharply delineated. Taylor’s calculated 
critical Reynolds number is indicated on the graph, and it is seen 
that it is actually very close to the point of departure from 
laminar behavior, as observed by test. The constants of Equa- 
tion [21] were evaluated in the turbulent region at no load, so 
that the coefficient of friction could be expressed as 
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Actually, for the four highest values of Reynolds number, it was 
found necessary to load the bearing slightly in order to suppress 
whirling, and the points shown on the graph were obtained by 
extrapolation to zero load. 

With the assurance that the coefficient of friction of the con- 
centric (unloaded ) bearing afforded a clear indication of the mode 
of flow in the lubricant film, the performance of the loaded bear- 
ing was studied. 


PeRFORMANCE aT SuscriticaL ReyYNoLps NumsBers (LAMINAR 
ConDITIONs) 


The bearing was run at 900, 1300, and 1800 rpm, corresponding 
to 0.47, 0.68, and 0.94 of Taylor’s critical speed. In this region, 
bearing theory has been well developed, and operation has been 
observed by many investigators. This study included the laminar 
region in order to determine the degree of conformance of the 
bearing with laminar theory and to develop a degree of confidence 
in the data obtained from the test machine. The work of Cameron 
and Wood probably represents the most complete mathematical 
analysis of the 360-deg finite journal bearing (7), and their re- 
sults were used as the basis for comparison, The simplified analy- 
sis of Gimbel, in which side leakage is neglected, also was used 
for comparative purposes. 
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Fig. 3, showing the eccentricity ratio plotted against the re- 
ciprocal of the Sommerfeld variable, summarizes the results of the 
experiments in the laminar region. In this graph, the Sommerfeld 
variable u’N/Pm? is expressed in the mixed units peculiar to 
lubrication literature and listed in the foregoing nomenclature. 
It is seen that the experimental points are very close to the curve 
calculated by Cameron and Wood. As a matter of some in- 
terest, a theoretical curve is also shown in Fig. 3 based on the work 
of Karelitz (8) and Needs (9) and recently described by Fuller 
(10). It can be seen that the experimental points fall almost 
directly on this curve. 

Fig. 4 shows data for pressure profiles in the bearing running at 
1800 rpm under loads causing eccentricity ratios of 0.4 and 0.8. 
Also shown dotted is Giimbel’s theoretical pressure distribution 
at the higher eccentricity ratio, adjusted by a factor (0.78) which 
was required to obtain correspondence of the theoretical and 
actual peak pressures. Reduced by the “‘side-leakage factor’ in 
this manner, the theoretical curve closely approximated the 
actual pressure profile. The greatest variation was found in the 
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Fic. 4 Pressure Prorites at 1800 Rem (Laminar Operation) 


region of subatmospheric pressure immediately behind the trail- 
ing edge of the pressure arc of the film. In analytical treat- 
ments, this region is assumed to be at atmospheric pressure. 

The frictional torques exerted on the bearing and journal at 
1800 rpm are plotted in Fig. 5 to show the variation with ec- 
centricity ratio. The journal torque was calculated from the 
measured bearing torque and eccentricity. Also shown dotted 
are curves calculated from Cameron and Wood’s analysis. The 
frictional behavior of the test bearing conformed quite closely to 
that predicted. 
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PERFORMANCE AT SUPERCRITICAL REYNOLDS NUMBERS 


The bearing was run at a somewhat higher temperature and at 
eight speeds, ranging from 2400 to 7450 rpm, with the latter 
representing 5.17 times the critical speed calculated from Equa- 
tion [2]. 

Eccentricity ratio-load curves at 3000 and 7450 rpm are drawn 
in Figs. 6 and 7, together with the theoretical laminar curves cal- 
culated for the finite (Cameron and Wood) and infinite (Giimbel) 
journal bearing. At speeds somewhat beyond the critical value, 
the former theoretical laminar treatment described load-carrying 
capacity very well. With increasing speed, there was a drift 
toward the behavior of the infinite laminar bearing. There was, 
however, no approach to the vast increase in load-carrying ca- 
pacity which would have resulted from a turbulent-pressure flow 
in the lubricant film, 

Pressure readings along the median plane at eccentricity ratios 
of 0.8 at these two speeds are given in Fig. 8. Also shown dotted 
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is the theoretical turbulent profile calculated from Equation [11] 
and adjusted to have the same peak value as that recorded at the 
higher speed. It is readily apparent that the sharply peaked pro- 
file characteristic of laminar-pressure flow was maintained despite 
the turbulence of the shear component of flow. Indicative of the 
somewhat greater load-carrying capacity at higher speeds, the 
maximum pressure measured at 3000 rpm was 75 per cent of Giim- 
bel’s theoretical maximum value, whereas 109 per cent was re- 
corded at 7450 rpm. 

Points taken at all eight supercritical speeds are plotted in the 
polar diagram of Fig. 9, where the theoretical turbulent and 
laminar eccentricity loci calculated from Equations [14] and [15], 
respectively, are alsoshown. In this respect, too, the bearing per- 
formed in laminar fashion. 

The frictional torques exerted on the bearing and journal at 
3000, 4700, and 7450 rpm are shown in Fig. 10. Also tabulated 
for comparison are the no-load torques which would have been 
developed, had laminar flow prevailed in the film. It is seen that 
the initially high friction at light load was greatly reduced by the 
imposition of load. At the lowest speeds, the bearing torques 
leveled off at high eccentricity ratios, while the compensating 
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moments applied by the load caused the journal torques to re- 
turn to their original values. At 7450 rpm, however, the bearing 
torque continued to fall at the highest eccentricity ratio which was 
attained, while the moment of the load was not sufficiently great 
to cause any reversal in journal torque. In no case did the 
torque decrease to the low level of laminar friction. Thus the 
turbulent bearing exhibited an astonishing variation of friction 
with load; that is, with increasing load, it became less difficult— 
at least up to an optimum point—to drive the journal. 

While the phenomenon of lubrication under nonlaminar-flow 
conditions cannot be explained fully, it is evident that the pres- 
sure component of flow remained laminar up to speeds exceeding 
five times the value at which laminar shear flow became unstable. 
As the pressure gradients increased with the application of load, 
the magnitude of the viscous stresses exceeded the turbulent 
‘Reynolds stresses’ over most of the lubricant film cross section. 
Therefore the total flow in the load-carrying are of the bear- 
ing approached the laminar state. In the crown of the bearing, 
where little or no pressure gradient existed, the flow probably re- 
mained turbulent. In those instances where the bearing torque 
attained virtually constant values at high eccentricity ratios, 
calculations of friction were carried out, assuming a pure laminar 
flow in the converging arc of the film and a turbulent flow in the 
diverging half. It was found that the actual friction was some- 
what less than the values computed on this assumption. 

It was mentioned previously that a small load was required to 
stabilize the bearing against whirling at higher speeds. Table 1 
shows the minimum eccentricity ratios which were required for 
suppression of whirl. 


TABLE 1 ECCENTRICITY RATIO FOR WHIRL SUPPRESSION 
Per cent of critical 


Speed, rpm speed Minimum eccentricity ratio 
4700 325 .07 
5600 392 0.10 
6550 446 0.12 
7450 517 0.13 
CoNCLUSIONS 


The frictional behavior of the unloaded bearing was such as to 
define regions of laminar, transition, and turbulent flow. The 
point of departure from the laminar region for the unloaded bear- 
ing was in good agreement with Taylor’s instability criterion. For 
loaded bearings, laminar pressure gradients in the load-carrying 
film were maintained to speeds some five times greater than the 
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critical speed. Therefore the load-carrying capacity of the bear- 
ing could be calculated by the laminar solution of Cameron and 
Wood, although this treatment becomes somewhat conservative 
as the turbulent region is penetrated to a greater extent. The 
bearing exhibited a minimum power loss at eccentricity ratios of 
0.6 to 0.8, where the actual friction was bracketed by the calculated 
laminar and the concentric turbulent cases. Below an eccentricity 
ratio of 0.15, there existed the possibility of whirling at higher 
speeds. 
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A primary flowmetering device which has been in use 
in England for some time has been thoroughly investi- 
gated to determine its characteristics. The results of this 
investigation are presented herewith. The outstanding 
characteristic is an amazingly high metering differential 
in comparison with the head loss engendered. 


INTRODUCTION 


EVERAL new types of flow-metering devices have appeared 
S in literature or on the market in the past few years. One of 
these is a device which is a modified venturi tube produced 
in England under the name, “Dall Tube.”? Some claims made 
for this device seemed contrary to the performance that would be 
expected from theoretical considerations. The company by 
which the author is employed has made a comprehensive study 
of this new type of flowmetering primary element, and it is the 
purpose of this paper to make the information obtained availa- 
ble to those interested. 

Tests were conducted in an industrial hydraulic laboratory.* 
Flows were determined by calibrated volumetric tanks and stop 
watches. Further description of the tests is deemed unnecessary 
except to say that large-bore inverted hook-gage manometers 
were used for measuring low differential pressures, and test results 
indicate that technique and care were adequate in nearly all cases. 
Actual test points have been included on most curves to give some 
indication of accuracy. 

An examination of the Dall flow tube gives the impression that 
a fluid flowing through it will be subject to a very high loss of 
head. Actually, the loss is lower than for any other known pri- 
mary device which operates by developing pressures dependent 
on the acceleration of the fluid. Those experienced in the art of 
flow measurement are even more amazed at the remarkably low 
pressure drop caused by a Dall flow tube than are the uninitiated. 


OPERATION OF Datu Flow Tuse 


Fig. 1 shows a cross section through a typical Dall flow tube. 
Note that the flow first strikes a dam at a, which would be ex- 
pected to increase the head loss. There is a narrow cylindrical 
section on either side of the throat slot. Therefore, after the 
flow passes through the inlet cone it encounters a sharp edge at b 
and then another sharp edge atc. The flow next has to traverse 
the open throat slot, after which it strikes two more sharp edges, 
dande. At point the flow undergoes sudden enlargement to the 
pipe diameter. The cones are steep in addition to being trun- 
cated, and the whole device is only about 2 diameters long. The 
recovery cone has an included angle of about 15 deg. There are 
no graceful curves as in venturi tubes, nozzles, and other devices 


1 Vice-President in Charge of Engineering, Builders-Providence, 
Ine., Division of B-I-F Industries (Formerly, Builders Iron Foundry). 
Mem. ASME. 

2 Made by George Kent Ltd., Luton, Bedfordshire, England. 

3 B-I-F Industries, Inc., Providence, R. I. 
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ENGINEERS. 

Norse: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 
27, 1954. Paper No. 54—A-139. 
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DALL FLOW TUBE 


R,°350,000 


DIAMETER RATIO 2 


RATIO OF DALL FLOW TUBE DIFFERENTIAL 
TO VENTURI! TUBE DIFFERENTIAL 
4 


Fie. 2. Ratio or Dirrerentiat To 
Type Ventvuri-Tuse DirrerReNTIAL 


which are intended to accelerate or decelerate a fluid with mini- 
mum loss. 

The differential pressure produced by a Dall flow tube is much 
higher than that of a corresponding nozzle or venturi tube. Fig. 
2 shows the increase in differential over that of a venturi tube of 
the same ratio of throat diameter to pipe diameter. It will be 
noted that the differential is doubled for 8 = 0.60, and that for 
very large throats, where the velocity of approach factor causes a 
decrease in effectiveness of venturi tubes and nozzles, the Dall 
flow-tube advantage is even greater. 

Fig. 3 shows the head loss through a Dall flow tube expressed in 
per cent of differential pressure developed. Head losses for short- 
form Herschel-type venturi tubes and long-form Herschel-type 
venturi tubes have been included in the same figure for compara- 
tive purposes. The three solid curves are plotted against 8. The 
dotted curve shows the per cent loss through a Dall flow tube 
which produces the same differential as a venturi tube with the 
diameter ratio indicated on the horizontal scale. 


Heap Loss 


The head-loss figures throughout this paper indicate the loss 
caused by a differential producer when it is followed by sufficient 
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straight pipe to provide full recovery. This is about 5 diameters. 
In other words, the loss is the increase in pressure drop which =r 
would occur between the ends of a straight piece of pipe if the — 
pipe were cut in two, the pieces separated, and the metering de- oes 
vice inserted between them. For the Dall flow tube this loss was 068 . 
determined by measuring the pressure drop between a tap 1 § 067 Pi 
diameter upstream and a tap 5 diameters downstream of the 066 
differential producer, and subtracting the loss in a piece of pipe 6 Pee 
diameters long. This pipe loss was determined by test. The ica 
increased loss caused by inserting a differential producer in a sec- oii 
tion of pipe by removing a section of the pipe and inserting the 
20 30 40 so 60 70 60 


metering device without separating the remaining pipe sections 
(as would normally be done in an existing piping system) is less. 
In the case of the Dall flow tube the difference is substantial. 

In Fig. 2 is shown the ratio of the differential produced by a 
Dall flow tube to that produced by a venturi tube or a nozzle. 
Fig. 4 shows the ratio of head loss of these two types of devices 
(at Reynolds numbers greater than 350,000 where the ratio be- 
comes constant). 

It will be noted that the head loss of the Dall flow tube varies 
from about 0.5 to 1.3 times the head loss in a venturi tube of 
corresponding 8. In other words, part of the phenomenal 
performance of the Dall flow tube is dependent on the increase 
in differential. However, the head loss, even with a given 8, is 
less for the Dall flow tube when the diameter ratio is greater 
than 0.552. 


CALIBRATION 


The typical calibration of a Dall flow tube is more like that of an 
orifice than that of a venturi tube. Fig. 5 shows the calibration 
of an 8-in. X 5.85-in. Dall flow tube (@ = 0.732). The coefficient 
is higher at low Reynolds numbers as in the case of an orifice. 
The increase in coefficient starts about pipe Reynolds number 
350,000. Fig. 6 shows coefficients for Dall flow tubes of various 
ratios plotted against 

It has been suggested that the Society consider the tolerance 
of a primary metering device to be twice the standard deviation. 
This gives a 20:1 probability that the error of any specimen will 
not exceed the tolerance. At the time of going to press the 
author estimates that there is a 20:1 chance that the coefficient 


“On the Evaluation of Accuracy of the Coefficient of Discharge 
in the Basic Flow-Measurement Equation,” by A. L. Jorissen, Trans. 
ASME, vol. 75, 1953, pp. 1323-1326. 
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Fie. 6 Frow-Tuss Cogrrictent Versus Diameter Ratio 
as shown on this curve is within 1 per cent of the actual value 
for any Dall flow tube of 6-in. or greater pipe diameter and 8 
between 0.4 and 0.75. Although a tremendous amount of Dall 
flow-tube testing has been done, not enough calibrations are 
available to determine the standard deviation, as has been done 
with some differential producers. Fig. 6 applies to all Dall flow 
tubes of 6-in. line size or over. 


Errect or Rounpine Suarp Epaes or Tuse 


Tests were made to determine the effects of rounding the sharp 
edges in a Dall flow tube. An 8-in. X 5.85-in. tube was used for 
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the tests. First, the tube was calibrated as manufactured. Fol- 
lowing this test, sharp edge a (Fig. 1) was slightly rounded with 
emery cloth. The coefficient dropped 0.4 per cent. Sharp edge 
c at the leading edge of the throat slot was next slightly rounded. 
There was no further change in the calibration. The edge at the 
downstream side of the slot was then slightly rounded, and again 
there was no further change in the calibration. In view of the 
small change effected by imparting a slight radius to three sharp 
edges, we machined a '/,-in. radius on edge a. The coefficient 
dropped ¢o | per cent below its original value (0.6 per cent more 
drop than for slight rounding). A ‘'/w-in. radius was then 
machined on edge c, and the coefficient increased 0.4 per cent, 
making it 0.6 per cent lower than originally. Finally, a */«-in. 
radius was machined on edge d, and the coefficient remained 0.6 
per cent below its original value when all edges were sharp. 


DiIsTURBANCES 


In keeping with other primary devices, the Dall flow tube 
is sensitive to upstream disturbances. In many cases it is more 
sensitive than the most commonly used primary devices, but it is 
by no means more sensitive than all other differential producers 
under all installation conditions. The error caused by various 
upstream disturbances when no allowance is made for a change 
in coefficient is shown in Figs. 7, 8, 8(a), 8(b), 9, and 10. 
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DIAMETERS FOLLOWING SHORT RADIUS ELBOW 
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Fig. 7 shows the effect of a single elbow upstream for three 
different 8 ratios. Fig. 8 shows the effect of a gate valve, opened 
one third, with its stem paralle! to the inlet tap, and the portion 
of the gate in the stream on the same side as the inlet tap in the 
Dall flow tube. Fig. 8(a) shows the effect of rotating the valve 
so that its stem took the positions shown by the abscissa. The 
valve remained '/; open, it was located 5 ft (7'/, pipe diameters) 
upstream, and the inlet pressure tap was at the 90-deg position. 
Fig. 8(b) shows the effect of a gate valve with various openings 
when located 5 ft upstream, with the stem parallel with the inlet 
tap. 

Fig. 9 shows the effect of a 6-in. X 8-in. increaser ahead of Dall! 
flow tubes of three different @ ratios. Note that in all cases the 
error reverses. The coefficient starts off too high with no straight 
pipe between the increaser and the Dall flow tube, then the 
coefficient becomes too low as the straight pipe ahead of the Dall 
flow tube is increased, and finally the coefficient rises to its 
standard value. 

Fig. 10 shows the effect of a 10-in.  8-in. reducer upstream 
from the Dall flow tube. The test points for 8 = 0.73 were quite 
erratic for some reason which we were not able to determine. It 
is probable that there is an actual instability in the flow pattern 
with this particular disturbance. 

A question arose as to how close a particular type of disturbance 
could be located to the throat when placed in the downstream 
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cone. Fig. 11 indicates the type of disturbance and its effect. 
It will be noted that there is no observable change when the posi- 
tion of the disturbing object is increased beyond one throat diame- 
ter downstream from the throat slot. The coefficient was about 
0.3 per cent higher than standard, but this is believed to be due to 
test inaccuracies rather than to the object in the diffuser. 
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WEAKNESSES OF Dati Tuse 


Like all other known flow-metering elements, the Dall flow 
tube fails to be outstanding in all respects. Its weaknesses are: 
(1) A standard Dall flow tube is not suitable for measuring the 
flow of fluids containing solids which are apt to settle out in the 
throat slot; (2) more straight pipe is required than for some pri- 
mary devices which have been used for a few decades; (3) the 
coefficient becomes variable below a Reynolds number considera- 
bly higher than that at which a venturi-tube coefficient starts to 
vary. 

Some cavitation has been experienced at unusually high veloci- 
ties and low pressures. However, no tests have been made to 
determine the comparative cavitation in venturi tubes, orifices, or 
nozzles under the same conditions. 


INVESTIGATING Heap Loss 


It was stated previously that the more one knows about flow- 
metering, the more mystified he is apt to be by the low head loss 
of a Dall flow tube. Some investigation has been made, and it 
sheds considerable light on the reason for the high differential, 
but it does not indicate why the head loss is lower than that for a 
venturi tube of the same diameter ratio, provided this ratio is 
above 0.552. A test probe was used to explore the variation in 
static pressure in the plane of the throat slot of a 6-in. Dall flow 
tube with a 0.354 6 ratio. A U-tube manometer was connected 
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io the test probe and to the inlet tap of the Dall flow tube. The 
probe was moved across a diameter in the plane of the throat slot. 
The probe was fitted with a slot in the side and was kept paralle] 
with the axis of the Dall flow tube since it was desired to pick up 
the approximate static pressure rather than an impact pressure. 

Fig. 12 shows the ratio between the manometer indication with 
the probe in various positions and the differential pressure 
when the probe was on the axis of the tube. It will be noted 
that the static pressure decreases to provide 2.4 times as much 
differential at the wall as at the center of the Dall flow tube. 
Further investigation is necessary to find out more about this 
gradual increase in differential as the probe is moved from the 
axis of the tube, but it is easy to see that a change in the direction 
of the flow lines can be largely responsible. 

An attempt is being made by Dr. John R. Weske at the Univer- 
sity of Maryland to photograph stream-flow lines through a Dall 
flow tube made of methyl methacrylate. It is hoped that even- 
tually there will be a complete explanation for the extremely low 
loss of head through a Dall flow tube. 


FurtT#ER EXPERIMENTATION 


Experiments are under way or planned, to determine the effect 
of elbows in more than one plane, permissible manufacturing 
tolerances for all dimensions, and the straight pipe required to 
completely eliminate the effect of partially closed valves. Men- 
tion has already been made of work being done to determine the 
reasons for the amazingly low head loss. It was thought best to 
present the information now available and stimulate further re- 
search in addition to helping people evaluate the Dall flow tube 
for their own purposes, rather than to wait until all tests have 
been completed. 


CoNCLUSION 


Test results reported herein demonstrate that the Dall flow 
tube has a loss so low that it excites the curiosity of flowmeter 
engineers; it develops a high differential pressure; and it is only 
slightly affected by radiusing its sharp edges. Information re- 
garding coefficients and effects of upstream disturbances has been 
given to enable researchers and users to install it properly. 


Discussion 


A. L. Jortssen.' The writer’s first experience with the Dall 
flow tube was the calibration of a 24.02-in. X 17.544-in. tube 
(8 = 0.7302) in the Hydraulic Laboratory at Cornell University 
in 1953. The calibration curve exhibits the same trend as that 
shown by the author’s Fig. 5. However, the coefficient of dis- 
charge does not become constant until a relatively high value of 
the pipe Reynolds number (approximately 700,000) is reached. 
The constant value of the coefficient of discharge is equal to 0.661, 
which agrees remarkably well with the value read from the au- 
thor’s Fig. 6. 

The head loss, taken as the difference in pressure between a 
section situated one pipe diameter upstream and a section situ- 
ated five pipe diameters downstream of the Dall tube is ex- 
tremely low and amounts to less than 2 per cent of the Dall-tube 
differential at Reynolds numbers above 500,000. Even taking 
into account the fact that for 8 = 0.7302 the ratio of Dall-tube 
differential to venturi-tube differential would be approximately 
equal to 2.2, Fig. 2, this still indicates that the Dall tube tested 
has a much smaller head loss than a comparable venturi tube. 

More recently, an extensive series of tests was undertaken by 
the writer to determine the effect on various flowmetering de- 
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vices of two short-radius elbows in orthogonal planes. These 
tests are part of a research project conducted in the Hydraulic 
Laboratory at Cornell University under the sponsorship of 
Builders-Providence, Inc. The test run is an experimental pipe 
8 in. in diam, under a static head of 80 ft. Tests were run with- 
out and with straightening vanes at the upstream end of the ap- 
proach pipe, immediately after the two elbows. The results of 
the tests are summarized in Table 1 of this discussion. 

L, is the length of approach pipe between the two elbows 
and the tube tested, D the pipe diameter, C the coefficient of dis- 
charge, and z the difference (in per cent) between the coefficient 
of discharge for a particular condition and that obtained for the 
same tube with a length of approach pipe 27 ft */, in. (41 D) long. 
It should be noted that any value of x smaller than 0.2 per cent 
is insignificant, being smaller than the possible experimental 
error. 

A first conclusion is that even a length of approach pipe of 
41 D is not sufficient to cancel entirely the effect of the two 
elbows. Comparison of the values of the coefficient of discharge 
obtained without and with straightening vanes gives the follow- 
ing differences: 

0.15 per cent for the 8-in. X 4-in. venturi tube 
0.47 per cent for the 8-in. X 4.4-in. Dall tube 
0.31 per cent for the 8-in. X 5-in. venturi tube 
0.90 per cent for the 8-in. X 5.2-in. Dall tube 

This indicates that the Dall tube is somewhat more sensitive 
than the venturi tube to the effect of two short-radius elbows 
in orthogonal planes and that this effect is more marked at 
larger values of 8. 

This conclusion also is substantiated by a study of the values 
of z in Table 1. 


J. R. Wusxe.* The author’s statement to the effect that a 


Visiting Research Professor, Institute for]Fluid Uni- 
versity of Maryland, College Park, Md. Mem. ASM 


MINER—THE DALL FLOW TUBE 


DALL-TUBE TEST RESULTS 
— 8 X 4.4-in.— 
Dall tube 
Cc z 


8 X 5.2-in.— 
Dall tube 
Cc 


—s X 5-in.— 
Venturi tube 
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captive vortex ring was observed at the discontinuity of diameter 
at diffuser discharge of the Dall tube and his suggestion that this 
annular vortex contributes to the measured low head loss appear 
confirmed by investigations of Perkins and Hazen,’ who found 
that a corresponding captive vortex in a wind tunnel increased 
the pressure recovery and improved the uniformity of velocity 
distribution downstream. The low head loss of the Dall tube 
may be attributed to the fact that in retarding flow as in boundary 
layers and diffusers, the fluid shear stress at the wall drops to very 
low values, even to zero and negative values, from a maximum 
which occurs away from the wall. This is as may be expected 
since the central stream will entrain the fluid near the wall pre- 
viously retarded by adverse pressure gradients. It occurs in 
the downstream portion of any diffuser; in the Dall tube strong 
adverse pressure gradients are established directly downstream 
of the throat by abrupt change of slope of the wall; hence the 
reduction of wall shear stress is effective in the region where 
ordinarily very high friction losses occur. 


Avutsor’s CLosuRE 


Subsequent to the writing of this paper, the expansion factors 
for Dall flow tubes used for gas measurement have been deter- 
mined by Dr. Jorissen at Cornell University. These expansion 
factors have been found to be almost identical with those for 
sharp-edged flate plate concentric orifices. 

The writer wishes-to thank Dr. Jorissen and Dr. Weske for 
the work they have done and their contributions to the discus- 
sion. 


7™“Some Recent Advances in Boundary Layer and Circulation 
Control,” by C. D. Perkins and D. Z. Hazen, Proceedings of the 
Fourth Anglo-American Aeronautical Conference, Royal Aero- 
nautical Society, 1953, pp. 189-224. 

§ “Investigation of Separation of the Turbulent Boundary Layer,” 
by G. B. Schubauer and P. 8. Klebanoff, NACA TR 1030, 1951. 
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Two-and Three-Dimensional Flow of Air 


Through Square-Edged Sonic Orifices 


By ALEXANDER WEIR, JR.,' J. L. YORK,* ano R. B. MORRISON,*? ANN ARBOR, MICH. 


In this investigation, the two-dimensional flow of air 
through rectangular, and the three-dimensional axisym- 
metrical flow of air through circular, square-edged, sonic 
orifices were examined under pressure ratios ranging from 
1.894 to 42.0 (upstream stagnation pressure/downstream 
static pressure). Mass-flow measurements were made 
using a primary metering system, rather than another 
orifice or nozzle, and optical techniques were used to ob- 
tain pictures of the flow upstream, within the thickness of 
the orifice plate, and downstream of the orifice. Evidence 
is presented in this paper which indicates that square- 
edged sonic orifices can be treated as sonic nozzles by 
u‘ilizing the concept that the air “turning the corner” of 
the orifice plate, in effect, makes its own nozzle. It is be- 
lieved that this interpretation of experimental observations 
is in full agreement with established principles of aero- and 
thermodynamics. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A = area, sq ft 

A,/Ag = area of “effective throat” /total orifice area 

c, = specific heat at constant pressure, Btu/Ib/deg F 

¢, = specific heat at constant volume, Btu/lb/deg F 

D = diameter of circular orifice, or distance between 
rectangular orifice plates, in. 

mass velocity, Ilb/sec/sq ft 

conversion factor for mass and force units = 32.2 

enthalpy, Btu/lb 

const 

molecular weight of air = 29 

Mach number = velocity of gas/velocity of sound at 
same conditions 

n = pound-moles = pounds/M 

P,) = stagnation pressure, psia 

P = static pressure, psia 

= 

R = 


x 


static pressure, lb force per sq ft 

universal gas constant = 1544 ft-lb force/lb-mass/deg 
F 

distance of fluid particle from upstream corner of ori- 
fice plate, in. 

T) = stagnation temperature, deg R 

7 = static temperature, deg R 


1 Lecturer, Department of Chemical and Metallurgical Engineer- 
ing and Associate Research Engineer, Engineering Research Insti- 
tute, Aircraft Propulsion Laboratory, University of Michigan. 

? Associate Professor, Department of Chemical and Metallurgical 
Engineering, University of Michigan. Mem. ASME. 

’ Associate Professor, Department of Aeronautical Engineering, 
University of Michigan. 
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Norte: Statements and opinions advanced in papers are to be 
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of the Society. Manuscript received at ASME Headquarters, August 
16, 1954. Paper No. 54—A-112, 


velocity, fps 

sonic velocity, fps 

mass flow rate, lb mass/sec 

compressibility factor = PV /nRT 

width of rectangular orifice, in. 

radius of “effective void space,”’ in. 

deflection angle of streamline passing through oblique 
shock wave, deg 


Y = ratio of heat capacities = c,/c, = 1.4 for air 
p = density, lb mass/cu ft 

p’ = 

¢, = angle of inclination of oblique shock wave, deg 
uw = angle of inclination of Mach wave, deg 


INTRODUCTION 


The phenomenon of critical flow of air through orifices was first 
observed experimentally in 1839 by Saint Venant and Wantzel 
(1).4 Stokes (2) reviewed this work in 1846, and proved invalid 
the previous assumption that the pressure in the orifice was equal 
to the pressure in the space where discharge occurred. Several 
decades later, in 1885, Wilde (3) observed critical flow of air both 
for discharge into a vacuum and into a vessel whose pressure was 
greater than atmospheric, but it remained for Osbourne Reynolds 
(4) in the same year to deduce that the velocity of the gas at the 
minimum area was equal to the velocity of sound in the gas. 

Sonic nozzles have been used extensively as metering devices 
since, for constant upstream conditions, themass-flow rate is not 
a function of downstream conditions. In recent years, however, 
the use of square-edged sonic orifices as critical-flow provers has 
been questioned. In this investigation the two-dimensional flow 
of air through rectangular, and the three-dimensional axisym- 
metrical flow of air through circular, square-edged, sonic orifices 
was examined under pressure ratios ranging from 1.894 to 42.0 
(upstream stagnation pressure/downstream static pressure). 
Mass-flow measurements were made using a primary metering 
system, rather than another orifice or nozzle, and optical tech- 
niques were used to obtain pictures of the flow upstream, within 
the thickness of the orifice plate, and downstream of the orifice. 

The existence of supersonic flow within the orifice itself, as evi- 
denced by the presence of oblique shock waves in the typical 
schlieren picture shown in Fig. 1, indicates that attempts to extra- 
polate concepts which were satisfactory for subsonic flow into the 
trans- and supersonic-flow regimes which exist in square-edged 
sonic orifices will not be successful. In other words, such useful 
dimensionless parameters as the Reynolds number, the pressure 
ratio across the orifice, and the orifice-to-pipe diameter ratio are 
not applicable to sonic orifices; the actual upstream pressure and 
orifice diameter must be used instead. 

Evidence is presented in this paper which indicates that square- 
edged sonic orifices can be treated as sonic nozzles by utilizing the 
concept that the air turning the corner of the orifice plate, in 
effect, makes its own nozzle. It is believed that this interpreta- 
tion of experimental observations is in full agreement with estab- 
lished principles of aero- and thermodynamics. 


4‘ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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DESCRIPTION OF EQUIPMENT AND EXPERIMENTAL TECHNIQUE 


The photograph shown in Fig. 1 was obtained with a conven- 
tional ‘“‘balanced”’ schlieren system (5). The schlieren light beam 
was passed through a glass-sided test section. The method of 
inserting blocks in this test section to make rectangular two- 
dimensional orifices is indicated in Fig. 2. In addition to the 
0.250 X 0.375-in. orifice, photographs also were taken of a 0.133 
< 0.375-in. orifice as well as of '/: of a 0.750 X 0.875-in. orifice 
(obtained by removing one of the blocks in Fig. 2). This tech- 
nique thus allows observation of the flow through the orifice itself. 

Mass-flow measurements were made with 0.128 X 0.375-in. 
and 0.250 X 0.375-in. rectangular orifices, constructed from '/;- 
in-thick brass plate, and with 0.122-in., 0.188-in., 0.253-in., and 
0.390-in-diam circular orifices, which were made from */)¢-in- 
thick stainless steel. Both rectangular and circular orifices were 
constructed with a 90-deg edge upstream. Pressure and tem- 
perature measurements were made in an approach section, 5 ft 
long, upstream of the orifice, 1-in., schedule-40 pipe being used 
for circular-orifice tests and a rectangular duct (*/2 X */s, in. ID) 
for the rectangular-orifice tests. As in the two-dimensional orifices 
used for schlieren photographs, Fig. 2, the width of the rectangu- 
lar approach section was equal to the width (*/s in.) of the 
rectangular orifices used for mass-flow experiments. 

The primary standard for air mass-flow measurements was the 
change in the mass of air stored in the high-pressure system up- 
stream of the orifice, analogous to the weighing tanks used for 
liquid metering. The mass of air in the system at any time was 
determined from pressure and temperature measurements together 
with the Beattie-Bridgeman equation of state (6). The tech- 
nique of determining the orifice flow rate by the rate of mass de- 
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crease in the air-supply system was compared to the flow rate 
measured by a subsonic orifice designed to ASME standards. No 
detectable difference in the flow rates obtained by the two meth- 
ods was observed. 

The volume of the air-storage tanks and piping was measured 
to be 169.57 cu ft by weighing the water to fill them. The tem- 
perature of the air in the storage system was measured by thermo- 
couples inserted into the air-storage tank, using a potentiometer 
with a precision of 0.1 deg F. A calibrated 2000-psi laboratory 
test gage with 10-lb increments indicated the pressure in the air- 
supply system. The pressure upstream of the orifice was main- 
tained constant by two dome control valves in parallel operated 
by adjusting nitrogen pressure above the diaphragm. No varia- 
tion in orifice upstream pressure during a run was ever observed 
with this system. 

Leakage of the entire system was evaluated a number of times 
during the experimental work reported here. Pressures and tem- 
peratures in the air-storage tanks were measured as for mass-flow 
tests. The average leakage measured corresponded to critical 
flow at the storage-tank pressure through an orifice with an area 
of 0.0000092 sq in. A maximum error of 0.025 per cent results 
from neglecting the leakage rate for the largest orifice tested and 
0.33 per cent for the smallest orifice tested. This leakage is 
greater than actually exists for it includes leaks through the 
orifice control valves in shutoff position, which would not be en- 
countered during a test run. 

The orifices for mass-flow tests always discharged directly into 
the atmosphere with no piping, valves, or other restrictions down- 
stream. As shown in Fig. 2, the photographs were made on sys- 
tems with a 1-in. length of rectangular duct downstream. Thus 
no questionable downstream pressures were obtained. 


THEORY 


One-Dimensional Flow Through Ideal Nozzle. Utilizing the 
concept of mass velocity, or mass flow per unit area, we can ex- 
press the mass velocity at any location in an isentropic nozzle, in 
terms of upstream stagnation conditions, by combining the con- 
servation of mass, conservation of energy, the perfect-gas law, 
and the definition of Mach number to obtain (12) 


P. 1 27-1) 
Vow Ma? 


It can be shown from Equation [1] that the maximum mass 
velocity of a perfect gas occurs in a reversible nozzle when the 
Mach number is 1. Since the mass-flow rate is constant, sonic 
velocity will occur at the minimum cross-sectional area or throat 
of the nozzle. Then 


Gmax = Wmax/A throat ( die [2] 

V +1 VT 
Thus, for a sonic nozzle, the mass velocity at the throat is deter- 
mined only by the stagnation temperature and pressure; i.e., the 
total upstream pressure and temperature, and is not a function 
of downstream conditions. 

Two-Dimensional Flow Around a Corner. In the foregoing 
idealized one-dimensional-flow theory, it was assumed that the 
flow in the throat possessed velocity only in the z-direction, while 
upstream of the nozzle the velocity was equal to zero, an isentropic 
process being used to connect the two regions. However, with a 
square-edged orifice, some particles must travel in the y-direction 
before passing through the orifice. By equating the centrifugal 
force on these particles to the net pressure force, it is possible to 
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show that the pressure gradient encountered by the particle turn- 
ing the corner is 


For air at 60 F and | atm traveling at sonic velocity, Equation [3] 
indicates that a particle 0.1 in. from the corner would encounter a 
pressure gradient of about 2000 psia per in., or at a distance 0.002 
in. from the corner, a pressure gradient of 10,000 psia per in., al- 
though these obviously cannot coexist. Because of these high 
pressure gradients, the air is diverted away from the corner, leav- 
ing a low-pressure zone in the region near the corner. 

It would be very desirable to know the velocity and pressure 
distribution near the corner as the transition from subsonic to 
supersonic flow occurs. Equation [3] cannot be integrated, with- 
out assuming some variation of p and v with either P or r since pv* 
would not be a constant in the region near the corner. Binder (7) 
and others treat a somewhat similar case of an incompressible fluid 
flowing in a pipe bend and indicate that near the inner radius the 
velocity is directly proportional to the radius, while the velocity 
near the outer radius is inversely proportional to the radius of 
curvature. We will make a similar simplifying assumption to ob- 
tain a relation between the velocity of the fluid and the distance 
from the upstream corner of the orifice plate; ie., that the 
velocity is directly proportional to the distance from the corner, 
r, in the region nearest the corner where the viscous forces pre- 
dominate, and further from the corner is inversely proportional 
to the distance from the corner until free-stream conditions are 
reached. For such an assumption, the velocity distribution at the 


VELOCITY 


PRESSURE 


Fie. 3 Conprrions at Ontrice INLET 


orifice inlet would look as shown in the top graph in Fig. 3. The 
pressure distribution for this velocity distribution, Equation [3], 
would look as shown in the center of Fig. 3. 

The distance r is directly proportional to the area of a two- 
dimensional orifice and the pressure is proportional to the density. 
Therefore the area under a plot of Pv versus r will be propor- 
tional to the mass rate of flow through the orifice, or 


w = pAv = K(r)(Pv) 


Such a curve is shown in the lower portion of Fig. 3 for the veloci- 
ties and pressures in the upper part of Fig. 3. 

We also can draw a rectangular distribution of Pv so that the 
area contained in this rectangle is equal to the area under the 
smooth curve. In the lower portion of Fig. 3 this is shown in 
dotted lines. The shaded area above the smooth curve, but con- 
tained in the rectangle, is equal to the shaded area under the 
smooth curve in the region near the corner or at r = 0. We can 
therefore represent the mass flow through the orifice by assuming 
a rectilinear distribution of pressure and velocity over an area 
smaller than the actual orifice area, rather than determining the 
actual pressure and velocity distribution across the entire orifice. 
For example, for a rectangular orifice with a distance between the 
orifice plates of D (and a constant width of the orifice and up- 
stream channel of z) the effective area of the orifice would be 


Aen = 2(D — 2A) 
and the mass flow through the orifice would be 
w = pAv = Ppthrost — 2A) 


where the density at the throat could be obtained from the one- 
dimensional nozzle equations and the velocity is sonic across the 
distance D — 2A. Equation [6] thus indicates that the one- 
dimensional nozzle equations can be applied to a square-edged 
sonic orifice by using an effective void distance, A. 

Interaction of Oblique Shock Waves in Two-Dimensional Orifices. 
Using the hypothesis that the air turning the corner “makes its 
own nozzle,” we can explain the appearance of the oblique shock 
waves in the photograph of the two-dimensional orifice shown in 
Fig. 1. Consider the path of a fluid particle near the corner of the 
orifice. Upstream of the orifice, its velocity and Mach number are 
small, but as it passes through the throat, it reaches sonic velocity 
and the Mach number is 1. Downstream of the throat, the flow is 
supersonic, with a Mach number greater than 1, because of the 
curvature of the “effective void space”’ of radius A. The super- 
sonic velocity results from the increase in effective nozzle area, in 
accordance with Equation [1]. However, as the fluid particle 
rounds the corner, it encounters the solid wall of the orifice plate. 
This change in direction results in a compression and an oblique 
shock wave originates from the wall. 

By measurement of the intersection angles of the oblique shock 
waves in the center of the stream, it is possible to compute the 
mass-flow rate of air through the orifice. Consider a streamline 
near the center of the orifice, one whose path is marked by D-E- 
F-G-H in Fig. 4, which is a schematic drawing of Fig. 1. If the 
Mach number Map is known at point F and the area represented 
by the line B-B’, it would be possible to compute the area repre- 
sented by the line A-A’, since the Mach number at point D is 1 
and line A-A’ represents the throat. Considering the edge of the 
effective void spaces A-B and A’-B’ as representing the contour 
of a nozzle, the mass flow at section A-A’ will be equal to the mass 
flow at B-B’, and from (12) 


yMa,A,P, YeMagA 
Ver/Ge 


The subscript FE represents conditions at point FE (or anywhere in 
the triangle B-C-B’) and the subscript ¢ represents conditions at 
the effective throat along the line A-A’ in Fig. 4. Assuming that 
¥ is constant (perfect-gas law) and the flow from point D to point 
E is isentropic (since this is upstream of any shock waves and is 
not near the corner), plus the knowledge that the Mach number 
at the effective throat is equal to 1, gives (12) 
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Knowing that A, is the total cross-sectional area of the orifice, 
Equation [8] permits calculation of A,, the area of the “effective 
throat,” if Mag can be determined. This value of A, can be sub- 
stituted in Equation [1] or [2] to determine the mass flow of air 
through the orifice. 

Mag (or Mao) can be determined by a solution of the shock- 
wave pattern in the schlieren photographs, as sketched in Fig. 4. 


Fie. 4 SHocx-Wave Patrern or Fie. 1 


The angles B’-C-B and J-C-I can be measured. The shock wave 
BC is inclined at an angle dw» to the entering flow, and this angle 
is equal to one half the measured angle B’-C-B. It can be shown 
that the deflection angle 6 is the same for both shock waves, and 
the angle of inclination (¢w;) of the second shock wave, C/, to its 
entering flow, Mai, is equal to 6 plus one half the measured angle 
J-C-I. Although it is not required that the angle B’-C-B be equal 
to the angle J-C-I for the solution of the problem, when the 
measured angles are equal (as was found to be the case experi- 
mentally) 


oui = + 6 
It has been shown (5, 8, 9, 10, 11) that Mao, Mai, @wo, and 6 are 
related by the following equations 
tan — 8) Ma, sin (@wo — 4) 
tan Map sin 


2 + — 1) Mao? sin? gw 

27 Ma»? sin? — (y — 1 
There are two equations and three unknowns, Mao, Ma,, and 6, 
since @wo was obtained experimentally. However, these equa- 


tions apply to both shock waves (BC and C/) and since 4 is the 
same for both shock waves, and the Mach number of the flow 


Ma;? sin? — 4) [10] 


TRANSACTIONS OF THE ASME 


APRIL, 1956 


leaving the first shock wave (Ma,) must be equal to the Mach 
number of the flow entering the second shock wave, it is possible 
to obtain a unique solution for May, Mai, and 6. Since Mao or 
Mag can thus be determined from angle measurements of the 
shock-wave intersection in schlieren photographs, the value ob- 
tained can be substituted in Equation [8] to obtain the ratio of 
the effective throat area to the total area of the orifice. Equa- 
tion [2] can be rewritten, for air flow, as 


= To). ... [11] 


Goritice = 

so that we have an expression for the mass velocity through a 
critical orifice, based on the orifice cross-sectional area, in terms 
of the upstream stagnation temperature and pressure. 


EXPERIMENT 


Two-Dimensional Orifices. It was found that the same shock- 
wave pattern existed between the orifice plates for the 0.250-in. X 
0.375-in. orifice for upstream pressures from 27.5 to 173 psia. 
From Fig. 1 the solution of the shock-wave interaction indicates 
that the Mach number upstream of the shock-wave intersection is 
1.575. Using Equation [8] the ratio of the effective throat area 
to the total orifice area is 


1.2 


3 
a) = 0.8125.... [12] 


A,/Ag = 1.575 ( 
This value of the area ratio may be substituted in Equation [11] 
to obtain the mass velocity through a 0.250-in. rectangular orifice 
as a function of upstream stagnation conditions. In Fig. 5 a 
plot of mass velocity as a function of pressure ratio (the down- 
stream pressure in all the experiments performed was 14.5 psia) 
for an ideal sonic nozzle is shown as line A, corresponding to 
Equation [2], while line B corresponds to Equation [11] and indi- 
cates the mass velocity that would be expected through a 0.250-in. 
orifice based on the schlieren-photograph measurements. 


WA 
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Fie.5 Mass Vevocity as Function or Pressure Ratio 


Experimental values obtained by storage-tank measurements 
also are plotted in Fig. 5. At least eight simultaneous readings of 
the air storage-system pressure and temperature, and elapsed 
time were made during each run. Thus a plot of P/TZ versus 
time was a straight line containing at least eight points. Actual 
experimental points were used to calculate the mass-flow rate for 
each run, rather than the slope of the line, for ease in calculations; 
therefore each value of the mass-flow rate obtained at different 
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pressures was supported by eight experimental points. The 
original experimental readings, plots of P/TZ versus time, and 
tabulated values of the mass-flow rate for each run are given in 
reference (12). About 1000 points were obtained with the various 
orifices tested and space limitations prevent their presentation 
here. 

By removing one of the blocks in this orifice, it is possible to 
obtain one half of a 0.750-in. orifice. A small hole drilled through 
the side of the channel opposite to the remaining block allows the 
supersonic flow through the orifice to encounter a lower pressure 
at this point, avd results in an expansion or Mach wave. From 
schlieren photographs the expansion wave was found to be in- 
clined to the flow at an angle yu, of 50 deg. It can be shown (5, 8, 
9, 10) for a Mach wave that for u = 50 deg 


Map = 1/sin 50 = 1/0.76604 = 1.305 
and from Equation [8] 
A,/Ag = 0.9364 (for D = 0.750 in.)......... [14] 


Schlieren photographs were also obtained inside a rectangular 
orifice with the distance between the orifice plates equal to 0.133 
in. In Fig. 6 a few of these photographs are shown, with up- 
stream stagnation pressures ranging from 22.0 psia (subsonic 
flow) through 28 psia (sonic) to 214.5 psia. (The downstream 
static pressure was in all cases 14.5 psia.) These photographs in- 
dicate that when sonic flow is established, the shock-wave pattern 
does not change with upstream pressure or pressure ratio. An 
analysis of the shock-wave pattern is given in Fig. 7 which indi- 
cates that the Mach number upstream of the first shock wave 
corresponds to 1.82. The ratio of the area of the effective throat 
to the total orifice area is, from Equation [8], 0.6845 for a 0.133- 
in. rectangular orifice. 


2145 PSia 


Fie. 6 Scuumwren or 0.133-In. 


Fie. 7 Prorograrn or 0.133 X 0.375-IN. Onirice 


Similar values of the area ratio were obtained with mass-flow 
measurements in a 0.128 X 0.375-in. rectangular orifice, with 
upstream stagnation pressures as high as 515 psia. No change in 
the area ratio due to different upstream pressures was observed. 

The values of the effective area ratio permit calculation of the 
value of A, the radius of the effective void space in Equation 
[5]. Fig. 3 indicates that as long as the orifice plates were far 
enough apart to prevent mutual interference effects from the 
opposite corners of the orifice plate, the magnitude of A would be 
independent of the distance between the orifice plates. Since 


A,/Ag = 2D — 2A)/zD 


for a rectangular orifice of width z and a distance between the 
orifice plates of D, we can use the values of A,/Ag given in 
Equations [12] and [14] to calculate numerical values of A for 
two-dimensional flow. A value of A equal to 0.02341 in. was ob- 
tained for the 0.250-in. and 0.750-in. orifices, while a value of A of 
0.02098 in. was obtained for the 0.133-in. rectangular orifice. 
Thus, in two-dimensional flow, A in addition to being independent 
of upstream pressure, or pressure ratio across a sonic orifice, is 
also independent of D for values of D equal to or greater than 
0.250 in. 

Three-Dimensional Orifices. The foregoing discussion is con- 
cerned only with two-dimensional flow; that is, flow in only the 


Fic. 8 Cytinper Supersonic Stream (REFERENCE 13) 
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az and y-directions. With a circular orifice, flow also occurs in 
the z-direction; hence we can only qualitatively apply our concept 
of fiow through two-dimensional orifice to the three-dimensional 
case. However, three-dimensional flow exists around a body of 
revolution as well as through a circular orifice. If a cylinder is 
placed head on into a stream, the resulting flow pattern near the 
corner can be considered as that obtained if our circular orifice 
were turned “‘inside out.” 

Fig. 8 (reference 13) is a horizontal knife-edge schlieren photo- 
graph of a cylinder inserted longitudinally in a etream whose 
Mach number is about 1.4. The flow in front of the detached 
wave is supersonic, but the flow in the region behind the de- 
tached shock wave and in front of the cylinder is subsonic since 
the detached wave may be treated as a normal shock wave. The 
low-pressure zone created by the air turning the corner is plainly 
visible, as is the oblique shock wave originating from the wall at 
the end of the low-pressure zone. 

There is little doubt, then, that a similar flow pattern occurs in 
a circular orifice plate as occurs between rectangular orifice 
plates. The effective void space or low-pressure zone extends 
around the periphery of the orifice, and a conical shock wave 
probably originates at the downstream edge of the low-pressure 
zone. 

For a circular orifice the ratio of the effective throat to the 
total area of the orifice would be 


A,/Ag = (D — [16] 


and the mass velocity through the orifice under critical conditions 
would be that predicted from Equation [11]. 

Since optical data could not be obtained with circular orifices, a 
correspondingly larger number of mass-flow measurements were 
made to establish the radius of the effective void space, A. For 
example, with the 0.390-in-diam orifice, 31 runs containing at least 
8 points each were made at pressures ranging from 27.5 to 615 
psia. The distribution of the experimental data for this orifice 
indicated a probable error of 1.2 per cent, with A,/Ag = 0.90 
being the median value. A value of A = 0.010 in. was obtained 
with the 0.390-in-diam orifice and the same value was 
obtained with the 0.253-in-diam orifice. Lower values of A 
were obtained for the smaller orifices. 


CoMPARISON OF Two AND THREE-DIMENSIONAL ORIFICES 


In Fig. 9 all of the experimental mass flows obtained in this in- 
vestigation, for four two-dimensional orifices, and four three- 
dimensional orifices are plotted versus pressure ratio. The linear 
relationship between mass flow and pressure ratio for sonic 
square-edged orifices is evident. Mass-flow rates from 0.024 lb 
per sec to 1.4 lb of air per see were obtained with pressure ratios 
as high as 40/1. 

The values of A, the radius of the effective void space, are 
plotted versus D in Fig. 10. The radius of the effective void 
space A, appears to be constant for values of D greater than about 
in. 

The effective area ratio A,/A,g is plotted versus D in Fig. 11. 
Since A is constant for values of D greater than '/, in., for two- 
dimensional flow 


A,/Ag = (D — 0.04682)/D............. (17] 
and for three-dimensional flow 
A,/Ag = (D — 0.020)*/D*............. [18] 


For smaller values of D in three-dimensional flow, smaller 
values of A were obtained, probably as a result of mutual inter- 
ference effects. A median value of A,/A,g of 0.878 was obtained 
with the 0.188-in-diam orifice, while a median value of A,/Ag of 
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0.920 was obtained with a 0.122-in-diam orifice. These values are 
plotted in Fig. 11 and happen to fall on a straight line with the 
origin. Thus, for values of D less than 0.25 in., the effective area 
ratio in three-dimensional flow can be represented by 


A,/Ag = 1— [19] 


Fig. 11 represents, then, the “correction factor” to be applied 
to sonic-nozzle equations (reversible, adiabatic flow of a perfect 
gas through an ideal nozzle) to allow their use with square-edged 
sonic orifices. It adequately represents all of the experimental 
data obtained in this investigation. 


Discussion 


The concept of flow through sonic orifices presented indicates 
that parameters useful in correlating subsonic-orifice data are not 
necessarily applicable to sonic orifices. For example, it is the 
actual magnitude of the upstream pressure, not the pressure ratio 
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across the orifice, which determines the mass-flow rate through a 
sonic orifice. The effect of approach velocity is automatically in- 
cluded in the flow equations presented here, since total or stagna- 
tion pressure, rather than static pressure, is used. However, for 
air at 60 F, an approach velocity of 600 fps would be required be- 
fore the stagnation pressure would be 2 per cent greater than the 
static-pressure reading upstream of the orifice. 

It is also very important that the actual orifice diameter, not a 
diameter ratio, be used in sonic-orifice calculations. In Fig. 12a 
plot of D versus A is presented which includes not only the data 
for circular, square-edged sonic orifices obtained in this investiga- 
tion, but also values of A calculated (12) from other data recently 
published in the ASME Transactions. All of the published data 
in which there is no doubt that sonic velocity actually occurred in 
the test orifice are plotted on this graph. This graph resolves 
some of the apparent discrepancies in the literature if one realizes 
that different flow coefficients will be obtained with different- 
diameter orifices, even if the orifice-to-pipe diameter ratio is con- 
stant. 

Since the maximum value of A for circular orifices was found to 
be 0.010 in., all orifice-plate thicknesses greater than this value 
should give the same results. The circular orifices tested were 
constructed with an orifice plate thickness of '/,,in. Some addi- 
tional experiments, however, were performed with a 0.122-in- 
diam sonic orifice with an orifice-plate thickness of 1/, in. (12). 
No difference in the flow rate between the two thicknesses of 
orifice plate was observed. It is necessary that the orifice-plate 
thickness be sufficient to prevent mechanical deformation of the 
orifice plate. With rectangular orifices, deformation of 1/j-in. 
stainless-steel orifice plates along the */,-in. width occurred with 
upstream pressures near 600 psia. Hence '/,-in-thick plates 
were used for the experiments with rectangular orifices reported 
here. Differences in downstream geometry, such as beveling the 
downstream edge of a square-edged orifice plate, should make no 
difference in the mass-flow rate through a sonic orifice, if the 
normal part of the orifice plate is at least 0.010 in. thick. Obvi- 
ously, downstream geometry should be such that sonic velocity 
actually occurs in the throat of the test orifice since a second 
throat downstream results in a subsonic test orifice. 
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SumMaRyY AND CONCLUSIONS 


Two- and three-dimensional flow of air through square-edged 
sonic orifices results in the formation of a low-pressure zone at 
the upstream corner of the orifice plate. If the diameter of a 
circular orifice or the distance between the orifice plates of a two- 
dimensional] rectangular orifice is designated as D, and if the dis- 
tance that the low-pressure zone or effective void region ex- 
tends into the stream is designated by A, then sonic velocity 
occurs in the effective throat of dimension D — 2A and the mass 
rate of flow through the orifice will be that predicted for one- 
dimensional, reversible, adiabatic flow of a perfect gas through an 
ideal nozzle whose throat diameter is D — 2A. 

Values of A were determined experimentally by shock-wave 
analysis of schlieren photographs, and by mass-flow measure- 
ments based on the decrease in mass of air stored in a system of 
known volume. The same values of A were obtained by the two 
methods for two-dimensional orifices. The value for A in two- 
dimensional flow is greater than in three-dimensional flow, how- 
ever. The results of these experiments indicated: 


1 The magnitude of A is independent of the pressure ratio be- 
tween 1.894 and 40 (ratio of upstream total pressure to down- 
stream static pressure), as well as of the absolute value of the up- 
stream pressure. 

2 The magnitude of A is independent of orifice diameter for 
large values of D. In the case of air, this corresponds to a D 
greater than '/, in. Smaller values of A are obtained as D is de- 
creased below this minimum, A approaching 0 as D approaches 0. 


The maximum mass velocity through a square-edged orifice is 


R/M 7¥+1 V/T, Ag 


For air flow, in engineering units, this equation reduces to 


G = 76.35(Po/V TeX A,/Az) 


where 

mass velocity, lb/sec/sq ft of total orifice area 

upstream total or stagnation pressure, psia 

upstream total or stagnation temperature, deg R 

area of effective throat/total orifice area 

(D — 24)*/D?* in three-dimensional flow through 
circular orifices 

= (D — 2A)/D in two-dimensional flow through rec- 

tangular orifices 
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TABLE 1 


D (in.) 
D> in. 
D(*/s to in.) 
D(O to '/s in.) 
Max D tested 
Min D tested 


D = 0.390 
D = 0.122 


Numerical values of A,/A,, based on experimental values of A, 
may be found from the equations summarized in Table 1. 
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VALUES OF A:/At BASED ON EXPERIMENTAL VALUES OF 4 


Three-dimensional flow 
At/AB = (D — 0.020)*/D* 
At/AB = 1 — 0.656(D) 
At/AE = 1 — 0.656\D) 


Two-dimensional flow 
A:/AgE = (D — 0.0468)/D 
At/Ag = (D — 0.0468)/D 
At/AE = 1 — 2.373(D) 

D = 0.750 
D = 0.128 


the authors show, in no uncertain terms, just what becomes of the 
vena contracta when orifice flow becomes supercritical. It is re- 
assuring to find data and a plausible theory that permit orifice 
coefficients to remain independent of pressure ratio for the range 
of conditions studied. Concerning these flow coefficients, a few 
remarks might be in order. 

It might be well to eliminate the data point in Fig. 12, taken 
from reference (17). In this work no attempt was made to 
measure actual orifice areas; the coefficients presented were rela- 
tive. 

The data in Fig. 12, taken from reference (4), bring up the ques- 
tion: What happens to the flow coefficient when the flow is critical 
or slightly supercritical? For example, the data in reference (4) 
were taken in orifices of 0.0156 in. thickness and showed a varia- 
tion in discharge coefficient ranging from 0.756 at P,/P: = 2 to 
0.843 at P:/P2:— ©. These coefficients imply a A value of 0.026 D 
to 0.046 D, respectively. The schlieren photographs of Fig. 6 
show a well-developed supersonic flow downstream of the vena 
contracta at a P;/P:; = 2 (the photograph labeled 28.0 psia). 
One would expect that the mechanism which applied to the higher 
pressure-ratio flows would apply here, and hence would apply 
in the region of varying coefficients reported in reference (4). 
Could the authors define geometry and pressure-ratio limitations 
that would reconcile this seeming inconsistency? 


Avutuors’ CLOSURE 


The authors are pleased that Mr. Blackshear agrees with our 
interpretation of experimental observations. With respect to 
Mr. Blackshear’s (17) data point used in Fig. 12, the fact that 
the flow coefficients reported were relative, not absolute, values 
for the 0.040 in-diam orifice should give a high value of A, 
which presently is slightly below our curve. The actual magni- 
tude of Mr. Blackshear’s flow coefficient is, however, not so 
significant as his observation (17) that “in no case was there any 
recordable deviations in flow coefficients as pressure ratios ex- 
ceeded 3.2.” Mr. Blackshear performed “exhaustive tests” with 
pressure ratios up to 9 (total upstream pressure/downstream 
static pressure) since a previous investigator (14) had indicated 
that the flow coefficient increased with pressure ratio after the 
critical-pressure ratio had been reached. Mr. Blackshear appar- 
ently is referring to this work (14 not 4) in the last paragraph of 
his comments. 

In (14), the discharge coefficient was reported to have increased 
from 0.756 at a pressure ratio of 1.895 to 0.843 at a pressure ratio 
of 6.8 with '/i. in. (not 0.0156 in.) thick orifice plates. Five 
orifices with diameters ranging from 0.1564 to 0.2500 in. were 
tested, but no distinction was made between the results obtained 
with the different orifice diameters. Only values of A computed 
from the experiments (14) performed when the valve down- 
stream of the test orifice was wide open were plotted in Fig. 12. 
In other words, the same value of the flow coefficient of 0.84 was 
used to compute A for all five orifice diameters. Unfortunately, 
insufficient details of Mr. Perry’s (14) experiments are reported 
to be positive of the reason for the apparent increase in flow 
coefficient but, to answer Mr. Blackshear’s question specifically, 
there is no doubt in the authors’ minds that the same mechanism 
which applies to our data over the entire pressure ratio range of 
1.895 to 40 also applies to the range from 1.895 to 6.8. There 
was no indication of any change in the flow coefficient in our 
data in the pressure ratio range from 1.895 to 40. 
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On the Theory of Discharge Coefficients 
for Rounded-Entrance Flowmeters 
and Venturis 


By MIGUEL A. RIVAS, JR.,! anv ASCHER H. SHAPIRO,? CAMBRIDGE, MASS. 


A theory of rounded-entrance flowmeters, based on a 
consideration of the potential and boundary-layer flows 
in a converging nozzle, is constructed. Curves are pre- 
sented showing the discharge coefficier:t as a function of 
diameter Reynolds number, with the “total equivalent 
length-diameter ratio” of the nozzle asa parameter. The 
equivalent frictional length-diameter ratio of the contrac- 
tion section of the ASME long-radius nozzle is presented. 
The theoretical curves of discharge coefficient versus 
diameter Reynolds number are in good agreement with 
experiment over a range of Reynolds number from | to 10°. 
The theory provides a rational framework for correlating 
and extrapolating experimental results; it shows the ef- 
fects of contraction shape and location of pressure taps; it 
furnishes values of discharge coefficient for untested de- 
signs; and it suggests precautions to be taken in design, 
installation, and operation. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A = cross-sectional area of cylindrical portion of nozzle 
(Fig. 1) 
Cp discharge coefficient of meter, defined by Equation [4] 
D diameter of cylindrical portion of nozzle (Fig. 1) 
javp = integrated apparent friction coefficient, defined by 
Equation [2] 
L length of cylindrical portion of nozzle (Fig. 1) 
Lea equivalent frictional length of contraction section 
L’ L + Leq 
pressure 
radius in cylindrical co-ordinates (Fig. 6) 
diameter Reynolds number, pV 
length Reynolds number, pVx/yu 
are length along wall (Fig. 6) 
velocity component in z-direction 
potential-flow velocity at wall, outside of boundary 
layer 
velocity component in r-direction 
volume-mean velocity in cylindrical portion of nozzle 
mass rate of flow 
axial distance from beginning of cylindrical section 
distance normal to wall 
boundary-layer thickness 
boundary-layer displacement thickness 
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p = mass density 

u = coefficient of viscosity 

6 = boundary-layer momentum thickness 

y = stream function, defined by Equation [8] 


Subscripts 


Qo = signifies stagnation reservoir upstream of nozzle 
Q: = signifies beginning of cylindrical section 
Qe = signifies location of downstream static-pressure tap 


INTRODUCTION 


Statement of Problem. The flowmeter nozzle and the venturi 
meter have an ancient and important engineering history whose 
past and present significance are attested by the vast literature 
(1) describing flow-calibration tests under manifold conditions. 


3 Numbers in parentheses refer to the Bibliography at the end of 
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(D is diameter of cylindrical section of accelerated jet; L is length of cylindri- 
cal section from end of contraction section to downstream static-pressure 
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Consequently, it comes as a surprise to find that, at least to the 
authors’ knowledge, there is no basic theory of such flowmeters. 
Kretzschmer (2) attempted to formulate such a theory, but did 
not perceive the central role of the boundary-layer development, 
and was therefore unable to arrive at quantitative results. It is 
the purpose of this paper to present a fundamental theory and to 
show how the predicted discharge coefficients compare with ex- 
perimental data. 


Assumptions 


So different are the flow phenomena in a sharp-edged orifice 
meter and in a rounded-entrance flowmeter that separate analyti- 
cal treatments are necessary. In this paper we shall con- 
sider only the rounded-entrance flowmeter in which there is no 
vena contracta. Fig. 1 shows some of the configurations to 
which the present theory is applicable. In each case there is a 
smooth contraction from a large-diameter to a small-diameter 
pipe, and following the contraction there is a short length of con- 


stant-diameter pipe preceding the downstream static-pressure - 


tap. The solid surfaces are assumed to be smooth; more specifi- 
cally, the surface-roughness dimensions are assumed to be negligi- 
ble as compared with the boundary-layer thickness. Only in- 
compressible, steady flow is considered. 


Description of Flow in Rounded-Entrance Meter 


We now discuss qualitatively the details of the flow in a 
rounded-entrance meter and how these details influence the dis- 
charge coefficient. 

High Reynolds Numbers. When the Reynolds numbers are so 
large that the viscous effects are, for practical purposes, limited to 
a boundary layer whose thickness is small compared with the 
nozzle dimensions, Fig. 2, we may investigate more or less 
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separately the influences on the discharge coefficient of the 
potential flow in the core and of the boundary-layer flow near the 
wall. 

Apart from viscous effects, the nature of the potential flow en- 
ters the problem primarily in connection with the nonuniformity 
of the pressure and velocity distributions in the plane of the 
downstream static-pressure tap. In general the streamlines in 
this plane have a slight curvature and, accordingly, there is a 
pressure gradient normal to the streamlines of such direction that 
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the pressure at the wall is less than that on the center line. 
Therefore the downstream static-pressure tap measures a pres- 
sure less than the average over the cross section, and, by Ber- 
noulli’s equation, leads to an inferred velocity greater than the 
average. From this reasoning it is seen that the assumption of 
the flow being uniform in the exit plane of the nozzle would lead 
to a discharge coefficient of less than unity even if viscosity were 
completely absent. However, the streamline curvature which 
generates this effect diminishes as the length-diameter ratio L/D 
of the straight section increases. Indeed, when on both sides of 
the pressure tap there are straight sections having lengths of the 
order of '/, diameter or more, it is shown in the example de- 
scribed later that the nonuniformity of the potential flow in plane 
2 is negligibly small. In what follows we shall assume that L/D is 
sufficiently large to permit the assumption of uniform flow in the 
potential core at section 2. 

The nature of the potential flow associated with a given con- 
traction shape also influences the discharge coefficient indirectly 
because the boundary-layer development to be described is con- 
trolled in part by the longitudinal pressure gradients established 
by the potential flow. 

Turning now to the boundary layer, its growth depends on (a) 
viscous effects, (6) changes in radius of the contraction section 
which require changes in boundary-layer thickness to accommo- 
date a given boundary-layer flow, and (c) pressure gradients. For 
a typical contraction section, the example worked out later shows 
that up to nearly the end of the contraction section the effect of 
the falling pressure gradient is predominant, and the boundary 
layer becomes thinner; shortly before the beginning of the 
cylindrical section, viscosity becomes predominant, and the 
boundary layer becomes thicker, Fig. 2. 

Very Low Reynolds Numbers. When the Reynolds number is 
very small, the foregoing picture is modified in that the boundary 
layer occupies all, or nearly all, of the cross-sectional area. The 
conceptual picture of a potential flow and a boundary-layer flow 
which may be treated separately is then invalid, and the analyti- 
cal treatment is very difficult. However, when the Reynolds 
numbers are so low as to be in the “‘creeping”’ range, i.e., inertia 
forces are negligible compared to viscous forces, dimensional 
reasoning suggests a powerful scheme for generalizing a small 
amount of experimental data. 


The Discharge Coefficient 

To illustrate how the discharge coefficient depends on frictional 
effects, let us begin with a model in which there is no friction what- 
soever in the contraction, so that the boundary layer begins to 
form only at the beginning of the cylindrical section, Fig. 2. Then 
Bernoulli’s equation gives 


Between sections 1 and 2 we may account for friction by 
analogy with pipe friction in fully developed flow by writing 


L 
Pi — Po = 


where f,pp is a “mean apparent friction factor” over the length L 
and is defined by this equation. It is called “apparent” (3) be- 
cause it includes the effects of changes in momentum flux as well 
as of the usual wall friction on the pressure drop; it is called 
“mean” because the local apparent friction factor varies with axial 
distance (3, 4, 5). 

Now, adding Equations [1] and [2], we get 
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The discharge coefficient is defined as the ratio of the actual 
flow passing through the nozzle to the flow which would pass for 
the same pressure drop if the flow were frictionless. Using Ber- 
noulli’s equation, and the continuity equation w = pAV, to- 
gether with Equation [3], we get 


AV 1 


Ap V po — (4) 
D 


An alternate expression may be obtained for the case in which 
a potential core exists at section 2. Letting U, denote the 
velocity in the potential core at section 2, Bernoulli’s equation 
written for any streamline not entering the boundary layer is 
Po — P2 = pU;*/2, and thus Equation [4] shows that 


In other words, the discharge coefficient is equal to the ratio of the 
mean velocity to the potential core velocity at section 2. 

Thus far we have not considered friction in the contraction sec- 
tion. At high Reynolds numbers, i.e., when a potential core 
exists, Equation [5] for Cp is valid regardless of where the bound- 
ary layer begins to develop, whether in the contraction or in the 
cylindrical section. The expression for Cp given by Equation 
[4], however, may be regarded as approximately valid when there 
is friction in the contraction section provided that L is replaced by 
L’, where the latter is interpreted as a pseudo length equal to the 
sum of L and an equivalent frictional length Leg for the contrac- 
tion section. Thus 


1 1 


L + La 


(6) 


Plan of Procedure 


In what follows we shall first consider the simple case where the 
contraction section is replaced by an equivalent length of tube, 
in which case the discharge coefficient may be found from Equa- 
tion [6] in conjunction with existing theoretical solutions (5, 6, 7, 
8, 9) for the value of farp in the entry of a tube. Subsequently 
we shal! apply boundary-layer theory to determine the equivalent 
length of the contraction section, thus completing the picture of 
how friction influences the discharge coefficient of a rounded- 
entrance flowmeter. 


Anatysis oF 1n Wuica Conrracrion Section Is 
REPLACED BY EQuIVALENT FRICTIONAL LENGTH 


In the model of Fig. 3 the contraction section is replaced by the 
equivalent length Leq, and the flow is assumed to enter the tube 
at section | with uniform velocity and no boundary layer. If 
L/D is of the order of '/2 or greater this model will adequately 
portray orders of magnitudes, even with very rough estimates of 
Leq; inasmuch as the fluid velocities (and correspondingly the fric- 
tional stresses) are on the average very much less in the contrac- 
tion section than in the cylindrical section. 

Comparison With Boundary Layer on Flat Plate. Near x = 0, 
where the boundary layer is thin compared with the tube radius, 
the flow in the boundary layer is substantially like that on a flat 
plate, except that in the tube there is a falling pressure gradient as 
compared with zero pressure gradient for the flat plate in an in- 
finite stream. However, the theoretical investigations of (5) con- 
cerning the boundary-layer development in a tube demonstrate 
that in the region of thin boundary layers the pressure gradient 
has a virtually negligible effect on the velocity profile and rate of 
growth of the boundary layer. 


RIVAS, SHAPIRO—DISCHARGE COEFFICIENTS FOR ROUNDED-ENTRANCE FLOWMETERS AND VENTURIS 491 


| Actual Belimouth 


L 


ey, |. L Downstream 
~ | ndory Loyer 
2 


Fie. 3) Simpiiriep Mopet Contraction Section Is 
Repiacep BY EquivALent Faictionat Lencts Into FProw 
Enters Wits Untrorm VELocity anp No Bounpary 


Conditions for Boundary Layer to be Laminar. Because of the 
generally strong falling pressure gradient in the contraction sec- 
tion, the boundary layer beginning at z == 0 may be expected to be 
laminar, provided that the contraction section is designed to 
avoid appreciable suction peaks on the wall. Furthermore, since 
the falling pressure gradient in the cylindrical section (due to fric- 
tion) is favorable to the maintenance of laminar boundary layers, 
the longitudinal length required for the flat-platelike boundary 
layer to become turbulent may be expected to be at least as great 
as in the case of a flat plate with no pressure gradient. For the 
latter it is known that, in a stream of moderate initial turbulence, 
the length Reynoltis number of transition Rey, is of the order of 
5(10)*. Experiments in the entries of tubes (3, 4, 5) demonstrate 
the validity of the foregoing arguments. 

Accordingly, the range of diameter Reynolds number Reyp, in 
which the flow up to section 2 may be expected to be laminar, is of 
the order of 
Reyp PU? Rey, 2 (5x10) 

L 


L 


In most flowmeters L/D is of the order of '/:; accordingly, the 
range of Rey, for which the boundary layer in the length Z may be 
expected to be completely laminar is of the order of (10)*. Many 
flowmeters of interest have values of Rey; less than this. There- 
fore we reach the important conclusion that the assumption of 
laminar flow up to the downstream static-pressure tap will cover 
many practical cases. This assumption underlies the following 
discussion. Subsequently we shall say a few words concerning 
the range where Reyp > (10)*, in which range part of the 
boundary-layer flow is turbulent. 

Theoretical Solution for Laminar Entry. The laminar flow in 
the entry of a tube has been investigated theoretically by Bous- 
sinesq (6), by Schiller (7), by Atkinson and Goldstein (8), by 
Langhaar (9), and by Shapiro, Siegel, and Kline(5). All these in- 
vestigations led, by different methods, to results which agree 
within a few per cent, and all may be considered to be sub- 
stantially correct. The results of reference (5) are used hereafter 
and are summarized by Fig. 4. 

The experimental results of reference (4), carried out in the 
range of Rey,/Reyp* between 10~* and 10~*, yielded a mean ex- 
perimental curve expressed by 


4farr(z/D) = 13.74°/ Rey, /Reyp 


which shows excellent agreement with Fig. 4. 
Determination of Discharge Coefficient. From Equation [6] and 
Fig. 4 it is evident that Cp depends only on the single parameter 
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(L’/D)/Reyp, irrespective of the individual values of L’/D and 
Reyp. Thus it is possible to construct the universal curve of 
Fig. 5(a). 

Given the value of L’/D for a particular flowmeter, and using 
Squation [6] in conjunction with Fig. 4, the curves of Figs. 5(b) 
and 5(c) may be established, showing Cp as a function of L’/D 
and of Reyp. 

Boundary Layer Partially Turbulent. The curves of Fig. 5 are 
valid only up to values of Reyy of about (10)*, after which the 
point of transition lies upstream of section 2, and the boundary 
layer is turbulent over a portion of its length. 

Experiments in the entries of tubes (3) indicate that, after some 
peculiarities associated with the onset of turbulence, the local ap- 
parent friction zone factor in the turbulent zone is generally slightly 
less than the average apparent friction factor in the laminar zone 
preceding transition, and that, as z increases, the value of faprin 
the turbulent zone decreases slightly and gradually approaches 
the asymptotic value for fully developed turbulent pipe flow. 

With these experimental facts in mind, and taking note of 
Equation [6], we may expect that as Rey» increases beyond the 
limit of laminar flow, the curves of Fig. 5 will continue to increase 
slightly and will then remain virtually constant no matter how 
large Reyp becomes. 


EquIvaALENT FrictionaL LenetH oF CONTRACTION 
SEcTION 


Outline of Procedure. By the “equivalent frictional length” Leq 
of the contraction section, we mean that fictitious length of 
straight tube of diameter D which, if placed before the actual 
length of cylindrical tube of length LZ, would lead to a discharge 
coefficient identical with the discharge coefficient produced by the 
actual combination of bellmouth and cylindrical section. In 
order to find Leq the following procedure is employed: (a) 
Boundary-layer theory is employed to determine the boundary- 
layer properties at section 2, and, from Equation [5], the dis- 
charge coefficient Cp; (b) inserting the latter into Equation [6], 
the value of 4f,peL’/Discomputed; (c) from Fig. 4 the value of 
L'/D may then be found; (d) by subtraction of L/D, the value 
of Leq/D is computed. 

An iterative procedure is required to determine the boundary- 
layer growth, involving an initial calculation of the pressure dis- 
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(a) Universal curve showing Cp as function of single parameter 
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(b) Cp versus Reyp for various values of L’/D, in high range of 
Reyp. Line marked Rey,’ = 2(10)5 represents approximately 
the limit to which the approximation of laminar flow is valid, al- 

though under favorable conditions the limit might reach 10°. 
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tribution of the potential flow, computation of the boundary- 
layer growth, recalculation of the potential flow, and so on, until 
convergence is obtained. 

Specific Contraction Contour Chosen for Study. The equivalent 
length of the contraction depends both on the shape of the 
contraction and on the diameter Reynolds number, Reyp. The 
results presented in this paper are for the standard ASME ellipti- 
cal contour (11) shown in Fig. 6. 

Since the contour of Fig. 6 is not very different from that used 
on other flow nozzles and venturis, and inasmuch as the discharge 
coefficient does not usually depend decisively on the equivalent 
length of the contraction, the equivalent length found for the con- 
tour of Fig. 6 may often with little error be used for other contrac- 


22 
| 
| 
T= 
a. 
| v2 a 
| | 
* 10 100 1000 
| 
12 
| 


RIVAS, SHAPIRO—DISCHARGE COEFFICIENTS FOR ROUNDED-ENTRANCE FLOWMETERS AND VENTURIS 493 


Fie. 6 ASME Eturericat Contraction Section SELECTED FOR 
Speciric CALCULATIONS 


tion contours, subject, however, to the precautions discussed in 
Section 7. 

Potential Flow Solution (First Approximation). We now present 
the potential-flow solution for the contraction section of Fig. 6. 
Steady, incompressible, nonviscous flow is assumed, and the z, r- 
system of cylindrical co-ordinates shown in Fig. 6 is employed. 
The velocity components in the z and r-directions are denoted by 
u and », respectively. 

The equation of continuity is 


(ur) + 2 (or) = 0... 


This equation is the necessary and sufficient condition for the 
existence of Stokes’ stream function, defined by 


ur = OW/dr; or = (8) 


Since all the streamlines originate in a reservoir where condi- 
tions are uniform, and viscous stresses are ignored, the flow is 
irrotational. Therefore we may write 


OU/Or 


Substituting the expressions for u and v given by Equation [8] into 
Equation [9] and expanding, we get 


ox? or? r or eevee [10] 


which is Laplace’s equation in cylindrical co-ordinates. 

We now have a boundary-value problem in which we must find 
the solution to Equation [10] subject to the following boundary 
conditions: (a) The flow follows the contour. This may be ex- 
pressed by assigning constant values of y to the axis (r = 0) and 
to the wall streamlines. 

(b) In the cylindrical section “far downstream”’ of the contrac- 
tion the flow is uniform and parallel. This may be expressed by 
setting 


= (2r/D) 


on a downstream plane normal to the axis, based on an arbitrary 
value of zero for ¥ on the axis. Tentatively it was assumed that 
the flow was uniform and parallel at the downstream static tap, 
and the subsequent calculations demonstrated that this plane 
was indeed sufficiently far from the contraction to justify the as- 
sumption. 

(c) Far upstream of the contraction the flow approaches asymp- 
totically a spherically symmetrical sink flow. 

Manageable methods for solving Equation [10] analytically, 
subject to the foregoing boundary conditions, are not known. 
Consequently, solutions may be obtained only by numerical 


methods. That best-suited to the purpose, and the one used here, 
is the well-known relaxation method of Southwell (12). The de- 
tails of the calculations are too lengthy to be given here, but the 
outcome is that the value of y is found at the net points of an 
orthogonal grid. Then, by numerical differentiation of Equa- 
tions [8], the velocity components u and v may be computed as 
functions of zandr. From the values of u and v may be calculated 
the speed U = Vv u* + v*, Then, by Bernoulli’s equation, the 
pressure p may be found at any z and r through the relation 


p = po— pU*/2 


where pp is the total pressure, or the pressure far upstream of the 
contraction. 

For our present purpose the significant result of the potential- 
flow solution is the velocity distribution at the wall, shown in Fig. 
7 in dimensionless terms. Two features stand out: 
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(a) There is a velocity peak slightly upstream of the cylindrical 
section, followed by a deceleration. This is probably inevitable in 
nozzles having cylindrical measuring sections (13), and throws 
some doubt on the earlier assumption that the flow is laminar in 
the cylindrical section. For the moderately adverse pressure 
gradient of Fig. 7, the close comparison between the measured 
discharge coefficient and that computed in this paper with the 
assumption of laminar flow indicates, however, that the assump- 
tion of laminar flow is valid. The same would not necessarily be 
true, however, for other nozzle forms in which more severe ad- 
verse pressure gradients prevailed. 

(b) The velocity distribution becomes flat at a distance of about 
0.2D downstream of the contraction section, thus demonstrating 
that the streamlines at that point have become parallel, and justi- 
fying the choice of downstream boundary condition for solution 
of the potential flow problem. 

Boundary-Layer Solution (First Approximation). For practical 
calculations of laminar boundary layers the integral method of 
von Karman and Pohlhausen is suitable as regards both simplicity 
and accuracy, at least when severe adverse pressure gradients are 
absent. The method has been cast in a particularly convenient 
form by Thwaites (10) for two-dimensional boundary layers. 
Rott and Crabtree (14) have extended Thwaites’ method to the 
axially symmetric case, with the restriction that the local bound- 
ary-layer thickness is small compared with r. This last implies 
that Reyp is not too small. 

The procedure of Rott and Crabtree, which we use here, states 
that the momentum thickness @ at a given location s is given by 


8 


where U is the potential-flow velocity immediately outside the 
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boundary layer, and where a and b are semiempirical constants 
having the values a = 0.45 and b = 6. It is assumed for Equa- 
tion [11] that the quantity 6*r?U* goes to zero far upstream of the 
elliptical contraction section. 

Rearranging Equation [11] in dimensionless form, with V as 
the reference velocity and D as the reference length, we obtain 


The value of r/D as a function of s/D is known from the nozzle 
contour, Fig. 6. Moreover, the value of U/V is known as a func- 
tion of s/D from the potential flow solution, Fig. 7. Conse- 
quently Equation [12] may be integrated to give (0/D)V/ Rey, 
as a function of s/D. For the region of the potential-flow source 
solution (i.e., upstream of the elliptical section), both r/D and 
U/V may be expressed algebraically in terms of s/D, and the 
integral accordingly worked out analytically. After the source 
solution merges into the solution for the elliptical section, how- 
ever, the integration must be by numerical or graphical means; 
Simpson’s rule was employed for the present calculations. 
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The results of the integration are shown in Fig. 8, with 
(0/D)V Reyp plotted against s/D. 

Equivalent Length (First Approximation). The foregoing re- 
sults are restricted to the case where 6/D < 1. Since 
(0/D)V/ Reyp is seen from Fig. 8 to be of the order of 0.5 in the 
region of interest, we are limited to values of Reyp in excess of 
about 1000. 

In order to evaluate U,/V, consider a tube flow with uniform 
velocity U in a potential core and in which at any value of x 
there is a boundary layer of thickness 6. Letting u represent 
the velocity in the boundary layer at a distance y from the wall, 
we may write from continuity considerations that 


8 
* DV = (D—2)U +f — 2y)u dy 
0 


This may be rearranged algebraically to give 


U 1 


factor (6/D)*. Since (6/D)? is very small compared with 
unity in the present analysis, even a rough approximation to the 
second integral will be adequate. With this in mind we quickly 
evaluate the second integral as being approximately '/;, using the 
assumption of a linear profile, u/U = y/6, in the boundary 
layer. 

The foregoing considerations now enable us to write 


1 
* 
(5) +3 (6) (a) 
6 D 3 D 

For a given value of Reyp, Fig. 8 gives a first approximation to 
the value of 0/D at section 2. Moreover, the integral method of 
boundary-layer calculation permits us to compute the values of 
6*/@ and 6/@ at section 2. Consequently, we may, from Equation 
[14], compute V/U:, which, according to Equation [5], is the 
discharge coefficient Cp. 

Having found (in this first approximation) Cp as a function of 
Reyp, it is then possible, as explained earlier, to determine (again 
in first approximation) Leq/D as a function of Reyp, using Equa- 
tion [6] and Fig. 4. 

Iterative Improvement of Solution. As explained previously, the 
first approximation presented in the foregoing is incorrect because 
the effect of the boundary layer on the potential flow has been 
neglected. Since the displacement thickness of the boundary layer 
depends on Reyp, it follows that Rey, also influences the effective 
boundary of the potential flow, the distribution of U/V for the 
potential flow, and the effective length of the contraction section. 

In order to follow undeviatingly the iterative procedure pre- 
viously outlined, therefore, it would appear to be necessary to 
work out the relaxation solution of the potential flow for many 
Reynolds numbers, and, furthermore, to repeat this at each 
iteration. All this would involve a prohibitive amount of labor. 
An approximate but simple procedure, the assumptions of which 
appear to be quite plausible, was used instead. 

The type of approximation which is appropriate stems from an 
appreciation that, in computing 6/D at the downstream static tap 
from Equation [12], the greatest contribution by far to the integral 
is that of the cylindrical section. This comes about because U /V 
appears to the fifth power in the integrand and because, according 
to Fig. 7, (U/V)§ is generally much smaller than unity except in 
the cylindrical section. In the cylindrical section the flow is almost 

one dimensional except for the boundary-layer flow. Therefore 
the one-dimensional value of U/V in the cylindrical section may 
be found for a given boundary-layer thickness from simple con- 
tinuity considerations. 
The modified iterative procedure is therefore based on a model 
in which viscosity does not affect the potential-flow solution up- 


[14] 


We recognize the first integral in the denominator of this expres- 
sion as giving the usual definition of the displacement thickness, 


Regarding the second integral, we see that it is associated with the 


stream of the cylindrical section, and in which the presence of the 
boundary layer in the cylindrical section increases in a one- 
dimensional manner the U/V values which would otherwise pre- 
vail. Equation [14] allows us to compute how U/V varies with 
z/D, inasmuch as the calculation method gives us 6/D as a function 
of 

The iteration procedure used for calculating the equivalent 
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length for a specific value of Reyp may now be summarized as 
follows: 

(a) Fig. 8 shows the first approximation to 0/D as a function 
of s/D in the cylindrical section. 

(b) Calculate the corresponding values of U/V from Equation 
[14]. Multiply the values of V/V from Equation [14] by the first- 
approximation values of U/V shown in Fig. 7 to determine how 
the constriction produced by the boundary layer modifies the 
potential-flow velocity distribution. 

(c) Plot the values of U/V determined in step (b) in Fig. 7, and 
fair the resulting curve into the portion of the curve upstream of 
the cylindrical section. Fig. 7 shows, for example, the second 
approximation to the curve of U/V for Reyp = 10*. 

(d) With the U/V curve of step (c), calculate the 0/D distribu- 
tion by integrating Equation [12]. This represents the second ap- 
proximation to @/D as a function of s/D. 

(e) Starting with the second approximation to 0/D determined 
in (d), repeat steps (a) through (d) and thus find the third ap- 
proximation. Continue the iteration procedure until satisfactory 
convergence is attained. The latter was achieved in the fifth 
approximation. 


108 10% 10° 10° 


Fie. 9 Equivatent Lenota or Contraction Section Versus 
Reyp, ror Contour oF Fie. 6 


Having in this way adoquately determined 0,/D as a function of 
Reyp, Leq/D was established as a function of Reyp in the manner 
already outlined. The results of these calculations are presented 
in Fig. 9 where Leq/D is plotted against Rey, for the fifth ap- 
proximation. The equivalent length decreases from a value of 
about 0.56 at Reyp = 10° to a value of about 0.25 at Reyp = 
1000. For reasons given previously, it would be unsafe to em- 
ploy the present analysis below a Reynolds number of about 1000. 


CompPparRIsON ExpERIMENTAL RESULTS 


Data of Buckland for ASME Long-Radius Nozzle (11, 16). 
Using Fig. 9 to determine Leq/D, and using Fig. 4 for determining 
4f,rp L'/D, Equation [6] may be employed for determining Cp 
versus Rey, for the ASME flowmeter nozzle. Curves so com- 
puted are shown in Fig. 10(a) for values of L/D of 0.25 and 0.50. 

Also shown in Fig. 10(a) are the experimental results of Buck- 
land (16), found from tests of ten nozzles of different sizes but 
with the ASME contour, using water and oil as the flowing 
fluids. In Buckland’s experiments the values of L/D for the 
cylindrical portions of the nozzles ranged from 0,35 to 0.58, with 
the bulk of the data (except for low Rey,) referring to a value of 
0.50. 

The computed curve for L/D = 0.50 is seen to fit the experi- 
mental data as well as Buckland’s recommended curve, except 
in the range of Reyp below 4000, where the experimental data are 
admittedly inaccurate. The theory also reflects faithfully the 
manner in which Reynolds number influences the discharge co- 


efficient. The break in the curve at Reyp = 5(10)* is the result 
of the point of transition from a laminar to a turbulent boundary 
layer moving upstream of the downstream static tap; because the 
turbulent skin-friction coefficient exceeds the laminar skin fric- 
tion and varies only slightly with Reynolds number, the curve of 
Cp versus Reyp does not continue upward toward unity, but in- 
stead becomes nearly level. This is in accord with the discussion 
given previously concerning this phenomenon. 

Data of Downie Smith and Steele (17). Although the experi- 
ments of Downie Smith and Steele were made with contraction 
sections different from that to which Fig.9 applies, it is, neverthe- 
less, of interest to compare the theory based on Fig. 9 with the 
experimental results. 
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In Fig. 10(b) are plotted curves of Cp versus Rey, for various 
values of L/D, based on Equation [6], Fig. 4 and Fig. 9. Also 
shown are the experimental data of reference (17) for two nozzles, 
one with L/D = 0.50 and the other with L/D =0.75. The agree- 
ment between theory and experiment is seen to be of the order of 
1 per cent except for the high Reynolds-number data of the 
medium nozzle, data which behave unexplainably. 

A further comparison with the data of Downie Smith and Steele 
is shown on the universal curve of Fig. 5(a). The agreement again 
is gratifying. 
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Fiow Coerricient at Low REYNOLDS NUMBERS 


For Reynolds numbers less than about 1000, the foregoing re- 
sults cannot be expected to retain their accuracy. Unfortunately, 
there is no simple way of determining the equivalent length at low 
Reynolds numbers, nor is it known for that matter whether the 
concept of an equivalent length is valid. 

Having found, however, that the equivalent length of the con- 
traction section is important but not decisive, we may adopt an 
heuristic attitude and attempt to infer the equivalent length at 
low Reynolds numbers by simply superposing experimental curves 
on Fig. 5(c). 

For this purpose we turn to the experimental results at very low 
Reynolds numbers of Downie Smith and Steel (17), which are 
presented in Figs. 5(a), 5(c), and 11. The flowmeter of these 
tests had a value of L/D of 2.5. Since Leq/D of the contraction 
probably lies between 0 and 0.5, we have plotted in Fig. 11 the 
theoretical curves of Fig. 5 for values of L’/D of 2.5 and 3.0, re- 
spectively. The agreement between the forms of the experi- 
mental and theoretical curves is remarkable. Moreover, the 
choice of a constant value of Leqg/D = 0.19 appears to give ex- 
cellent agreement between the measured and calculated dis- 
charge coefficients in the range of Reyp below approximately 
1000. Fig. 5(c) confirms the choice of this value of Leq/D. In the 
universal chart of Fig. 5(a), the data points for L/D = 2.5 were 
constructed with the assumption that Leqg/D = 0.19 for Reyp < 
800, and with Leq/D from Fig. 9 for Reyp > 1000. Again 
the agreement is good. 

Dimensional reasoning sheds light on the shape which the 
curve of Cp versus Reyp must assume for very low Reynolds 
numbers. Since, at very low Reynolds numbers, the inertia 
forces acting on fluid particles become negligible compared with 
viscous forces, it follows that the fluid density p is unimportant, 
and accordingly, the pressure drop po — p2 is determined (for a 
given geometrical shape) by V, D, and yu 


Po — p2 = function (V, D, yw) 


For dimensional homogeneity to prevail, the quantities V, D, and 
& must appear in such a grouping as to have the dimensions of a 
stress. There is only one such grouping, and we may therefore 


conclude that, at sufficiently low Reynolds numbers 
(pe — — = const 
Vu 


From the definition of Cp, Equation [4], this may be equivalently 
stated as 
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Cp = const V/ Reyp 


which shows that for very small values of Reyp, the discharge 
coefficient varies as the square root of the Reynolds number. 

To illustrate this point, Fig. 11 represents Cp/*/ Reyp as a 
function of Reyp. The fact that both the experimental and 
theoretical results approach horizontal asymptotes at low values 
of Reyp confirms the validity of the dimensional reasoning pre- 
sented in the foregoing. 


DIscussiON OF VARIABLES IN FLOWMETER DESIGN 


The analyses presented in this paper of flowmeter performance 
give some insight into what are the important factors to be con- 
sidered in flowmeter design, construction, and installation, and 
indicate certain precautions which should be taken to insure re- 
producible and reliable results. 

Shape of Contraction Contour. The contour of the contraction 
section influences the equivalent length of the latter. Most im- 
portant, however, is the way in which the pressure distribution on 
the contour determines whether the flow in the nozzle is laminar 
or turbulent, and whether the flow is fully attached or partially 
separated. If the wall pressure fell monotonically, then there 
could be no boundary-layer separation and, in addition, the 
boundary layer would be entirely laminar in the flow nozzle ex- 
cept at very high Reynolds numbers. When the adverse pres- 
sure gradient which is almost inevitably present is sufficiently 
large, however, there may be boundary-layer separation, there 
may be transition to turbulence, or there may be both. Any of 
these eventualities would seem to be undesirable because they are 
uncontrollable and sensitive to minute perturbations. 

The adverse pressure-gradient characteristic of the ASME flow 
nozzle seems sufficiently weak so that the boundary layer does 
not exhibit undesirable behavior. Faithful reproduction of the 
prescribed contour is essential, however, otherwise the adverse 
pressure gradient might inadvertently be accentuated, leading 
possibly to boundary-layer transition and a radical change in the 
discharge coefficient. 

Position of Downstream Pressure Tap. It would seem desirable 
to place the downstream static tap in a region where the stream- 
lines no longer have curvature. According to Fig. 7, this sets the 
minimum desirable value of L/D at about '/,. In addition, there 
should be about '/, diameter of straight section downstream of the 
static pressure tap. 

Accurate location of the pressure tap is very important; Fig. 5 
shows how a small change in L/D may produce significant altera- 
tions in Cp. 

Apart from the foregoing, it is important to keep in mind that 
the static tap is in a region where the boundary-layer thickness 
may be smaller than the diameter of the pressure hole. In order 
to avoid large errors in static pressure reading, therefore, the pres- 
sure hole must be meticulously constructed. 

Roughness or Initial Turbulence. TFither wall roughness or 
initial turbulence will decrease the value of Reyp at which the 
point of laminar transition moves into the flow nozzle. Either of 
these occurrences, by changing the friction factor, would alter the 
discharge coefficient. 
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Discussion 


8. J. Kuve.‘ This paper is a valuable contribution to the 
understanding of flow in rounded-entrance nozzles. It provides a 
long step toward meeting the objectives of the authors, and it 
should also be of assistance in correctly interpreting friction data 
in the entrance zone of tubes. 


‘ Assistant Professor of Mechanical Engineering, Stanford Uni- 
versity, Stanford, Calif. Mem. ASME. 


The curves presented by the authors amply illustrate the very 
important effect of L/D, on discharge coefficient at fixed Reynolds 
numbers, And the authors quite properly stress the importance 
of this fact in regard to downstream tap location in flowmetering. 
The authors also discuss the effect of wall boundary-layer transi- 
tion. Some further discussion of the importance of transition 
might also be appropriate. While it is true that the transi- 
tion zone usually begins at a length Reynolds number of around 5 
X 10° as stated by the authors, available experiments show it may 
start as low as 8 X 10‘ and as high as 4 X 10° It follows from 
these facts that the bump at the beginning of the flat zone, shown 
on Buckland’s curve in Fig. 10(a) of the paper, might vary over a 
similar range. And since the actual location is determined as the 
result of several subtle causes, the use of data from previous cali- 
brations is somewhat unreliable in the zone near transition, 

An item of obvious interest in connection with this paper is the 
accuracy with which the theory predicts the discharge coefficient 
and the zone in which the results of Fig. 9 giving Leq/D can be 
applied to other nozzle contours. Examination of Equation [4] 
of the paper shows that the accuracy required in 4farpL,/D, the 
term computed by flow theory, depends to a large extent on the 
value of Cp. For example, if an error of less than 1 per cent in Cp 
is required, and the value of Cp is 0.90, the error which can be 
tolerated in 4fappL/D is 11 per cent and in Leq 22 per cent (if Leg 
and L are approximately equal). If Cp is 0.30 and if Leq ap- 
proximately equals L, then a 3 per cent error in 4fappL/D or a 6 
per cent error in Leq will create a 1 per cent error in Cp. If Leg is 
smaller than LZ, then the tolerable error in Leq for a 1 per cent 
error in Cp becomes even larger. 

These considerations suggest that the calculations of the paper 
should be particularly accurate and the effect of minor changes 
in contour and initial boundary layer very small when (a) the 
value of (L’/D)/Reyp is small, (6) the value of L’ is large com- 
pared to Leg. Obviously, neither of these comments applies 
beyond the point where transition to a turbulent wall boundary 
layer might begin. If conditions (a) and (b) are met, then it also 
follows that the curve of Fig. 9 can be used to predict discharge 
coefficients for other nozzle contours with excellent accuracy pro- 
vided transition does not occur. In fact, even the much cruder 
method of reference (3) of the paper has been used by the writer 
with excellent results under these conditions, 

It is hoped that the Fluid Meters Committee will soon avail 
themselves of the increased understanding of the nature of dis- 
charge coefficients provided by this paper to review the current 
code for possible improvement of standards. 
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Biaxial Plastic Stress-Strain Relations of 


a Mild Steel for Variable Stress Ratios 


By JOSEPH MARIN! ano L. W. HU,? STATE COLLEGE, PA. 


The main objective in the study reported in this paper 
was to provide further experimental checks on the validity 
of the simple flow theory of plasticity. In this investiga- 
tion, biaxial stresses were produced by subjecting tubular 
specimens to internal pressure and axial tension. The 
tests were made on specimens machined from cold-drawn 
seamless-steel tubing. Most of the tests were performed 
under variable biaxial-stress ratios but in order to provide 
the necessary control data and basic biaxial strength prop- 
erties, a series of constant stress-ratio tests also was con- 
ducted. Eight different types of variable stress-ratio 
tests were devised to determine the validity of the simple 
flow theory. The results of these tests do not support the 
theory. A test also was made to check the validity of the 
distortion-energy criterion as used in the simple flow 
theory. The differences between the theoretical and ex- 
perimental results for this test were too great to be ex- 
plained as due to experimental error or material anisot- 
ropy. A special variable stress-ratio test also was con- 
ducted to compare certain requirements of both the slip 
and simple flow theory. The results from this test were 
in poor agreement with the simple flow theory and in ap- 
proximate agreement with the slip theory. An investiga- 
tion was made to determine the validity of the so-called 
“loading function” as required by the various plasticity 
theories. These test results do not agree with the con- 
cept of the isotropic expansion of loading functions. 


INTRODUCTION 


ANY theories have been proposed for expressing the 
plastic stress-strain relations in metals subjected to 
combined states of stress. To select the most adequate 

theory it is necessary to obtain by experiment actual plastic stress- 
strain relations and to compare these results with those predicted 
theoretically. In searching for the best available theory it is also 
advisable to verify the validity of various assumptions and re- 
quirements of the plasticity theories. This paper presents plastic 
stress-strain relations for both constant and variable stress ratios 
and special tests for verifying certain requirements of the plas- 
ticity theories. Results from both the foregoing types of tests will 
then be compared to values predicted by a theory to determine 
the accuracy of the theory. 


Test ProcepURE 
Material Tested and Specimens, The material tested in this 
investigation was a mild steel designated as SAE 1020. The 
nominal composition, in addition to iron and normal impurities, 


1 Professor and Head of Engineering Mechanics, Pennsylvania 
State University. Mem. ASME. 

? Assistant Professor of Engineering Mechanics, Pennsylvania State 
University. 

Contributed by the Metals Engineering Division and presented at 
the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Tae American Socrety or MecuHanrcat ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, October 
26, 1954. Paper No. 54—A-243. 


consists of 0.19 per cent carbon, 0.48 per cent manganese, 0.24 
per cent silicon, 0.013 per cent phosphorus, and 0.043 per cent 
sulphur. The material was supplied in the form of commercial 
cold-drawn seamless-steel tubing with an outside diameter of 1*/, 
in. and inside diameter of */, in. The mechanical properties of 
steel tested in the longitudinal direction were as follows: Yield 
strength at 0.002 in/in. offset, 74,900 psi; ultimate strength, 79,- 
500 psi; elongation in 2-in. gage length, 9.5 per cent; modulus of 
elasticity, 28.0 X 10° psi; Poisson’s ratio, 0.27. 

The specimens for the various combined stress tests were made 
from the steel tubing by machining on both the inside and ot- 
side to a wall thickness of 0.050 in. and inside diameter of 1.000 in. 
The ends of the specimen were threaded to permit the application 
of axial tension in addition to internal pressure. Details of the 
specimen design are given in Fig. 1 of reference (1).* 

Testing Machine and Strain Gage. The testing machine used to 
apply the axial tension and internal pressure to the specimen is 
described in reference (2). The elastic and plastic strains during 
loading were determined by the use of SR-4 strain gages and a 
specially designed clip-type electric strain gage as described in 
reference (2). 


Constant Srress-Ratio Tests 

Constant biaxial stress-ratio tests were made in order to provide 
control test data and to supply basic information on biaxial prop- 
erties of the material tested. In these tests the ratio of the prin- 
cipal stresses was maintained essentially constant by keeping a 
constant ratio between the internal pressure and the axial load 
during the loading of the specimen. 

The stress-strain relations up to the maximum load, for various 
values of the principal stress ratios, are given for the axial and 
tangential stresses in Fig. 1. For all tests the deformations up to 
the maximum load were small and less than 0.5 per cent for most 
tests. It was then sufficiently accurate to use nominal stress and 
strain values based on the original specimen dimensions and gage 
length in place of the true stress and strain values. The values of 
the nominal axial and tangential stresses are for a thin-walled 
cylinder, respectively 


pd, 


where d; = initial internal diameter, ¢ = initial wall thickness, 
P = total axial load, and p = internal pressure. 

Based on the relations plotted in Fig. 1, values of yield strength 
were obtained using an equivalent offset strain as explained in 
reference (2) and using a value of 0.002 in. per in. offset strain for 
evaluating the yield stress in simple tension. A comparison of 
these biaxial yield strengths and values predicted by the maxi- 
mum-shear and distortion-energy theories is shown in Fig. 2(a). 
An examination of the graph in Fig. 2(a) shows that the distor- 
tion-energy theory is in approximate agreement with the test 
data. 


3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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The plastic stress-strain relations as predicted by the simple 
flow theory (3) are shown in Fig. 1. In determining the theoreti- 
cal values of the plastic strain-stress relation in this paper, a 
simple tension plastic stress-strain equation of the form 


[3] 


was used. For the steel test, values of k = 8.53 X 10-® and n = 
7.45 were found. 

By the simple flow theory it can be shown that the increments of 
the axial and tangential plastic strains in terms of the axial and 
tangential stresses are 
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where & and é are the effective stress and strain, respectively, with 
values of 


A comparison between these theoretical relations and the actual 
values, as given in Fig. 1, shows that the simple flow theory is in 
approximate agreement with the test results. A comparison is 
given in Fig. 2 (6) between the actual values of the ultimate bi- 
axial strengths and the values predicted by the theories of failure. 
An examination of this figure shows that the distortion-energy 
criterion is in approximate agreement with the test results. 


VariAB_e Srress-Ratio Tests 


In practice, loads may be applied so that the combined stress 
ratio does not remain constant as in the tests just described. For 
this reason, various kinds of variable stress-ratio tests were con- 
ducted in this investigation to determine the influence of varying 
stress ratios on the plastic stress-strain relations. In addition, 
these variable stress-ratio tests also provided a further check on 
the adequacy of the flow theory. 

Two types of variable stress-ratio tests were conducted. In one 
type designated as the “‘two-step’’ test a stress is applied in the 
axial direction only to a selected value. Then in addition, the 
specimen is subjected to the stress in the tangential direction 
only, to fracture, Fig. 3. This latter stage of loading results in a 
varying stress ratio (a,/¢,) as o, increases while o, remains con- 
stant. The stress-strain relations for the foregoing two-step load- 
ing are shown in Fig. 3. The theoretical stress-strain relations 
based on the simple flow theory are shown in Fig. 3. Test re- 
sults are given in Fig. 4 for initial loading in the tangential direc- 
tion with subsequent loading in the axial direction. 

A new type of variable stress-ratio test designated as “three- 
step’’ test also was made. The paths of loading used for these 
tests are described in Fig. 5. With initial stressing in the tan- 
gential direction the loading paths used were O-A-B-D, O-A-B-E, 
and O-F-G-E. Three tests similar to the foregoing were made 
with initial stressing in the axial in place of the tangential direc- 
tion. Figs. 6 to 12 show the stress-strain relations for each of these 
tests as designated by the legend on these figures. 

The plastic stress-strain relations based on the simple flow the- 
ory are represented in Figs. 3 to 12. A comparison of the actual 
curves with these theoretical relations indicates that there is fair 
agreement between the simple flow theory and the test results 
for variable stress ratios. 


Test ON THE VALIDITY OF THE DisToRTION-ENERGY CRITERION 


In the usual simplified form of the flow theory (4) it is assumed 
that the yielding surface is defined by the distortion-energy 
criterion as represented in Fig. 2(a). To determine the validity 
of this yield surface, a variable stress-ratio test was conducted by 
using a loading path as shown in Fig. 12. The loading path de- 
scribed in Fig. 12 was produced by alternate application of axial 
tensile loads and internal pressures, in such a way that the effec- 
tive stress 


remained constant on the inner surface of the specimen. The 
strains produced during the foregoing loading process are shown 
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in Fig. 13 for both the axial and the tangential directions. Ac- 
cording to the distortion-energy criterion there should be no addi- 
tional plastic strains produced when the path of loading follows 
the distortion-energy ellipse. Fig. 14 shows that this require- 
ment is not fulfilled, since for both the axial and tangential direc- 
tions there is considerable variation in the plastic strains. These 
changes are of such magnitude that they cannot be considered 
as due to experimental errors; that is, the large variations in the 
plastic strains show that the distortion-energy criterion is not 
valid. 


Test To Distincuisn Between Sup anp THeories 


A test, similar to that reported in reference (5), was made to 
determine which theory—the slip (6) or simple flow theory— 
agrees best with the actual behavior. To describe this test con- 
sider that O-A-J-B in Fig. 15 represents the distortion-energy 
strength criterion corresponding to the proportional limit. A 
tubular specimen was first subjected to internal pressure at a 
constant stress ratio so that the path of loading was along O-F. 
The specimen was then stressed in the axial direction only to 
point G. Then for subsequent loading and according to the 
simple flow theory the loading surface now becomes the ellipse 
C-G-D; that is, by the simple flow theory plastic deformation 
would not occur if the specimen is loaded along or within the 
loading surface represented by the ellipse shown. The specimen 
was subjected to load increments represented by points Gl- 
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23 as indicated in Fig. 15. In the application of loads in the axial 
direction, such as 1 to 2, the load was applied approximately up 
to the point where plastic deformation was produced. Accord- 
ing to the simple flow theory, the line drawn through the points 
G2, 4, 6-22 should coincide with the yield ellipse G-D. The dif- 


CoMPARISON OF Stress-Strrain Revations Wirth TxHeory ror THree-Step VARIABLE Stress Ratios 


NOMINAL TANGENTIAL STRAIN 


ference between the actual and theoretical behavior for this test 
is too great to be explained by possible experimental errors or 
anisotropy of the material. 

By the slip theory the limiting surface of plastic flow is not 
C-G-D as required by the simple flow theory, but A-F-G-J-B. 
Fig. 15 shows that the test results confirm qualitatively the yield 
concept of the slip theory. 


Loaptne Function 

A test designated as the “loading function test’’ was made to 
provide a further check on the validity of the existing concept of 
loading functions as used in plasticity theories. This test is a 
variable stress-ratio test with a loading path as indicated in Fig. 
16. Initially, the tubular specimen is subjected to a load in the 
axial direction to a point A representing beginning of plastic flow. 
The specimen was then unloaded to O and thus stressed in the 
tangential direction to the point B representing beginning of plas- 
tic flow in the tangential direction. The distortion-energy ellipse 
passing through points A and B then represents the initial load- 
ing function, The specimen was then unloaded to O and re- 
loaded under a constant stress ratio of 1 to a point C beyond the 
‘nitial loading surface represented by the ellipse through A and 
B. The new loading function or surface now becomes, according 
to the existing concept of loading functions, an ellipse through C 
symmetrical with respect to the initial ellipse. To verify the 
validity of this statement, the specimen was thus unloaded to O, 
reloaded to D, unloaded to O, and reloaded to a point E. Points 
D and E represent stresses where plastic flow begins. Points D and 
E were found to be close to points A and B and well within 
the loading surface through C as required by the existing con- 
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cepts of loading functions. Further stresses to points beyond C 
and unloading with reloading, as previously described, gave fur- 
ther evidence that the existing concept of loading functions can- 
not be applied for the material tested. 


CONCLUSIONS 


Tests on steel specimens made from cold-drawn seamless-stee! 
tubing showed that: 


1 Plasti¢ stress-strain relations for various types of variable 
biaxial stress-ratio conditions are in fair agreement with values 
predicted by the simple flow theory. 

2 The distortion-energy criterion used in the simple flow 
theory is not verified by the test results. 

3 For certain variable stress-loading paths, the slip theory is 
in better agreement than the simple flow theory. 

4 Existing concepts of loading surfaces, as used in theories of 
plasticity, are not in agreement with the test results, 
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Discussion 


T. H. Lin.* The test data for varying ratios of principal 
stresses are a valuable additional information for checking plas- 
ticity theories. 

From the loading-function test, the loading beyond the propor- 
tional limit along O-C (Fig. 16) with axial stress-tangential stress 
ratio of 1 has no appreciable effect on the yield stress for pure 
axial loading and pure tangential loading. This seems to show 
the existence of corner in the loading surface. As seen in Fig. 17, 
herewith, creating a corner on the loading surface may decreas? 
the effect of the loading O-C on A and B on the loading surface. 

Comparing the stress-strain curves of pure axial load and pure 
tangential load in Figs. 1(a) and 1(6) of the paper, it is seen that 
some initial anisotropy exists in the specimen. As theories to 
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be checked are based on initial isotropy, this initial anisotropy 
probably introduces some discrepancy. 

The authors state in the conclusions that existing concepts of 
loading surfaces as used in theories of plasticity, are not in agree- 
ment with the test results. It seems to the writer that the 
authors refer to the smooth loading surfaces with unique normal 
at every point on the surface. The test results shown disagree 
with smooth loading surfaces, but seem to agree qualitatively 
with loading surfaces with corner on these surfaces. Slip theory 
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by Batdorf and Budiansky* to the writer’s knowledge is the first 
plasticity theory giving this corner in the loading surface, and 
slip theory proposed by the writer* also predicts the existence of 
corner in the loading surfaces. 


5 Reference (6) of the Bibliography of the paper. 

*“‘A Proposed Theory of Plasticity Based on Slips,"’ by T. H. Lin, 
Proceedings of U. 8. Second National Congress of Applied Mechanics, 
1954. 


= 
be 
AS 
5 
; 
| 
v4 


>: 

‘ 

; 

4 

Sade 

yy 

2 

AY. 


This paper approaches the problem of correlating 
notched and unnotched test data from observations of how 
the material may be considered to be affected under re- 
peated stresses. A semigraphical method of extrapolat- 
ing notched test data is developed. Although data 
available do not conclusively prove the observations re- 
ported herein, neither does presently available information 
refute the views presented. Individual observations are 
gathered together to form a picture which is intended as 
an aid to designers in visualizing possible trends even 
though complete test data are not available. 


INTRODUCTION 
HE phenomenon of progressive fracture of metals under re- 
peated loads, generally referred to as fatigue failures, has 
been investigated extensively, and the physical laws gov- 
erning such failures are gradually being uncovered. A definition 
of the mechanism of failure is particularly difficult owing to the 
large number of variables which have been found to affect test 
results. Significant contributions have been made by a great 
number of investigators, for example, H. F. Moore (1)* has 
studied the effects of various specimen sizes, Peterson and Les- 
sells (2), and Almen (3) have investigated surface strengthening, 
while Gough (4) and Dolan and Yen (5) have reported some ef- 
fects of crystal structure. Findley (6) has shown that attempts 
to correlate dynamic failures with theories of static failure have 
been only partially successful for a single material. Much of the 
work to date has consisted of either empirical correlation of test 
data or the development of mathematical solutions which satisfy 
only special cases. The attempt is made herein to analyze fa- 
tigue data in a manner which permits prediction of the effects of 
notches. 
DEFINITIONS 
The symbols and nomenclature used in this paper are those 
recommended by the ASTM Committee E-9 and are defined in 
the ASTM ‘Manual on Fatigue Testing,” except for the use and 
definition of the term “stress ratio:” 
A = stress ratio = S,/S,, 
Smax = Maximum stress 
S, = alternating stress amplitude 
= mean stress 
K, = theoretical stress-concentration factor 
K, = fatigue strength-reduction factor 


Ana.ysis oF Norcu Errects Unper Repeatrep Loaps 
When alternating-mean stress diagrams are drawn for some 


1 The opinions expressed are those of the author and do not neces- 
sarily represent the official views of the United States Air Force. 

? Captain, USAF; Materials Laboratory, Wright Air Development 
Center, Wright-Patterson Air Force Base. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Metals Engineering Division and presented at 
the Annual Meeting, New York, N. Y., November 28-December 3, 
1954, of Tae American Society oF MECHANICAL ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Sep- 
tember 16, 1954. Paper No. 54—A-180. 
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specified number of cycles, a family of curves can be formed from 
the test data for unnotched and notched specimens, as shown in 
Figs. 1-3. These and the following figures were prepared from 
the data taken from references (7 and 8). 

The material in an unnotched and notched specimen is identical 
except for normal variations which occur between any two sam- 
ples of metal. Therefore it can be assumed that the mechanism 
of failure of unnotched and notched specimens is identical, if the 
same state of stress is maintained in each. The problem then 
becomes one of determining the proper means of expressing a rela- 
tionship between fatigue curves of unnotched and notched speci- 
mens such that the existing stress conditions are satisfied. The 
assumption just made is not entirely correct, for greater plasticity 
and cold-working are likely to occur near the surface of notched 
specimens than in unnotched specimens, but these may be such 
localized effects that the resulting analysis will not be affected 
appreciably. Assume further that the relationship between 
notched and unnotched test data can be expressed along lines of 
constant stress ratio; that is, the transformation between any 
notched curve and the “parent” unnotched curve is a point-to- 
point relationship designated by any line drawn from the origin 
of the co-ordinate axes. This second assumption is based on the 
concept that at the instant the maximum nominal stress is applied 
to a notched specimen, the specimen will react to the total stress, 
since there is no apparent method for a test specimen to separate 
the stress into dynamic and static components. 

Let K; define the relationship between a notched and the un- 
notched curve along any stress-ratio line. This is equivalent to 
the statement 


Swax 


where Smax’ designates the maximum nominal stress computed 
for a notched specimen. Similarly 


Sn + So 


K,= 
S,’ 


and since K, was assumed to affect each stress component equally 


Sn S. 


K, was determined in this manner for Figs. 1-3, and the K ;-values 
are given along the notched curves in the figures. 

The usefulness of a strength-reduction factor is complicated by 
the fact that K, varies for each stress level. As tensile stress is 
applied to a notched, ductile material, the notch may deform due 
to elongation of the material. As the tensile stress is increased, 
the notch is stretched and becomes less severe. Thus the stress 
concentration is partially relieved and K, will change. Local plas- 
ticity may occur at the root of a notch even though the maximum 
stress calculated is below the elastic limit for the material and K, 
may consequently vary within the nominally elastic range. 
Therefore K, is defined for a specified ratio of the nominal stress 
components for any given specimen and notch. 

If a notch is deformed, thus reducing the strength-reduction 
factor as increased tensile stresses are applied to a specimen, the 
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maximum value of K, can be predicted as the value of K, for a 
minimum tensile stress. However, when S,, = 0, a fully re- 
versed stress cycle is applied and the effect of the compression of 
the material must be considered. The minimum value of K, 
can be seen as the point where S, = 0, or at the point where the 
specimen is tested statically. There is some deviation in this 
since the static stress necessary to cause failure in a notched speci- 
men may vary appreciably from the ultimate stress in unnotched 
specimens, but this point is beyond the area for design considera- 
tion except for designs requiring a very short lifetime. The K,- 
variation will be affected by residual stresses and cold-working 
but the general trend has been discussed to show that K, varies 
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from a high value near the point where S,, = 0 to a minimum near 
the point where S, = 0. 

Since the unnotched curve is assumed to define the fatigue char- 
acteristics of a material, if the K,-variation is known for a given 
stress-concentration factor, the notched curve for the material 
can be calculated. This K,-relationship is described for a speci- 
fied number of cycles. Ky, would be constant at all stress levels 
only if the material were extremely brittle. In such a case, the 
alternating-mean stress diagram would consist of a family of par- 
allel lines. Fatigue tests with glass have shown this characteris- 
tic (9). 

It should be noted that the data for Figs. 1-3 were obtained 
from S-N curves each of which was plotted from data obtained 
from tests of as little as four specimens. Even with this limita- 
tion, it is possible to see several important trends in the data. 
Considerable scatter exists, so the K;-variations were checked by 
plotting several other curves for the same data, but no significant 
variation in trends was noticed. The plotted points lie generally 
along straight lines, except in the region where compressive 
stressesoccurred; that is, completely reversed stress cycles on the 
crystals resisting the stresses caused a different action than stress 
cycles which were applied to stress the bonds in only one direc- 
tion, and the trends of the curves varied slightly in this region. 
The deviation of test data from straight lines is probably a func- 
tion of the test material as well as the stresses applied. 

The concept just expressed ignores the effects of triaxial stresses 
present. Even though the load is applied along the major 
axis, triaxial and biaxial stresses actually occur within round and 
flat specimens, respectively, yet the results can be expressed in 
terms of the nominal applied stresses. Since sufficient test data 
are not available for analysis of brittle materials, this discussion is 
limited to ductile materials. If test data were available for 
brittle materials, according to the concept presented, the value 
of K, should remain nearly constant for all levels of mean stress, 
and K, would be nearly equal to K,. 

Also, if the unnotched curve is definitive for the material, the 
direction of curvature in notched curves should follow the same 
directional trends. The significant factors determined by in- 
spection of the alternating-mean stress diagrams are as follows: 


(a) The linear portion of each curve extends into the plastic- 
stress range. 

(b) The greatest K,-variation occurs when the load cycle in- 
cludes compressive stresses. 

(c) The K,-values are nearly constant over a wide segment of 
the curves, particularly for the lower values of K,. 

(d) The linear portions of the curves decrease in slope as the 
K ,-parameter is increased. 

(e) The calculated K,-values are smaller than the correspond- 
ing K,-values. 


The points listed are significant from a design standpoint. If 
unnotched test data are available for a material and information is 
desired about notched test data, reasonably accurate alternating- 
mean stress curves can be approximated for notched specimens 
by use of the notched fatigue strength determined from a single 
S-N curve with the K, = S,,/S,,’ relationship, the ultimate ten- 
sile stress, and the trends listed in the foregoing. 


PrepicrinGc Errects or NorcHes 


An illustrative example will show how the concepts expressed 
in the foregoing can be utilized in estimating the fatigue charac- 
teristics for a given material and notch. Considering the alter- 
nating-mean stress curve for 2014-T6 aluminum alloy, shown in 
Fig. 1, the notched curve can be constructed for the type specimen 
used for K, = 2.4 using a single reference fatigue strength and the 
ultimate tensile strength. In order to stay within the linear por- 
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tion of the curve, the test data should be obtained in the region 
where S,,’ is greater than S,’. One such point is that where S,,’ 
= 23.4kips and S,' = 8.6 kips. Referring to Fig. 4, this point is 
plotted on the graph as point a. The slope of the linear portion 
of any notched curve varies from that of the unnotched curve to a 
limiting value defined by the S,,-axis. These two limiting condi- 
tions for the slope of the linear portion of the notched curve are 
shown in Fig. 4(b). 


Guave | | | 


Fig. 4 ConsrrucTion or AN ALTERNATING-MEAN Stress CURVE 


Since the unnotched curve defines the fatigue strength under 
various combinations of stress for a given material, and each 
notched curve is assumed to follow the trends established by the 
parent curve, an additional limitation on the slope of the linear 
portion of the notched curve is imposed, Within the plastic 
region of the material, the unnotched curve is concave downward. 
In order to satisfy this trend, the slope of the linear portion of the 
notched curve must be limited by the horizontal line through a 
and the line drawn between a and the point determined by a static 
tensile test, labeled point } in Fig. 4(c). As the stress-concen- 
tration factor is increased, these two limiting lines tend to con- 
verge, thereby simplifying the choice of an assumed notched 
curve. 

K, can be determined at a single point on the notched alternat- 
ing-mean stress curve from each notched S-N curve. If Ky, is 
assumed to be constant for the region where compressive stresses 
are encountered and the remainder of the curve is assumed to be 
a straight line to point b, Fig. 4(d) can be constructed. Fig. 
4(d) gives reliable limiting values for the notched alternating- 
mean stress curve. The right and left-hand parts of the curve 
show lower and upper limiting values, respectively, for the fatigue 
strengths. There are insufficient data available to derive a more 
exact analysis, but some additional approximations can be made. 

The slopes of the notched curves vary only slightly in the region 
where K, < 2.0, and the right-hand portion of the notched curve 
can be assumed a straight line with K, > 3.0. The region 2.0 < 
K, < 3.0 is a transition region. Since the notch used in this ex- 
ample lies within the transition region, assume there is some 
noticeable curvature in the plastic region, which also specifies 
that the slope varies slightly from that of the straight line, a-b. 
Thus it is possible to approximate the line c-a-b in Fig. 4(e), 
where c is the point where S, = S,,. Atc,K,is1.8. Assume K, 
remains constant for the region d-c, and the remaining part of 
Fig. 4(e) can be constructed. 

Fig. 4(e) cannot be derived accurately, but depends on the 
amount of data available and the experience and judgment of the 
engineer. Therefore the discussion of accuracy will be limited 
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to Fig. 4(d) in which the right and left-hand parts of the curve are 
lower and upper limits, respectively. Fig. 5 shows the compari- 
son of the alternating-mean stress curve plotted from actual data, 
a reproduction of Fig. 4(d), and a straight line drawn between the 
terminal points of the curve. 

In Fig. 5 the largest error found in the type of construction 
used in Fig. 4(d) is at the point S, = S,, or A = 1. The error 
is about 12 per cent. The straight-line assumption, which is 
widely used at present, has an error in the maximum stress of 25 
per cent when compared along the A = 1 stress ratio line. A 
minimum error of at least 4 per cent occurs in experimental data 
due to residual stresses, test-machine accuracy and temperature 
variations, which indicates that the bounding fatigue-curve 
values can be used advantageously for extrapolation of test data. 
It is even more important to note that for the data presented on 
2014-T6 aluminum alloy, the straight-line assumption errs on the 
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unsafe side of the desired stress while the error in the method pre- 
sented herein does not have this inherent failing. 

If[greater accuracy and reliability are desired, the fatigue 
strength should also be determined for completely reversed stress 
cycles. With the data from two S-N curves and the static ulti- 
mate strength, a reliable alternating-mean stress curve for 
notched specimens can be constructed from an unnotched alter- 
nating-mean stress curve for the material. 
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Fig. 6 presents the K, versus Smax'K ;-variations for 2014-T6 
aluminum alloy. The curves follow a pattern which may be use- 
fil in checking extrapolated curves, but are presented here pri- 
marily to indicate the range over which K, remains constant, 


LimiraTions oF METHOD 


The sample construction in Fig. 4 shows that the relationships 
derived in this paper do not give a precise mathematical] solution. 
The accuracy of curves constructed as proposed depends upon 
the amount and the accuracy of the data available as well 
as the judgment of the designer. Another factor which is proba- 
bly more important is that the relationships as presented are 
only satisfactory for a large number of cycles. If additional data 
were available for 10* and 10° cycles, since the S-N curves are 
nearly flat in this region, very little variation should occur. It 
should be noted that the greatest deviation in the curves presented 
occurs with 2024-T4 aluminum alloy, and the flat portion of the 
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S-N curves for this material was found to be beyond 107 cycles for 
some of the test conditions. Fig. 7 shows the trends for fewer 
cycles. Only data for 2014-T6 are shown, but the same trends 
occur with 2024-T4 aluminum. 

Although a general limitation on the error involved in the type 
of analysis presented herein is not known, one conclusion can be 
drawn from the data available. The fatigue characteristics of a 
material cannot be determined from only tests with fully reversed 
alternating stresses. If any analysis of the fatigue characteristics 
of a material is to be made on the basis of a single S-N curve, 
the tests should be made with some mean stress applied. 

Two fundamental factors require analysis before the basic 
physical laws governing fatigue can be defined: (a) Although 
the relationship between K, and Ky; is considered to be a function 
of both notch shape and material, the relationship has not yet 
been determined. (b) There is little known as yet about the ac- 
tual biaxial and triaxial stresses encountered in notched speci- 
mens, and the relationship these stresses have to fatigue failures 
for a wide range of ductilities and mean stresses is not known. 


SuMMARY 


The fatigue-strength variation of materials with mean stresses 
for a specified number of cycles to failure has been discussed in 
terms of the amplitude of the alternating stress superimposed on 


the static stress. Alternating-mean stress diagrams have been 
used to define fatigue strength. It has been assumed that the 
presence of notches does not change the mechanical properties 
of the material, so for a specified number of cycles, various notch 
sizes and shapes have been analyzed in terms of the parent curve. 
For a given stress ratio a notch is assumed to act as a fatigue 
strength-reduction factor which is identical for mean and alter- 
nating stresses. The many variables which affect fatigue 
strength of a material have not been ignored, but a pattern has 
been established which is intended as an outline from which many 
other variables may be investigated. 

The concept of fatigue as developed from the original assump- 
tion is satisfactory for the axial-load data available on ductile 
materials providing the relationships developed are used for large 
numbers of cycles. This type of analysis provides a means of 
predicting the notched fatigue strengths of materials if the un- 
notched fatigue strength is known for various stress ratios. The 
following minimum notched test data are required: 


1 The fatigue strength with a static load greater than the 
peak alternating load. 
2 The static tensile strength. 


The trends presented in this paper were checked with all of the 
data available in the two referenced reports, No other data were 
found for such extensive test series of notched and unnotched 
specimens as were found in these two reports. Although the 
analysis has not been proved conclusively, it is in agreement with 
the test data available for both aluminum and steel. 
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Discussion 


R. E. Pererson.* The procedure proposed by Captain Dirkes 
is in remarkably good agreement with test data for the cases 
covered. However, it does depend on running fatigue tests for 
any variation in geometry. In many design problems, one must 
make an estimate without the benefit of special tests, and it is of 
interest to see what one would obtain in this instance. The 
yield, tensile, and unnotched fatigue strengths of ordinary 
engineering materials are available to designers, as are also a 
variety of theoretical stress-concentration factors. A design 
rule is usually a simplification in which the error is on the safe 
side. Referring to Fig. 8, based on Captain Dirkes’ Fig. 5, the 
simplest design rule for a notched member under alternating 
stress is 

S,, = Se/K, 
where 


S,, = design stress for notched member 
Se = unnotched fatigue strength 
K, = stress-concentration factor (theoretical) 


To account for mean stress, the simplest rule is to connect S,, of 
Fig. 8 with the yield strength, S,, or tensile strength, S,, by means 
of a straight line. As seen from Fig. 8, this procedure results in 


values well on the safe side of the test points. Incidentally, 

“Manager, Mechanics Department, Westinghouse Research 
Laboratories, East Pittsburgh, Pa. 

* “Factor of Safety and Working Stress,”” by C. R. Soderberg, 
Trans. ASME, vol. 52, Part 1 (1930), p. APM 52-2. See also ‘Stress 
Concentration Design Factors,’’ by R. E. Peterson, John Wiley & 
Sons, Inc., New York, N. Y. (1953), p. 15. 
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Alternating-mean stress relations for |4S-T6 


Blatherwick 


Sat 


Se 
Q(Ky-1)+! 


| 


Notchey 


= 


Alternating Stress, Se 


40 
Mean Stress, Sm 
Fie, 8 


Captain Dirkes mentioned the widely used straight-line assump- 
tion as being in error on the unsafe side, referring to the straight 
dashed line of Fig. 5 drawn to the notched tensile strength value 
(see also top straight line of Fig. 8); however, this does not 
correspond with usual design procedure. With regard to esti- 
mating the notched fatigue strength under alternating stress 
conditions one can use more elaborate methods® as indicated on 


Fig. 8, wherein average notch-sensitivity factors* and the Mises 
criterion’ are used and these come closer to the test results. 
However, in a large percentage of cases, these design refinements 
are probably not justifiable. At best, design rules are not as 
satisfactory as actual tests and the writer is in agreement with 
Captain Dirkes in that wherever possible supporting test data 
be obtained and utilized. 


AvuTuor’s CLOSURE 


Mr. Peterson’s comments are appreciated, particularly the 
information regarding common design practices. Inspection of 
Fig. 5, considering Mr. Peterson’s comments, shows that the area 
of greatest error with conventional-design procedures is that 
where high mean stresses are applied. 

The original interest in developing a more accurate design 
procedure wes caused by the need for weight saving in aircraft 
and missile structures. If the proper contour for an alternating- 
mean stress curve can be established with reasonable accuracy, 
then a safety factor can be applied such that the original shape of 
the curve is maintained. This concept still requires additional 
experimental investigation, particularly since recent tests have 
indicated that modification is necessary if the test material creeps 
under the stress and temperature applied. 


6 Metals Handbook, 1954 Supplement, American Society for Metals, 
Cleveland, Ohio, p. 101. 
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Stress-rupture tests of Type 347 stainless steel were con- 
ducted in liquid sodium under constant and cyclic tem- 
perature conditions. Constant-temperature tests were 
conducted at temperatures between 1000 and 1200 deg F. 
Cyclic-test temperatures ranged from 416 to 1294 deg F, and 
cycle times ranged from 6 to 12 hr. It was concluded 
that the deviation of the test results from the rupture life 
calculated by the method of Robinson and Miller was due 
to transient creep of the steel under cyclic-temperature 
changes. 


Oxssect 


q NHE trend in design of power plants, both mobile and 
stationary, is the continual increase in maximum operating 
temperature for increased efficiency. Included in this 

trend are steam plants operating at higher temperatures and 

pressures, gas turbines with their high-temperature gaseous com- 
bustion products, and more recently, the application of nuclear 
reactors to power production. 

Concurrent with this design trend are the increased require- 
ments of the materials of construction used for the fabrication of 
these plants. These materials must withstand the higher 
operating temperature without serious loss of strength and have 
adequate resistance to the corrosive atmospheres which are 
present. 

Among the materials that have been shown suitable for the 
foregoing applications are the austenitic stainless steels and of 
these Type 347 stainless steel has had wide usage. Its chemical 
composition (18 per cent chromium, 8 per cent nickel, plus tan- 
talum and columbium) results in a material with relatively good 
mechanical strength at temperatures up to 1300 F (704 C), and 
resistance to corrosive attack by many heat-transfer mediums. 

During the operation of power-producing equipment, the 
calculated constant design temperatures are never, in effect, 
constant. Varying power-load demands, scheduled and un- 
scheduled shutdowns, and other scheduled and unscheduled 
events, depending upon the type of plant and its operation, 
result in an operating temperature that fluctuates in a cyclic 
manner. 

Investigations have shown that the rupture and creep strengths 
of metals are reproducible and predictable at constant tempera- 
ture, but are seriously affected by cyclic-temperature changes 
(1, 2). As a result, cyclic-temperature changes in a power 
plant may seriously shorten its total operating life. 


! This paper was submitted to the Metallurgy Department of 
Rensselaer Polytechnic Institute in partial fulfillment of the require- 
ments for the degree of Master of Science in Metallurgical Engineer- 


ing. 
? Materials Engineering Section, Knolls Atomic Power Laboratory, 
operated for the U. 8. Atomic Energy Commission by the General 
Electric Company. 
3 Numbers in parentheses refer to Bibliography at end of the paper. 
Contributed by the Metals Engineering Division and presented at 
the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Tae American Society or MecuanicaL ENGINEERS. 
Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Octo- 
ber 20, 1954. Paper No. 54—A-231. 
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This investigation was undertaken to determine the effect of 
several types of cyclic-temperature changes on the stress-rupture 
strengths of T)pe 347 stainless steel, to compare the test results 
with values of cyclic-temperature rupture life calculated by the 
method of Robinson and Miller (2, 3), and to attempt to offer 
a plausible explanation for any deviation of the experimental 
from the calculated results. 


PROCEDURE 
Material. The material tested in this investigation was 1-in- 
diam, centerless ground, annealed bar stock. The chemical 
composition of the steel, as determined by mill analysis, is listed 
in Table 1. 


TABLE 1 TYPE 347 STAINLESS STEEL TESTED* 


Element Per cent Element Per cent 
0.047 Si 0.44 
Cr 17.83 8 0.012 
10.40 P 0.025 
Cr + Ta 0.91 Mn 1.73 
Fe Balance 


* Supplier, G. O. Carlson. Heat No. 49175. 


Equipment. The stress-rupture testing was conducted at 
the Knolls Atomic Power Laboratory, using the three-bar rupture 
furnaces illustrated in Figs. 1 and 2. These furnaces consist of 
an austenitic stainless-steel container made of 5-in. Schedule 40 
pipe welded shut at the bottom with '/,-in-thick plate, and fitted 
at the top with a flange, and a '/:in-thick bolted cover. 

Provision is made to insert three complete load-bar and speci- 
men assemblies through the cover. These assemblies provide 
the means for applying a tensile load to the specimen while it is 
immersed in liquid metal. 

The specimens tested in this apparatus, Figs. 3 and 4, were 
in the form of cylindrical tensile specimens, having a 1-in. gage 
length, and a gage diameter of 0.160 + 0.005 in. Elongation at 
rupture was determined by measuring the over-all length of the 
specimen before and after completion of the test, assuming that 
all plastic deformation occurred in the 1-in. gage section. 

A tensile load was applied to the specimen by means of split 
rings bearing against the 0.330-in-diam heads, Fig. 5. The 
split rings were held in place by the lower support ring at the 
bottom and the load-bar coupling at the top. 

The lower support ring was fastened to the containing tube, 
which has a flange welded to its top end, Fig. 6, and the load bar 
was fastened to the knife-edge assembly. The knife-edge as- 
sembly was welded to one end of a flexible Type 347 stainless- 
steel bellows, and a flange was welded to the other end. The 
complete assembly was inserted into the liquid-metal container 
through ports in the cover, and bolted to the container cover. 
Aluminum O-ring seals between the flanges prevented leakage of 
the protective inert-gas atmosphere. 

The sodium container with its three specimen and load-bar 
assemblies was inserted into a nichrome-wound resistance furnace. 
Temperature was determined by chromel-alumel thermocouples 
which were inserted into a protection tube. This tube was 
welded to the liquid-metal container cover at the top and im- 
mersed in the liquid metal at the bottom at the same height as the 


specimen. 
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Tensile stresses were applied to the specimen by means of lead 
weights and a lever-arm arrangement. The lever arm had a 
5 to 1 ratio, so that a 1-lb weight would exert a force of 5 lb on 
the specimen and produce a tensile stress of 250 psi in its gage 
length. 

A 0.001-in. dial gage was mounted on the lever arm at a point 
from the lever-arm fulcrum equidistant to the length between the 
fulerum and the load-bar knife edge. This dial gage was used 
to determine specimen elongation during loading and test, but 
was not accurate enough for determination of time-elongation 
curves. 

The liquid metal used in these tests wus sodium, currently of 
interest as a heat-transfer medium for nuclear-power plants. 
Investigations have been conducted which have shown that liquid 
sodium is noncorrosive to austenitic stainless steels when the 
oxygen content is kept low (4, 5). Before filling the liquid- 
metal container, the sodium was purified by filtering it through 
a porous stainless-steel filter at a temperature slightly above its 
melting point (208 F), to remove insoluble oxides. Sodium 
purity was maintained throughout the test by evacuating the 
liquid-metal container before filling and maintaining a protec- 
tive atmosphere of helium over the liquid metal during testing. 

Temperature of the rupture furnaces was controlled by two 
methods. For cyclic-temperature tests, the temperature was 
regulated by a Wheelco program controller, Model 72251B. 
In the event of a temperature overshoot, either as the result of a 
thermocouple failure or malfunctioning of the program controller, 
a Brown Pyr-O-Vane controller, Model 105C4PS-22, was used 
as a limit control. If the temperature of the furnace exceeded 
the limit-control temperature, a warning horn sounded, indicating 
malfunction of the equipment. For rupture tests conducted at 
constant temperature a Brown Pyr-O-Vane controller was sub- 
stituted for the Wheelco controller. Temperature of the fur- 
naces during test was recorded on a six-point Leeds and Northrup 
Micromax recorder. A recording of temperature was made 
approximately every 3 min. 

Short-time tensile tests of the material under investigation 
were made on a Baldwin universal testing machine of a 60,000- 
lb capacity. Specimens were in the form of standard 0.505-in- 
diam ASTM tensile specimens (6) tested at a crosshead speed of 
approximately 0.05ipm. Forthe elevated-temperature tests, the 


specimen temperature was maintained by a Hevi-Duty multiple- 
unit electric furnace, Type M-3018, controlled by a Foxboro poten- 
tiometer controller, Model 4041-40F. The 0.2 per cent offset 
yield strength was determined from the load-elongation curves 
recorded by a microformer-type extensometer and a Baldwin 
microformer stress-strain recorder, Model 91. 

Tests. The tests conducted in this investigation were of three 
types: Cyclic-temperature stress-rupture tests in sodium; 
constant-temperature stress-rupture tests in sodium; short-time 
tensile tests in air. 

Concurrent with this investigation, constant-temperature 
parameter-type stress-rupture tests in air were conducted on 
samples of the same material by the Materials and Processes 
Laboratory, Large Steam Turbine and Generator Department, 
General Electric Company. 

The cyclic-temperature stress-rupture tests were conducted 
under two general types of cyclic-temperature conditions: 


Temperature variation in a sawtooth cycle (continual fluctua- 
tion between an upper and lower-temperature limit) 

Temperature variation in a square-wave cycle (upper and 
lower-temperature limits, and a residence time at each limit) 


The temperature and cycle-time conditions that existed in each 
of the cyclic-temperature tests are listed in Table 2 and are 
plotted in Figs. 7 to 11. 


TABLE 2 CYCLIC-TEMPERATURE CONDITIONS 


Min Mean 
Cycle Cycle tem temp, 
no. type deg deg 
1 Square wave 416 608 
2 Square wave 
Sawtooth 
Sawtooth 
Square wave 
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The constant-temperature stress-rupture tests were conducted 
at 1000, 1100, and 1200 F; (a) to determine the constant-tempera- 
ture stress-rupture properties of the material under investigation 
in a temperature range similar to that of the cyclic-temperature 
stress-rupture tests, and (b) combined with the data from the 
Materials and Processes Laboratory, Large Steam Turbine and 
Generator Department, to establish a parameter-type stress- 
rupture curve for this material. 

Short-time tensile tests were conducted at room temperature, 
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200, 400, 600, 800, and 1000 F. Three or more specimens were 
tested at each temperature, and the following data were de- 
termined for each specimen: Ultimate tensile strength; 0.2 per 
cent offset yield strength; per cent reduction in area; per cent 
elongation. 


Resvtts 

In Table 3 are tabulated the results of the stress-rupture tests 
conducted under cyclic-temperature conditions, The rupture 
life is the time that elapsed between the initial loading and rup- 
ture of each specimen. ‘The number of cycles for each test was 
calculated by dividing the rupture life by the time required for 
each complete cycle. A logarithmic plot of stress versus rupture 
life listed in Table 3 is found in Fig. 12. 

Constant-temperature stress-rupture tests were conducted in 
sodium, and parameter-type stress-rupture tests were conducted 
in air. The results of these tests are listed in Tables 4 and 5. 

To obtain a comparison of the rupture strength of the material 
under investigation with the average rupture strength of Type 
347 stainless steel in air, the data listed in Table 6 were taken 
from information published by the American Society for Testing 
Materials. 

The average parameter rupture curve resulting from the data 
listed in Tables 4, 5, and 6 is plotted in Fig. 13. The log-stress 
log-time rupture curves resulting from the data listed in Tables 
4 and 6 are illustrated in Fig. 14. 
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TABLE 3 CYCLIC-TEMPERATURE STRESS-RUPTURE TESTS IN TABLE 5 PARAMETER STRESS-RUPTURE TESTS IN AIR 
SODIUM 
Reduction Elonga-__ tion of 
Rupture Elongation, of area, Fomp Stress, Rupture P tion, area, 
Stress, psi life, hr Cycles per cent per cent deg psi life, hr <x 10-* percent per cent 
Cycle No. 1 1000 40000 2008 34.0 16 19 
52000 7 0.6 26 68 1050 50000 41 32.6 27 68 
‘ 1100 32000 249 34.9 20 24 
$1600 196 18.3 1200 20000 303 37.3 6 6 
= 1200 25000 78 36.4 21 21 
0 671 56.0 33 55 1250 15000 439 38.7 5 7 
49500 481 38 64 1350 20000 7 37.8 33 36 
49000 871 56.0 26 43 1350 10000 158 40.2 15 13 
Cycle No. 2 
TABLE 6 AVERAGE _STRESS-RUPTURE STRENGTH OF TYPE 
22000 1148 988 ; 347 STAINLESS STEEL (8) 
Rupture 
Cyele No. 8 time, Temperature, deg F- 
32500 280 3.5 14 19 10? Stress* 64000 60000 54000 40000 28000 
32500 1218 152.0 9 12 Px107" 27.7 29.9 32.1 34.3 36.5 7 
30000 437 B47 9 19 108 Stress* 60000 56000 49000 35000 2 14000 
30000 198.0 5 15 Px 107 29.0 31.2 33.6 35.6 38.1 4 
10* Stress* 60000 52000 39000 27000 17500 10500 
Cycle No. 4 Px 107 30.2 32.6 35.0 37.4 39.8 42.2 
45375 3 0.4 47 50 108 Stress® aa 58000 50000 33000 22000 15009 7! 
24000 173 23 4 17 20 Px10" 31.5 34.0 36.5 39.0 41.5 44.0 
20000 785 106.2 9 15 
16000 Dise. ove (2)° (5)* * Stress in pounds per square inch. 
Cycle No. 5 
1. 
: 34000 47 8.1 23 40 100,000 
i 34000 53 9.1 25 32 80,000~ 
‘ 32000 65 11.2 20 4 
> 130 22.4 18 20 60,000- 
bi * Specimen: unloaded, unbroken. 
; AVER 
TABLE 4 CONSTANT-TEMPERATURE STRESS-RUPTURE TESTS 30,000~ yrs 
‘i IN SODIUM = 
Redue- a 20,000 
tion of i 
Temp, Stress, Rupture Elongetion, area, % 
deg F psi life, hr percent percent 
1000 51000 508 33.1 27 48 10,0004 % 
1000 50000 849 33.3 26 36 wo 8.0004 
1000 49000 863 33.4 19 32 ° 4 * 
1000 48000 896 33.5 21 25 6,000 
1000 46000 2041 34.1 15 25 4 
1100 42000 111 34.4 23 32 
1100 36000 2 35.0 16 34 4,000 4 
1100 36000 357 35.2 12 16 
1100 34000 529 4 10 3,000- 
, 1100 32000 2956 35,26 18> 226 
1200 28000 12 18 2,000 
1200 24000 142 36.9 11 13 ssa 
1200 22000 782 37.9 6 7 P=T(20¢ logt)x 
where T = absolute temperature, deg R,and¢= i413 Paramerer-Tyre Rupture Curves ror Tyre 347 Stain- 
ru ure Life, hr. 
, Temperature overshot during test. Less STEEL 
: AISTM AVERAGE VALUE —--- CARLSON HEAT } 
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The results of short-time tensile tests conducted in air at tem- 
peratures ranging from 70 to 1000 F are listed in Table 7. These 
tensile properties are plotted as a function of temperature in 
Fig. 15. 


TABLE 7 SHORT-TIME_ TENSILE PROPERTIES OF TYPE 347 
STAINLESS STEEL 


0.2 per cent 
Ultimate offset 
tensile yield Elonga- Reduction 

Tome, strength, strength, tion, of area, 

deg F psi psi per cent per cent 
70 87700 45700 50 68 
200 78700 40800 45 68 
400 67300 37000 33 66 
600 60200 36700 31 65 
800 57200 36900 27 61 
1000 52800 36600 28 59 


Nore: The values in this table are the average of three or more specimens 
tested at each temperature. 
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Discussion 


For a given stress, a metal or alloy has a definite stress-rupture 
life at a given temperature. If the temperature is increased, the 
rupture life is shortened; if the temperature is decreased, 
the rupture life is lengthened. 

A method of calculating the rupture life of metals under eyclic- 
temperature conditions was derived by Robinson (3) and simpli- 
fied by Miller (2). In this calculation, it is assumed that the 
resultant rupture life of a metal under cyclic temperature is 
the summation of the various rupture lives of the metal over the 
cyclic-temperature range to which it is subjected. 

For calculation purposes, cyclic-temperature changes are 
classified into two general categories: Square-wave cycles and 
sawtooth-wave cycles. In the square-wave cycle, the metal 
is alternately at an upper and lower-temperature limit, and there 
is a definite and fixed ratio of the residence times at the upper 
and lower temperatures. The change between the upper and 
lower temperatures is instantaneous, or as rapid as is physically 
possible. In the sawtooth-wave cycle, the temperature varies 
constantly between the upper and lower temperatures at a con- 
stant rate. 
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The mathematical relationships used to calculate the rupture 
life of a metal or alloy under cyclic-temperature conditions are 
as follows (2): 


Square Wave 
L(R + 1) 


where 


L = rupture life for square-wave cycle 

L, = rupture life at high temperature 

L, = rupture life at low temperature 

R = ratio of residence time at high temperature to residence 
time at low temperature 


Sawtooth Wave 
2.3 PAT/T? 
sinh (2.3PAT/T?) 


L=L 


L = rupture life for sawtooth cycle 


Ly, = rupture life at mean temperature 
T = mean temperature in degrees Rankine 
AT = difference between maximum and mean temps 
P = parameter for the stress considered T(20 + log t) 


Using these formulas, calculations were made of the expected 
rupture life for the stresses and temperature cycles studied in this 
investigation. The results of these calculations and the devia- 
tion of the test from the calculated results are listed in Table 8. 

Examination of the data in Table 8 indicates that for two of the 
temperature cycles investigated, cycles Nos. 1 and 4, there was 
deviation of the test from the calculated life in one direction. 
In cycle No. 1, the experimentally determined rupture life was 
less than that predicted by calculation, and in cycle No. 4 the 
experimentally determined rupture life was greater than that 
predicted by calculation. In all other cycles (Nos. 2, 3, and 5), 
the experimentally determined rupture lives showed both posi- 
tive and negative deviations from the calculated life. 


TABLE 8 COMPARISON OF CALCULATED AND TEST RUPTURE 
LIFE UNDER CYCLIC-TEMPERATURE CHANGES 


Deviation of 


test from 
Test Calculated calculated 
rupture life, rupture life, rupture life, 
Stress, psi hr hr per cent 
Cycle No. 1 
52000 —98.7 
51000 196 946 —79.2 
51000 360 946 —62.0 
50500 198 1086 —81.8 
50000 671 1190 — 43.6 
49500 541 1427 —62.1 
49000 671 1680 —60.0 
Cycle No, 2 
28000 202 194 +4. 
24000 246 443 —44.5 
22000 1145 755 +51.8 
Cycle No. 3 
36250 47 218 —78.4 
36250 236 218 +8.5 
32500 289 584 —56.5 
32500 1218 584 +108.4 
30000 437 862 —49.4 
30000 1583 862 +84.3 
Cycle No. 4 
45375 3 0.6 +362.0 
24000 173 53.8 +221.0 
20000 785 83.9 .0 
Cyele No. 5 
42000 3 9.4 —68.1 
38000 11 21.0 —47.7 
34000 47 51.4 —8.6 
34000 53 51.4 +3.1 
32000 65 83.5 —27.1 
30000 130 93.7 +38.7 
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There are three possible reasons for the deviations shown 
between the calculated and the test results: 


Assumptions made as to wave form for calculating cyclic- 
temperature rupture life. 

Deformation mechanisms taking place in the specimens during 
test. 
Errors introduced by experimental conditions. 


Assumptions Made for Calculations. Examination of the time- 
temperature plots for the various temperature cycles investi- 
gated, Figs. 7 to 11, shows that none of the temperature cycles 
investigated satisfied the requirements of true square-wave or 
sawtooth-wave cycles as defined. In cycles Nos. 1 and 2, there 
was no residence time at the lower-temperature limit, but a con- 
tinuous change in temperature between the residence times at the 
upper-temperature. In cycle No. 5, although there were resi- 
dence. times at the upper and lower temperatures, the tempera- 
ture change between the upper and lower limits was not instan- 
taneous but changed at a definite and relatively slow rate. 
In addition, at the higher-temperature limit in eycles Nos. 1 
and 2 and at both the upper and lower-temperature limits in 
cycle No. 5, the temperature was not constant but underwent 
small cyclic changes. 

For calculation purposes, temperature cycles Nos. 1, 2, and 5 
were considered square-wave cycles having limits defined by the 
broken-line curves in Figs. 7, 8, and 11. 

A similar deviation from the rigid definition of sawtooth wave 
occurs in cycles Nos. 3 and 4. Cycle No. 4 (Fig. 1G) most closely 
approximates a sawtooth cycle, but deviates from the ideal by 
having heating and cooling rates which vary during each cycle. 
Cycle No. 3 (Fig. 9) deviated from the ideal cycle in that there is 
not an instantaneous but a gradual change from cooling to heating 
at the lower-temperature limit plus the fact that there is a change 
in heating and cooling rates during the cycle. In both cases, 
however, the cycles are assumed to be sawtooth cycles, and 
rupture lives are calculated with the applicable formula. 

Since, as shown in the foregoing, the temperature cycles in- 
vestigated did not meet the requirements of cycle shape upon 
which Equations [1] and [2] are based, close agreement between 
experimental and calculated results cannot be expected. How- 
ever, since the results of rupture tests under cycles Nos. 2, 3, 
and 5 show both positive and negative deviations from the cal- 
culated results, the formulas for calculating cyclic-temperature 
rupture life give some indication of what rupture life might be 
expected, but not exact predictions. 

Deformation Mechanisms. Plastic deformation of metals at 
elevated temperatures occurs by creep or the deformation of a 
metal with time. This deformation takes the form of an elonga- 
tion in the direction of applied load, but since the volume of 
the metal remains constant, there is a “necking down” or reduc- 
tion of the area over which the load is applied. The rate of ex- 
tension, or creep rate, is dependent upon the temperature and 
the magnitude of the applied stress. The rate increases with 
increasing amounts of deformation, finally resulting in fracture. 

Fracture or rupture of metals at elevated temperatures occurs 
by one of two methods which are dependent upon the tempera- 
ture. Below the so-called “equicohesive”’ temperature, the grain 
boundaries of the metal are stronger than the grains, and frac- 
ture occurs through the grains (transcrystalline fracture). At 
temperatures above the equicohesive temperature, the grain 
boundaries are weaker than the grains, and fracture occurs 
through the grain boundaries (intercrystalline fracture) (9). 

The formulas developed by Robinson for calculation of cyclic- 
temperature rupture life were based on the assumptions that 
(a) for a given stress and temperature a metal has a given creep 
rate and rupture life, and (b) under cyclic-temperature changes 
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the resultant creep and rupture life was the summation of these 
properties for each increment of temperature in the cycle (3, 10). 
Investigations have shown that transient creep conditions occur 
when metals under a given stress are subjected to temperature 
changes. An increase in temperature will cause a sharp increase 
in the creep rate. This creep rate will gradually decrease to a 
new rate at the higher temperature, which is higher than the rate 
at the original temperature. The reverse occurs on a decrease in 
temperature (1, 11). 

Examination of the microstructure of the original material, 
Fig. 16, shows an equiaxed fine-grain structure. Examination 
of the structure of constant-temperature stress-rupture specimens 
tested at 1000 and 1200 F, Fig. 17, shows intererystalline fracture 
with little or no deformation. This would indicate that the equi- 
cohesive temperature for this steel is below 1000 F. 

The fracture exhibited by a specimen tested under the con- 
ditions of cycle No. 1 shows severe grain deformation and trans- 
crystalline fracture. This would seem to indicate that (a) the 
fracture occurred below 1000 F and (b) severe creep had taken 
place prior to fracture. In line with the findings on transient 
creep effects, the deviation of the experimental rupture lives from 
the calculated values was most probably caused by increased 
creep resulting from the sudden increase in temperature from 
the lower limit, eventually resulting in rupture at a temperature 
below 1000 F and at a time shorter than the calculated value. 
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Fracture of specimens tested under the other cyclic-tempera- 
ture conditions was of an intercrystalline type. 

The deviation of the experimental rupture lives from the cal- 
culated values in temperature cycle No. 4 might also be ex- 
plained by transient creep effects. In this case, the decrease in 
creep rate by the sudden decrease in temperature from the upper 
limit could have more than offset the increased creep rate resulting 
from the temperature increase, resulting in a rupture life longer 
than that calculated. 

Experimental Conditions. The equipment used in this inves- 
tigation could have influenced the results obtained. 

During cyclic-temperature changes, the load bar and specimen 
expanded and contracted, the magnitude of the dimensional 
change being determined by the coefficient of thermal expansion 
of the austenitic stainless steel used for their construction and 
the magnitude of the temperature change. Since the bellows 
was, in effect, a spring, its expansion caused a reduction, and con- 
traction an increase in the load applied to the specimen. This 
resulted in a minor cyclic stress being imposed on the specimen 
in addition to the cyclic-temperature changes. 
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Temperature Cycle No. 1 


pid? 


Temperature Cycle No. 2 
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Specimen and load-bar assemblies were removed from the 
liquid-metal container without draining the sodium. Although 
a flow of helium was kept over the sodium during these operations, 
there was most probably some contamination of the sodium by 
oxygen, which might have resulted in corrosion of the specimens. 
In Table 9 are listed the maximum and minimum weight changes 
of the specimens for each test condition. 


TABLE 9 RANGE OF SPECIMEN WEIGHT CHANGES 


Weight change, mg/em*———. 
Maximum Minimum 


1200 

Cycle No. 1 
Cycle No. 2 
Cycle No. 3 
Cycle No. 4 
Cyele No. 5 


There was a wide range in weight changes as shown in Table 9, 
but there was no correlation between the weight change exhibited 
and the time and temperature of the test. Examination of Figs. 
16 to 20 indicates that a major fraction of the weight loss of the 
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specimens was probably due to loss of particles of metal adjacent 
to the fracture during steam cleaning of the specimens after their 
removal from the sodium. 

The cyclic-test temperatures were controlled by a Wheelco 
controller, which involved cutting a circular cam to the shape 
necessary for the particular cycle of interest. As shown in 
Figs. 7 to 11, there was some cyclic variation at the constant 
control temperatures. This was due either to roughness on the 
edge of the cam or the high heat capacity of the furnace and liquid- 
metal container. 


CoNCLUSIONS 


From the results obtained in this investigation, the following 
conclusions can be drawn: 


1 The mathematical expressions developed by Robinson for 


Temperature Cycle No. 5 
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ealculating the stress-rupture life of steels under cyclic-tempera- 
ture conditions give results which are only an approximation of 
the expected life. 

2 The deviation of the test from the calculated life is due to 
the transient creep conditions that exist under cyclic-tempera- 
ture changes, which are not considered in the Robinson and Miller 
formulas. 

3 The rupture life determined for Type 347 stainless steel 
under a given cyclic-temperature condition is true only for that 
condition and cannot be extrapolated to similar conditions with 
any degree of accuracy. 
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Fracture of specimens tested under the other cyclic-tempera- 
ture conditions was of an intercrystalline type. 

The deviation of the experimental rupture lives from the cal- 
culated values in temperature cycle No. 4 might also be ex- 
plained by transient creep effects. In this case, the decrease in 
creep rate by the sudden decrease in temperature from the upper 
limit could have more than offset the increased creep rate resulting 
from the temperature increase, resulting in a rupture life longer 
than that calculated. 

Experimental Conditions. The equipment used in this inves- 
tigation could have influenced the results obtained. 

During cyclic-temperature changes, the load bar and specimen 
expanded and contracted, the magnitude of the dimensional 
change being determined by the coefficient of thermal expansion 
of the austenitic stainless steel used for their construction and 
the magnitude of the temperature change. Since the bellows 
was, in effect, a spring, its expansion caused a reduction, and con- 
traction an increase in the load applied to the specimen. This 
resulted in a minor cyclic stress being imposed on the specimen 
in addition to the cyclic-temperature changes. 
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Specimen and load-bar assemblies were removed from the 
liquid-metal container without draining the sodium. Although 
a flow of helium was kept over the sodium during these operations, 
there » 4s most probably some contamination of the sodium by 
oxygen, which might have resulted in corrosion of the specimens. 
In Table 9 are listed the maximum and minimum weight changes 
of the specimens for each test condition. 


TABLE 9 RANGE OF SPECIMEN WEIGHT CHANGES 


Weight change, mg/em*———. 
Test condition Maximum Minimum 


Cycle No. 5 


There was a wide range in weight changes as shown in Tabie 9, 
but there was no correlation between the weight change exhibited 
and the time and temperature of the test. Examination of Figs. 
16 to 20 indicates that a major fraction of the weight loss of the 
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specimens was probably due to loss of particles of metal adjacent 
to the fracture during steam cleaning of the specimens after their 
removal from the sodium. 

The cyclic-test temperatures were controlled by a Wheelco 
controller, which involved cutting a circular cam to the shape 
necessary for the particular cycle of interest. As shown in 
Figs. 7 to 11, there was some cyclic variation at the constant 
control temperatures. This was due either to roughness on the 
edge of the cam or the high heat capacity of the furnace and liquid- 
metal container. 


CoNCLUSIONS 


From the results obtained in this investigation, the following 
conclusions can be drawn: 


1 The mathematical expressions developed by Robinson for 
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ealculating the stress-rupture life of steels under cyclic-tempera- 
ture conditions give results which are only an approximation of 
the expected life. 

2 The deviation of the test from the calculated life is due to 
the transient creep conditions that exist under cyclic-tempera- 
ture changes, which are not considered in the Robinson and Miller 
formulas, 

3 The rupture life determined for Type 347 stainless steel 
under a given cyclic-temperature condition is true only for that 
condition and cannot be extrapolated to similar conditions with 
any degree of accuracy. 
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Design Aspects of High-Temperature Fatigue 
With Particular Reference 
to Thermal Stresses 


By L. F. COFFIN, JR.,! SCHENECTADY, N. Y. 


A criterion for fatigue failure has been proposed, based 
on experiments carried out on test specimens subjected 
both to constrained thermal cycling and constant-tem- 
perature strain cycling. This criterion relates the num- 
ber of cycles to failure with the plastic strain change per 
cycle. The application of such a criterion to design, 
where thermal-stress fatigue is the principal factor, is 
discussed from fundamental and practical viewpoints. 
From such a criterion it is possible to predict the life of a 
certain machine part for a calculated thermal stress, or 
conversely, the thermal stress permitted for a certain 
limiting number of cycles of stress. 


INTRODUCTION 


HERMAL transients in large high-temperature machines 

I represent a serious problem for the designer. Examples 

include temperature gradients in large steam turbines with 
rapid start-ups, welds between ferritic and austenitic materials, 
complex pipe assemblies, and many others. Here temperature 
gradients or mismatch in expansion of structural materials or 
expansion under conditions of constraint leads to thermal stresses 
which may be quite severe. Plastic deformation may occur in 
such situations, which, if cyclic conditions prevail, can lead to 
cracking by fatigue in an otherwise ductile metal. The situa- 
tion can be particularly severe in nuclear-power equipment. 

The particular problem facing the designer is the evaluation 
of calculated stresses in excess of the yield stress of the material, 
these stresses arising from transient thermal conditions. Gener- 
ally the part in question may receive only a limited number of 
thermal cycles during its life. The reduction in stress to values 
where conventional fatigue-design procedures are applicable 
may be difficult from a design point of view, or impractical be- 
cause of the particular operating conditions imposed on the com- 
ponent, Thus a design procedure, which is based on a limited 
number of thermal cycles and which permits some plastic defor- 
mation, would have many applications in equipment operating 
at high temperatures. 

Studies on thermal stress fatigue have appeared in the litera- 
ture in the past few years (1 to 8). More recently, an experi- 
mental investigation of one high-temperature structural mate- 
rial, Type 347 stainless steel, was carried out on a laboratory 
scale at the Knolls Atomic Power Laboratory (9, 10). From the 
results of that study it was possible to formulate a mathematical 
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relationship for predicting failure of the test specimens under 
constrained cyclic thermal conditions. A later investigation (11) 
showed that a similar relationship could be expressed for strain~ 
cycling to failure at constant temperature. 

In the present paper the application of this experimental rela- 
tionship to high-temperature design is discussed. The method 
represents a departure from conventional fatigue-design proce- 
dures; however, it appears to offer a rational approach to the 
problem. Although much work needs to be done to substanti- 
ate the method for various specific applications, it is presented 
here for the consideration and discussion of those working on 
high-temperature design problems, 


A CRITERION FOR FarILure BY Fatiaue 


In the experimental program referred to (9, 10), test speci- 
mens in the form of thin-walled tubes were subjected to alter- 
nate high and low temperatures while constrained so as to pre- 
vent axial deformation. The reversed stress and strain so pro- 
duced resulted in transverse cracking of the tubes by a fatigue 
process. It was then possible to obtain a fatigue curve of tem- 
perature change versus cycles to failure. At the same time the 
apparatus permitted the measurement of the stress change which 
accompanied each temperature cycle. 

In an attempt to interpret the test results so obtained from a 
fundamental viewpoint, a quantity called the total plastic-strain 
change was calculated for each specimen. This quantity was 
defined as the plastic strain absorbed by the specimen regardless 
of sign. Thus, if the plastic strain developed in a test specimen 
when being heated is Ae,, for each complete cycle the plastic 
strain absorbed is 2A¢,. For the entire test to failure this quan- 
tity would be 2N Ae,, if Ae, remains constant or 22N,Ae,,, if 
Ae, is found to change as a result of continuous cycling. We 
shall say more later about the change in Ae, with cycling. 

It was at first felt that a reasonable criterion for fatigue failure 
might be that the quantity 2N Ae, was constant under all cyclic 
conditions. As seen in Fig. 1, this is not the case. Here the total 
plastic-strain change is plotted against the logarithm of the cycles 
to failure for Type 347 stainless steel in the annealed state and 
cold-worked by torsion and tension. It is immediately observed 
that, as the cycles to failure increase, the total plastic strain 
absorbed by the specimen also increases, the increase being ex- 
ponential rather than linear. When the data were plotted on a 
logarithmic basis for both co-ordinates, Fig. 2, a straight-line 
relationship was found. It is seen that by extrapolating the 
data the linear relationship can be extended to pass through the 
point representing the simple static tension test, where N, the 
number of cycles, is considered to be 0.25 and Ae, is the fracture 
ductility as measured by the reduction in area. 

It is possible to write by a simple expression the relationship 
between the plastic-strain change Ae, and the cycles to failure NV. 
This relationship for the data of the annealed material as given 
in Fig. 2 is 
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The exponent '/. appears at the present time to be fortuitous. 

As has been indicated, the failure criterion as given by Equa- 
tion [1] is obtained for specimens constrained so that there is no 
net strain. This means that the sum of the strain components— 
elastic, plastic and thermal—is at all times zero or, expressed 
somewhat differently, the elastic and plastic strains are continu- 
ally balanced by the thermal strain. Hence the fatigue-failure 
criterion expressed in Equation [1] is obtained under conditions 
of cyclic temperature. Actually, the tests were conducted by 
varying the high and low temperature while maintaining the 
mean temperature at a constant value of 350 C. 

Recently another series of experiments was reported (11), in 
which specimens were strain-cycled while maintaining the tem- 
perature constant and equal to the mean temperature of the 
foregoing tests. A good fit for the failure data obtained was 
found to be 


Ae, = [2] 


The similarity of this equation with Equation [1] is noted, de- 
spite the fact that in one case the temperature is cycled, while 
in the other the temperature is held constant. 

Test data sufficiently complete to permit the formulation of the 
foregoing type of equations are very difficult to find in the litera- 
ture, since most fatigue data are obtained by stress-cycling with- 
out measurement of the strain or by strain-cycling without meas- 
uring the stress. Both stress and strain quantities are required 
to formulate Equations [1] and [2]. However, an experimental 
investigation carried out by Lui, Lynch, Ripling, and Sachs (12) 
for high strain-low cycle fatigue of 24 ST aluminum gives some 
data for which the relationship 


gives a good fit. Table 1 compares the results of the plastic- 
strain change as obtained experimentally in reference (12) with 


that as calculated by Equation [3]. Although the agreement 
with Equation [3] is good, it must be admitted, however, that 


TABLE 1 COMPARISON OF DATA OF REFERENCE (12) WITH 
CALCULATED RESULTS FROM EQUATION [3] 


Plastic- 
strain 
change 
Plastic-strain (calculated 
Strain Stress Elastic Cycles change from 
ampli- amplitude, strain to (experi- Equation 
tude psi amplitude failure mental) [3) 
0.12 86500 0.0087 7 0.223 0.212 
0.15 91000 0.0091 4 0.282 0.280 
0.20 90500 0.0091 2 0.382 0.396 
0.30 94000 0.0094 1 0.582 0.560 
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these test data do not serve as a critical test of the significance 
of the equation. It is evident that more experimental results 
are required before complete justification of the use of this form 
of equation can be established, 

Comparison of Equations [1], [2], and [3] indicates that the 
general form of the equation used for the mathematical repre- 
sentation of fatigue failure in terms of the plastic-strain change is 


where k and C are constants, The significance of these constants 
in terms of mechanical properties of the materials considered is 
the subject of the following section. 


FUNDAMENTAL ASPECTS OF THE EQUATION 


There are several sound reasons for establishing a criterion for 
fatigue failure based on the plastic-strain change. First, a study 
of the literature on the basic mechanism for fatigue in ductile 
metals reveals that fatigue cracks originate in regions of a crystal 
where slip has occurred, and never in regions where there is no 
evidence of slip. For example, the work of Gough and Hansen 
(13) on the changes in microstructure in iron, steel, and copper 
under cyclic stresses showed that plastic deformation (slip) took 
place both for cyclic stresses which did not lead to fatigue failure, 
as well as for those which produced fracture by fatigue. They 
observed, however, that the fatigue crack was initiated in the 
region of slip. The work of Ewing and Humpfrey (14), Stanton 
and Barstow (15), Rosenhain (16), subsequent studies by Gough 
(17), Wood and his co-workers (18), and many others have con- 
firmed this viewpoint. Recently Forsyth (19) has carried out a 
detailed study of the mechanism of slip in aluminum as a result 
of stress-cycling. Hence the use of the plastic strain as a measure 
of slip would appear from fundamental considerations to be a 
rational variable in establishing a fatigue-failure criterion. 

A second reason for the soundness of the failure criterion 
given by Equation [4] is the close relationship it appears to have 
with the basic mechanical properties of metallic materials, as de- 
picted by the flow-stress curve and the fracture ductility. To 
show this, it is first necessary to consider the cyclic stress-strain 
behavior in metals. It is well known that under an imposed 
cyclic stress or strain a hysteresis loop of stress against strain is 
established. Subsequent changes in this loop occur very slowly 
with time (10), as will be discussed later. If the cyclic stress is 
increased, the hysteresis loop is broadened and is re-established at 
a higher strain value. Thus it is possible to construct, for a par- 
ticular material at a particular temperature, a curve of cyclic 
stress versus cyclic strain which resembles the flow stress curve 
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obtained for monotonic loading. Some typical stress-strain 
curves taken from reference (10) are shown in Fig. 3. These 
data were obtained for constrained thermal cycling of annealed 
and cold-worked stainless steel. Similar sets of curves can be 
obtained for constant-temperature cycling. 
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The cyclic stress-strain curve and the flow-stress curve are not 
identical, but appear to be related.* The difference in the two 
curves can be attributed to the Bauschinger effect (the nonlinear- 
ity of stress and strain upon reversing the loading direction), 
which broadens the hysteresis loop. The difference between the 
two curves is shown in Fig. 3. Here the static stress-strain curve 
(with doubled co-ordinates) of annealed stainless steel at 350 C 
is compared with eyclic data. It will be observed that the 
doubled flow-stress curve is somewhat higher than the cyclic 
stress-strain curve. The behavior observed for this material 
appears to be generally true for metals. 

Having established that the flow-stress curve bears a direct 
relationship to the cyclic stress-strain curve, use can be made of 
this curve in assessing the behavior of various metals subject to 
cyclic loading. Consider, for example, two different metals with 
distinctly different flow-stress curves. When both are subjected 
to the same cyclic stress, that metal with the greater flow stress 
will undergo considerably less strain change and consequently 
considerably less plastic-strain change. When both metals are 
given the same cyclic strain, the plastic-strain change of the metal 
having the higher flow-stress curve will be only slightly less. 
This is because its elastic-strain change is greater and the result- 
ing plastic-strain change is found by subtracting the elastic 
strain from the total strain change. Thus, on the basis of the 
plastic-strain change, a wide difference in cycles to failure would 
occur for stress-cycling, while little difference exists under strain- 
cycling. 

A knowledge of the plastic-strain change in a particular metal 
is not in itself sufficient to determine the number of cycles for fail- 
ure. In addition, the fracture ductility of the metal can be 


*To construct a cyclic stress-strain curve, the stress change is 
plotted against the strain change, and hence, gives peak-to-peak 
values. For purposes of comparison, the stress and strain co-ordi- 
nates of the flow stress curve must be doubled. 
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shown to be important. This can be seen from the data given 
in Fig. 2 for both annealed and cold-worked Type 347 stainless 
steel subjected to constrained thermal-cycling. The equation 
for failure of the annealed metal is given by Equation [1], while 
for the cold-worked material one finds that 


= 0.103. 


It will be noted that the exponent has changed but slightly while 
the constant on the right-hand side has decreased considerably 
and reflects the lower ductility of the cold-worked metal. In 
fact, in Equations [1], [2], [3], and [5] the exponent, for all prac- 
tical purposes, can be considered to be 0.5, while the quantity C 
(given in Equation [4]) varies as the ductility of the metal varies. 

It is not clear, at the present time, just how the fracture duc- 
tility as measured in the tension test relates to failure by fatigue. 
A comparison of the total plastic strain absorbed by the material 
is particularly pertinent. In Fig. 2 it is seen that as the cycles 
for failure are increased, the total plastic strain increases, For 
failure occurring after 10,000 strain cycles, the total plastic strain 
is 66. This is compared to a fracture ductility of 0.64 for simple 
tension. This hundredfold factor in the two ductility values 
would certainly point to a different mechanism between deforma- 
tion and fracture. Nevertheless, the test results to date indicate 
that fracture ductility from monotonic loading is related to 
fracture in cyclic loading. 


Facrors AFrecTInG THE Hysteresis Loop PLastic-STRAIN 
CHANGE 


An important aspect of the criterion appears when one con- 
siders such factcrs as temperature, strain rate, and creep effects 
in the cyclic loading of materials. It is well known, for example, 
that the stress which a given material can resist without failure 
for a predetermined number of cycles decreases with increasing 
temperature. Effects of oxidation or of metallurgical changes 
can account in part for some of this effect at high temperatures. 
In the temperature range where these factors are not important, 
however, the decrease in fatigue resistance can be accounted for 
by the increased hysteresis loop and correspondingly the in- 
creased plastic-strain change brought on by the reduced flow 
stress. Thus ir Equation [4] if the plastic-strain change is in- 
creased, while the fracture ductility (and hence k) remains con- 
stant, the cycles required for failure decrease. 

Strain-rate effects do not appear to have an important influence 
on fatigue-resistance for most metals at room temperature. At 
higher temperatures the flow-stress curve and the cyclic stress- 
strain curve are strongly influenced by the strain rate. Cheve- 
nard (20) has shown that hysteresis loops for nickel at 400 C are 
markedly strain-rate sensitive, becoming narrower as the periodic 
time of the cycle is decreased. Thus the concept of the plastic 
strain offers a rational method for accounting for strain-rate ef- 
fects on failure, and Equation |4] appears to be a reasonable cri- 
terion for predicting failure under such conditions. Unfortu- 
nately, there is little experimental evidence useful for purposes of 
comparison, 

Creep and relaxation effects are also important in metals under 
elevated temperature and cyclic loading, particularly in cases 
where the material is held under stress for long periods of time 
between cycles. Relaxation of the thermally induced stresses 
has the effect of increasing the width of the hysteresis loop when 
cyclic conditions prevail, thus increasing the plastic-strain change. 
Resuits of tests of this sort are reported in reference (10), where it 
is shown that the cycles-to-failure decrease with increasing hold 
times at the high temperatures. 

One important factor in establishing the validity and scope of 
Equation [4] is the stability of the hysteresis loop with cycling. 
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If changes in the hysteresis loop occur, it would be difficult to 
establish a particular value for Ae,. However, as pointed out 
earlier, the hysteresis loop generally appears to be quite stable 
for a particular cyclic stress or strain. Previous results (10) have 
shown, however, that at least for Type 347 stainless steel certain 
cyclic-dependent changes do occur. It was shown that for an- 
nealed stainless steel some strain hardening takes place, although 
the amount is slight. Table 2 shows some data taken from refer- 
ence (11) on the strain hardening of annealed Type 347 stainless 
steel at 350 C for various cyclic strains. It is apparent that the 
stress change and consequently the plastic-strain change do not 
undergo any significant changes with cycling. 


TABLE 2 CYCLIC STRAIN-HARDENING EFFECTS—ANNEALED 
NO. 347 STAINLESS STEEL 350 C 


Total Stress change, Elastic- Plastic- 
strain Cycles psi strain change strain change 
change 
10 82000 0.0033 0.0067 
0.01 100 86000 0.0034 0066 
1000 80000 0.0027 0.0073 
10 100000 0.0040 0.0160 
0.02 100 112000 0.0045 0.0155 
1000 1 0.0043 0.0157 
10 145000 0.0058 0.0242 
0.03 sie 125000 0.0050 0.0250 


TABLE 3 CYCLIC STRAIN-SOFTENING EFVECTS—COLD- 
WORKED NO. 347 STAINLESS STEEL 


(0.82 in/in. prior torsional strain) 


Temp, Total Stress change, Elastic- Plastic- 
deg C strain change Cycles psi strain change strain change 

10 190000 0.007 0.0024 

350 0.01 100 175000 0.0070 0.0030 

1000 159000 0.0064 0.0036 

10 204000 0.0068 0.0032 

25 0.01 100 193000 0.0064 0.0026 

1000 184000 0.0061 0.0039 


An interesting effect, reported in references (10) and (11), is 
the apparent softening of cold-worked stainless steel with strain 
cycling. The effect is not associated with annealing, since the 
softening occurs as readily at room temperature as at higher tem- 
peratures. Table 3 shows some results for Type 347 stainless 
steel obtained at 350 C and at room temperature. It is apparent 
from Table 3 that the softening of the material has a pronounced 
effect on the plastic-strain change, and some care must be used in 
applying it under such conditions. 

Because of the large amount of plastic strain capable of being 
absorbed by the material during cyclic straining, certain metal- 
lurgical processes which are strain-sensitive might be expected to 
occur as a result of the cycling process. As a result, changes in 
the hysteresis loop can take place, which would not occur in 
single-phase metals. The most important example of this is the 
well-known strain-aging phenomenon in ferritic metals. Much 
work still needs to be done in studying the relationship between 
hysteresis loops and strain-sensitive metallurgical processes, since 
any process which changes the hysteresis loop will have a pro- 
nounced effect on the fatigue resistance of the metal. 


Lrurts oF APPLICATION OF THE RELATIONSHIP 


The criterion for fatigue failure as expressed by Equation [4] 
has been derived from data in which failure occurs in less than 
100,000 cycles. This is well below the number of cycles usually 
employed to establish endurance limits or fatigue stresses where 
no endurance limit exists. It may well be that this relationship 
is equally valid for failures in cycles of loading above 100,000. 
However, from practical considerations its use may be limited for 
larger cycles by the difficulty of determining the plastic strain. 
For example, if Equation [1] is solved for Ae, when N = 100,000, 
the plastic-strain change involved is 0.0011 in. per in. For fail- 
ure after 10° cycles, the plastic-strain change becomes 0.00036. 
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Such low strains are very difficult to measure experimentally since 
they are determined by the difference in two larger strains, the 
total strain and the elastic strain. 

Aside from the difficulty in determining the plastic-strain 
change for low stress-high cycle fatigue failure, one is also faced 
with the problem of materials which show endurance limits. Ac- 
cording to Equation [4], if a plastic-strain change does occur, no 
matter how small, fatigue failure will result. Many materials 
do not appear to show endurance limits, particularly at elevated 
temperatures, and hence fall into the category explainable by 
such a relationship. On the other hand, however, ferrous metals 
do have endurance limits, especially at room temperature. It is 
also of interest to point out that at the same time they are found 
to have hysteresis loops and plastic-strain changes of small but 
measurable amounts at stress levels below the endurance limits 
(13). Until this behavior can be explained satisfactorily by the 
criterion for failure expressed by Equation [4], the application of 
the relationship above 100,000 cycles of stress or strain is in doubt. 

It should be emphasized that the failure criterion given hy 
Equation [4] was obtained experimentally, and no attempt is 
made here to account for the equation on the basis of any mech- 
anism for failure, this being beyond the scope of the present paper. 
It would be particularly reassuring if such a mechanism could be 
devised, but the complexity of the phenomenon of crack nuclea- 
tion and growth prevents this at the present time. 


APPLICATIONS OF THE CRITERION TO DEsIGN 


Conventional engineering design is based on the assumption 
that the material behaves elastically throughout. The use of the 
plastic strain in a design criterion represents a distinct departure 
from the present design philosophy. The advantages of this cri- 
terion have been discussed from the point of view of material 
behavior. The disadvantages of the method appear when one 
considers calculating plastic strains. 

There appear to be at least two ways available for the designer 
to determine the plastic strain change in the fatigue criterion. 
One way is to actually perform a plastic-stress analysis on the 
part in question. This is often very difficult, since very few 
solutions are available, and these may not be sufficiently com- 
plete to apply to the problem under consideration. Only in 
cases where the geometry is comparatively simple, such as in 
simple bending, rotational symmetry, etc., can solutions be found. 
Very often the solution desired is for partially plastic deformation, 
that is, where a portion of the structure is plastic and the balance 
elastic. These solutions are much more complex than when 
the structure is treated as completely elastic or completely 
plastic. Hence, until the field of plastic-stress analysis is de- 
veloped to the extent of elastic-stress analysis, the designer must 
resort to other techniques. 

A second method available to the designer for determining the 
plastic-strain change is to calculate the elastic strains in a par- 
ticular part (including local stresses at holes, fillets, etc.), assum- 
ing the material is elastic throughout. This is readily done by 
evaluating the elastic stresses and converting these to strains. 
Then, with the aid of a cyclic stress-strain curve of a form similar 
to Fig. 3 and from the calculated elastic-strain change, a stress 
change can be determined, From this information the plastic- 
strain change then is 


Here Ae, is the plastic-strain change calculated for application 
into Equation [4], Ae,’, is the fictitious elastic strain calculated 
by assuming the material is elastic throughout, the Aq is the stress 
change which would actually be developed by the component, 
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and £ is the elastic modulus of elasticity. Note that Ae,’ is the 
range of strain experienced by the part during the thermal cycle. 
Note also that the relation [6] is expressed for the case of unidirec- 
tional stress. For combined stresses the equation can be easily 
modified by using effective stresses and strains, by replacing E 
by the quantity 3£/2(1 + v) and by converting the co-ordinates 
of the cyclic stress-strain curve to effective stress change and ef- 
fective strain change. 

The method is comparatively simple and requires the cyclic 
stress-strain curve for the material applicable to the particular 
problem. It assumes that the actual strain distribution in the 
component is equivalent to that calculated on an elastic basis. 
In many cases this is a reasonable assumption, but occasionally 
when plastic flow occurs the strain can be greatly enhanced. 
This problem has been discussed in reference (11). In such situa- 
tions great care must be exercised in the analysis. 

The form of Equation [4] suggests a method for accounting for 
accumulative damage in structural components for a complex 
loading which varies both in number of cycles and severity. 
There is as yet no experimental proof that the method is valid, 
but because it appears to be a rational basis for handling such 
situations, it is presented here for completeness. An experimental 
program is currently under way in our laboratory to test the 
method. 

Earlier it was pointed out that the constant C in Equation [4] 
appeared to be related to the fracture ductility of the material 
and that failure resulted when the quantity N*Ae, equaled the 
quantity C. Hence, for a particular case where a specific num- 
ber of cycles has been absorbed at a particular plastic strain, 
failure is determined by whether the quantity N*Ae, is more or 
less than C. As a result the quantity N*Ae, can be thought of as 
a measure of damage. If such is the case, it then becomes a use- 
ful method for calculating a factor of safety in design or of damage 
by cumulative cycling. For example, a factor of safety for par- 
ticular design conditions can be expressed as 


where C is the value of N’/* Ae, at failure, N the number of cycles 
expected in the application, and Ae, the plastic strain. 

When the thermal loading on the part is such as to produce a 
variety of different thermal cycles, the problem can be resolved 
by determining the number of cycles expected at each strain 
level. For each strain level, one can evaluate a particular N;'/? 
Ae»; and the summation of all the increments then applied to 
find the factor of safety or 


It remains to be proved whether the damage, defined in the fore- 
going, is linear with the actual damage accumulated by the 
material. 


AREAS OF UNCERTAINTY 


The design criterion, as outlined, is based on laboratory test 
results. Before the criterion can be applied with assurance to 
specific components found in practice, considerably more experi- 
mentation is required. In particular, the following areas need 
to be explored in more detail: 


1 Cyclic straining with a steady stress superimposed. 
2 Effect of rate of cycling. 
3 Influence of grain size and other metallurgical factors. 


COFFIN—DESIGN ASPECTS OF HIGH-TEMPERATURE FATIGUE—THERMAL STRESSES 


Effect of corrosive atmospheres, 
Metallurgical changes resulting from welding. 

Size effect. 

Relationship of temperature change with cyclic stress. 
Phase relationship of cyclic temperature and stress. 


The last two items are under study at the present time in our 
laboratory under the sponsorship of the Piping Code Committee 
of the American Standards Association. In addition, investiga- 
tion of a variety of structural materials should be undertaken 
to substantiate the work already done on stainless steel. 


CoNncLUSIONS 


A design criterion for fatigue of structural components under 
conditions of constant or cyclic elevated temperatures is dis- 
cussed. The fundamental and practical aspects of the criterion 
are considered. 
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Discussion 


J.J. Murpuy.‘ The author is to be commended for following 
up his previously presented experimental results with this effort 
to develop them in terms of a simple design criterion. Both the 
fundamental and practical aspects are of interest but whether 
the fundamental aspects prove correct or not, the designer will 
find such an approach a very practical one which can be ad- 
justed as necessary as more experience and test data are de- 
veloped. 

Mark! found a relation of the type given by Equation [4] 
fitted his room-temperature fatigue tests on carbon-steel piping 
assemblies quite well but utilized the total strain rather than the 
plastic portion only. He also found that a value of k = 0.2 
fitted his results best. A limited number of fatigue tests on thin 
stainless-steel expansion joints available to the writer indicate a 
value of k of about 0.3. It would seem that if the author were to 
include a portion of the nominally elastic portion of the strain an 
equally good correlation with the test data would be found. 
The author’s value of k of about 0.5 hinges on the assumption 
that the approximating straight line must pass through the 
point describing performance in the simple static tensile test. 
The value of k would increase if this point were ignored. It 
may be desirable, therefore, to limit the range of applicability 
of the approximation and establish the best value of & for the 
range of N selected. 

The author, in Equations [7] and [8], suggests a method of 
evaluating combinations of different thermal-strain cyclic load- 
ings. The assumption is made that, for a given strain, the 
damage varies as N*. A more satisfactory and customary ap- 
proach would be to assume the fractional damage varies directly 
as N leading to the following relations 

Cur 
ask 
Ni 


‘Section Engineer, Mechanical Development Division, The 
M. W. Kellogg Company, New York, N. Y. Mem. ASME. 

* “Fatigue Tests of Piping Components,” by A. R. C. Markl, 
Trans. ASME, vol. 74, 1952, pp. 287-303. 
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AvurTHor’s CLOSURE 


The anthor appreciates the comments of Mr. Murphy since 
they represent the point of view of the design engineer who must 
convert to practical application the basic or fundamental knowl- 
edge of material behavior. Mr. Murphy’s first question relates 
to the most useful form of expression for a finite-cycle fatigue 
criterion. The advantages of using the total-strain (elastic 
plus plastic) range rather than just the plastic component are 
quite obvious from engineering considerations. It would 
indeed be possible to break down the experimental results into 
fairly limited ranges of cycles to failure and to represent this 
information by a number of relationships between the total 
strain (or elastically calculated stress) and cycles to failure. 
However, from the point of view of simplicity in the application 
of basic material behavior, it would be more desirable to have a 
single relationship available for predicting failure in finite cycle 
fatigue of a particular material, the constants for which have 
physical meaning in terms of other, more well-known, properties. 
With the substantiation of this form of relation, it would not be 
necessary to obtain experimental determination of the constants, 
but rather to use those constants already known or obtainable 
in much simpler tests. This is the aim of the author in proposing 
a single relationship covering the range of cycles from simple 
tension to high-cycle fatigue. 

Mr. Murphy’s second comment relates to the modification of 
Equations [7] and [8] such that the fractional damage is linear 
with respect to the number of cycles to which the specimen is 
subjected, rather than the level of plastic strain. The modifica- 
tion suggested is indeed a more correct form for design purposes 
where cycles, rather than plastic strain, is the independent varia- 
ble. The unsuitability of Equation [8] is apparent if one con- 
siders the same test from two points of view. For example, a 
test run for 1000 cycles at a particular plastic-strain range pro- 
duces a degree of damage which is exactly that if one considers 
breaking the test into two 500-cycle periods at the same strain 
level. The denominator of Equation [8] for the first situation 
is 1000'/* A €,, while in the second case it is (500'/* + 500'/*) 
A €,, which is obviously different. For Mr. Murphy’s modifica- 
tion, however, each denominator is 1000 A ,?. 
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Quantitative Evaluation of Thermal- 
Shock Resistance 


By S. S. MANSON! anp R. W. SMITH,? CLEVELAND, OHIO 


The dependence of thermal-shock resistance on two 
parameters kand ¢,/Ea (when kis conductivity, the frac- 
ture stress, E the elastic modulus, and a the coefficient of 
thermal expansion) is experimentally demonstrated by the 
fact that the relative ratings of two materials may change 
with a change of quench severity. The theory of thermal- 
shock resistance of a disk quenched at the periphery 
is developed, making use of the results of Jaeger. Two 
criteria for failure are considered; namely, the maximum 
normal-stress criterion, and the criterion of maxi- 
mum “risk of rupture” based on the Weibull statistical 
theory. Equipment for subjecting these specimens to a 
wide range of quench severities of known surface heat- 
transfer coefficients is described, and results are presented 
for thermal-shock tests of steatite and glass disks. The 
results for steatite are then utilized for determination of 
thermal-shock parameters by four independent methods, 
the results showing good agreement. 


INTRODUCTION 


r I NHE thermal-shock resistance of brittle materials is usually 
described in qualitative terms. Only recently has interest 
been directed at the establishment of a quantitative basis 

for evaluating thermal-shock resistance. 

The need for this quantitative basis has been indicated by 
analysis and by experiments which demonstrated that materials 
which may be superior to others in one type of test may prove in- 
ferior in another type of test. A recent study (1)* of beryllium 
oxide and aluminum oxide in air and in water quenches serves to 
illustrate this phenomenon, Disks of beryllium oxide were con- 
siderably superior in thermal-shock resistance to similar disks of 
aluminum oxide when air-quenched, but the order of superiority 
was reversed when the disks were water-quenched. The reason 
for this behavior is that thermal]-shock resistance is governed by 
two, and in some cases by more than two, parameters involving 
properties of the material. For the class of materials which obey 
the critical-stress theory of failure, the significant parameters are 
o,/Ea and k, where k is the thermal conductivity, ¢, is the 
fracture strength, EZ the elastic modulus, and @ the coefficient of 
thermal expansion. In mild quenches, such as still air, thermal- 
shock resistance is governed by a combination of k and o,/Ea; 
hence beryllium oxide proves superior to aluminum oxide owing 
to its very high thermal conductivity. In severe quenches, 
however, the governing parameter is ¢,/Ea only, and the high 
thermal conductivity of the beryllia is ineffective in raising the 


1 Chief, Strength of Materials Branch, NACA Lewis Flight Propul- 
sion Laboratory. 

2 Aeronautical Research Scientist, NACA Lewis Flight Propulsion 
Laboratory. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Metals Engineering Division and presented at 
the Annual Meeting, New York, N. Y., November 28~December 3, 
1954, of Tae American Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, Decem- 
ber 1, 1954. Paper No. 54—A-263. 


thermal-shock resistance above the alumina which has a superior 
combination of strength, elastic modulus, and temperature coeffi- 
cient of expansion. 

For materials in which failure is governed not only by the 
maximum stress but also by the distribution of stress within the 
body, additional material properties are required for evaluation 
of the relative strengths of materials in thermal shock. These 
properties are extensively discussed in reference (2), and a brief 
outline of the significant variables will be presented in this paper. 

Thermal-shock resistance cannot therefore be described as 
“good”’ or “bad,” nor can it be described as a single parameter, 
such as ka,/Ea, as is often done. Rather, two or more pa- 
rameters must be ascertained, and suitable formulas or graphical 
representations must be derived for proparly combining the pa- 
rameters under arbitrary conditions of test geometry and quench 
severity. 

In reference (3) a method is described whereby the thermal- 
shock parameters ¢,/Ea and k may be determined from static 
tests on ring specimens of the required material. No experi- 
mental verification was presented, however, of the validity of 
the parameters as so determined for predicting the behavior 
of the material under arbitrary thermal-shock conditions, One of 
the purposes of the present investigation was, therefore, to study 
the actual behavior of several brittle materials over a wide range 
of thermal-shock conditions, and to compare the parameters as 
obtained by several independent methods with each other. The 
method of reference (3) was not specifically evaluated in this in- 
vestigation, although it has considerable merit. Some of the 
methods developed for convenient application of available equip- 
ment may have advantage over the method of reference (3). 
For example, in examining materials with high conductivity it 
may be difficult to produce fracture in a static test, whereas a 
thermal-shock test under severe condition of surface heat trans- 
fer provides a simpler means for producing fracture. The 
method of determining conductivity may also have some merit 
over that of reference (3) in terms of simplicity. The work de- 
scribed is part of a general program being conducted at the Lewis 
Laboratory of the NACA to determine the behavior of materials 
under conditions of thermal stress and was performed between 
1952 and 1954. ° 


THEORY 


The critical-stress theory and the statistical theory of thermal- 
shock resistance are to be applied to the specific case of a thin 
disk thermally insulated at both faces and subjected to heat re- 
moval at the rim only. This specimen configuration was found 
to be very practical for experimental testing. Because no heat 
flow occurs across the faces, the disks can be regarded as infinite 
cylinders for purposes of thermodynamic analysis. The theory 
for the temperature problem of an infinite cylinder initially at 
constant temperature and subjected to sudden surface heat. re- 
moval has been worked out by Carslaw and utilized by Jaeger 
(4) to solve the stress problem. Jaeger’s solution is not directly 
applicable to the disk since the infinite cylinder represents a case 
of plane strain, whereas the disk repre ents a case of plane stress. 
Comparison of the theory for the two cases (5) indicates, how- 
ever, that the final results differ from each other only by the 
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factor (1—); hence the results of Jaeger can be directly applied 
by the removal of the Poisson’s ratio term p. 

Critical-Stress Theory. According to this theory, failure is 
postulated to occur when the stress anywhere within the disk 
reaches a certain critical value o,. For the type of quench under 
consideration, peak stress occurs at the rim of the disk. Fig. 1 
shows the solution for the rim-stress problem of the thin disk, as 


Fie. 1 Dimensroniess Stress Versus DimensionLess TIME FOR 
Various VaLtves oF Drwensiontess Heat TRANSFER 
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Fie. 2 Maximum Stress Versus DimENSIONLESS 
Heat TRANSFER 


adapted from Jaeger’s solution (4) of the infinite eylinder. On 
the horizontal axis is plotted dimensionless time 9, on the vertical 
axis dimensionless stress o* for a number of selected values of 
Biot’s modulus 8. For each value of 6 there occurs a maximum 
value of o*. If the minimum temperature difference causing 
failure is determined, then fracture will occur at the maximum 
point on the curve. Hence a plot of o*max versus 8, a8 shown in 
Fig. 2, represents the relationship among the variables required 
for the thermal-shock problem. Thermal-shock resistance is 
herein defined as the lowest temperature difference (%& — t’), at 
which failure occurs for a given condition of surface heat-transfer 


coefficient, A. Fig. 2 shows that the thermal-shock resistance for 
a specimen of given size is a function of the parameter o,/Ea 
and the thermal conductivity k. Although it is possible to fit an 
empirical equation to this curve (as was done for the case of the 
flat plate in reference 1), it has been found most convenient to 
work with the relation in its graphical form. 

Statistical Theory. The stress at which fracture occurs merits 
detailed examination. First, it is necessary to postulate a cri- 
terion of fracture; then it is necessary to ascertain a suitable 
measure of fracture stress for practical use. 

It is common to assume that fracture occurs in a brittle ma- 
terial when a critical normal stress is reached at any point in the 
body. In some cases a critical shear stress is postulated. Ob- 
viously, these assumptions cannot always be valid since in many 
cases the measured stress at fracture depends on the stress dis- 
tribution in the test specimen. Thus it is common for measured 
tensile-strength values to be considerably lower than modulus of 
rupture (bend-test) values. Although part of the discrepancy can 
often be explained on the basis of bending stresses induced by 
eccentricity in the tensile test and on differences in elastic modulus 
in tension and compression (6), the most widely accepted ex- 
planations are based on the statistical theories of strength pro- 
posed by Tucker (7) and by Weibull (8). 

The Weibull formulation is based on the concept of flaw dis- 
tribution in brittle materials and on a simple mathematical hy- 
pothesis relating the stress in each element to its contribution to 
risk of rupture. Thus, if a body is under uniform stress o, the risk 
of rupture is greater than if only a small region near the surface 
is subjected to the stress o, while the remainder of the body is 
subjected to stresses lower than ¢. It is for this reason that when 
the modulus-of-rupture specimen is subjected to a surface stress 
equal to the failure stress in a tensile test, the risk of rupture is 
low compared to the risk of rupture at rupture in the tensile 
test. If it is hypothesized that fracture occurs at equal risks of 
rupture, then it can be demonstrated that the surface stress in 
the modulus-of-rupture test can be several times the tensile 
strength. Weibull (8) has derived the necessary relations, and 
the concepts have been applied with considerable success by 
Frankel (9) in explaining the fracturing conditions of mortar 
beams under various loading conditions. 

Application of Weibull Theory to Thermal-Shock Problem. The 
Weibull concept of risk of rupture has been applied by the 
present authors to the thermal-shock problem of a thin circular 
disk (2). A brief outline of the approach is given in the Appendix. 
The significant conclusions will now be discussed. 

Fig. 3 shows (2) that the stress distribution at the time of 
maximum surface stress is steeper the higher the value of £. 
Hence it might be expected that higher surface stresses would be 
permissible before rupture occurs for the higher values of 8, in 
the same manner that higher surface stresses are permissible in 
the modulus-of-rupture test to compensate for the steeper stress 
gradient compared to the tensile test. Although this is true, 
the magnitude of permissible increase is modified by the fact 
that the risk of rupture does not necessarily reach a maximum 
when the surface stress is a maximum. Figs. 4 and 5 demon- 
strate the effect. In Fig. 4 dimensionless stress is plotted as a 
function of radius at each of several values of dimensionless time 
for a value of 8 = 10. When 0 = 0.02 the stress at the surface 
isa maximum. But the stress gradient is steep, and only a small 
portion of the disk at the surface is under high stress. At a 
later time 9 = 0.05 the surface stress has decreased slightly, but 
stresses in other locations have risen. A greater volume of ma- 
terial is now under relatively high stress, although no point is at a 
stress quite as high as the surface stress when it was a maximum. 
Fig. 5 shows a plot of relative risk of rupture for 8 = 10,n = 3 
as a function of time, indicating that rupture probably occurs at 
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Fie. 5 or Rupture as a Function or Dimensioniess Time, 


some time after maximum surface stress has been reached. In 
Fig. 6 the stress distributions are shown for the instants when the 
risks of rupture are a maximum for several values of 8. It is 
seen that the stress distributions are more nearly similar than at 
the times when surface stresses are a maximum. The conse- 
quence is that, although the different quench severities do result 
in considerable difference in stress distributions at the time of 
maximum stress, the stress distributions are nearly independent 
of quench severity at the time of maximum risk of rupture, 
that is, at the time when rupture most probably occurs. Thus 
the correction for stress distribution affected by quench is likely 
to be small. 

Fig. 6 also serves to clarify the type of strength value that 
governs fracture. The tensile stress distributions for these 
quench severities are approximately linear, varying from zero 
in the region at r/r,, = 0.65 to a maximum at r/r,, = 1.0. The 
compressive stresses are neglected since they are small, and ac- 
cording to the Weibull theory do not contribute to risk of rup- 
ture in any case. These stress distributions could be simulated 
by a modified modulus-of-rupture test as indicated in Fig. 7. 
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Four-point loading is used to provide uniform bending moment 
between the two inner loads. The distance between the inner 
loads is selected to place approximately the same volume under 
stress in the modulus-of-rupture test as in the disk. The depth 
of the specimen is taken as twice the region of the disk subjected 
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to tensile stress (2 X 0.35 r,,). The dimensions are not critical, 
since modulus of rupture results are not sensitive to small-volume 
effects. In any case, it is indicated by the theory that the frac- 
ture stress to be used in the thermal-shock parameters is not the 
conventional tensile strength as is frequently used. 

It can thus be seen that if fracture strength is determined by 
means of specimens such as shown in Fig. 7, or a reasonably 
similar configuration since strength does not change rapidly with 
small changes in stress distribution or volume stressed, correla- 
tion on the basis of maximum-stress theory will agree well with 
correlation on the basis of statistical theory of strength. An ex- 
ample will be presented showing the manner of applying the 
statistical theory to the analysis of thermal-shock data on stea- 
tite. 

APPARATUS AND Test PROCEDURE 

A disk of 2in. diam X '/, in. thick served as the test specimen. 

Fig. 8(a) shows a detail of the specimen and the method of in- 


sulation. Annular washers approximately '/, in. wide and '/;5 
in. thick were cemented to the test specimen using 3M cement. 


Fie.8 APPARATUS 


Solid washers of the same thickness were then cemented to the 
annular washers, The specimen holders were machined to pro- 
vide a bearing annulus of approximately '/,. in. to minimize path 
for heat flow and to provide a firm seal against air or water leak- 
age. The insulation thus consisted of dead air spaces and in- 
sulating washers. Neoprene was used as the washer material at 
the lower temperatures and impregnated asbestos for slightly 
higher temperatures. This method of surface insulation proved 
quite effective as indicated by agreement between theoretical 
and experimental cooling curves later to be described. 

For some of the disks thermocouple holes were drilled at the 
center, at a radius of 0.5 in., and at a radius of 0.9 in., the disk 
radius being 1 in. Thermocouples were cemented into these 
holes, the leads being passed through the hollow shaft to con- 
tinuous-recording potentiometers. All the test disks had at least 
one thermocouple at the center for temperature indication. 

Two types of quenching equipment were used as illustrated in 
Figs. 8(6) and (c). Fig. 8(6) schematically shows the apparatus 
for air quenching. The specimen is heated to a uniform tempera- 
ture in a furnace and then lowered into the quenching region. 
The quench chamber consists of a manifold to which air is sup- 
plied at adjustable pressures between 0.3 in. water and 20 psig. 
Air issues from the manifold to the atmosphere through an an- 
nular nozzle. The exit area of the nozzle is adjustable by the 
use of shims which suitably space the two halves relative to each 
other. It was found, however, that an adequately wide range of 
surface heat-transfer coefficient could be obtained by using a 
single spacing of 0.020 in.; hence all the results presented were 
obtained in this manner. The temperature of the disk was sc- 
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cessively increased in increments of 20 deg F, until failure oc- 
curred. The failure temperature difference was taken as the 
average of the survival temperature difference and the successive 
one at which failure was observed. At least five tests were aver- 
aged for most of the quenching conditions. 

To investigate conditions of greater heat transfer than those 
available with an air quench, provision was made for liquid-bath 
quenches as shown in Fig. 8(c). Various liquids were investi- 
gated for possible use, including room-temperature water, boil- 
ing water, quenching oils, and molten lead-bismuth. The boiling- 
water quench was found to be by far the most severe for the low- 
temperature range (f < 400 F) investigated and was used ex- 
clusively for the severe quench. Water was maintained at the 
boiling point with an immersion heater placed at the bottom of 
the tank. 

Thermal shock-evaluation tests were conducted on steatite and 
plate-glass disks. Calibration tests for determination of surface 
heat-transfer coefficient were conducted by using stainless-steel 
disks instrumented with three thermocouples: at the center and 
at radii of 0.5 and 0.9 in. Cooling curves measured during the 
quenching operation were used to determine surface heat-transfer 
coefficient, as subsequently described. 

Other tests conducted were modulus-of-rupture tests, thermal- 
conductivity measurements, and thermal-expansion measure- 
ments. The bend tests were made to determine some of the ma- 
terial properties entering into thermal-shock theory. Centerpoint 
and four-point load applications were made on steatite bars. 
Some of these experiments were made utilizing bars instrumented 
with strain gages to provide data on strain to fracture. 


INDICATES LOCATION 
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Fie.9 APPARATUS 


An apparatus schematically shown in Fig. 9 was devised to 
measure thermal conductivity of thermal-shock specimens. 
Heat is caused to flow vertically through a disk of known conduc- 
tivity and through a stack of three thermal-shock disks cemented 
together. Since the thermocouples are essentially imbedded in 
the cement interface between the test specimens, it is desirable to 
use a cement of high conductivity in order to minimize the tem- 
perature drop at the interface. A mixture of Sauereisen No. 1 
cement and powdered silver was found satisfactory. Radial 
heat flow is restricted to a negligible amount by insulation placed 
around the periphery of the disks. When steady-state axial 
heat flow is established, temperature readings at the upper and 
lower surfaces of the reference disk and the sandwiched thermal- 
shock disk are obtained. Thermal conductivity of the test speci- 
men is then equal to the ratio of temperature drop per inch of 
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Fre. 10 ExperrmMentat TRANSIENT-TEMPERATURE DisTRIBUTION FOR STEEL Disk 


thickness of the reference disk to that of the thermal-shock speci- 
men multiplied by the known thermal conductivity of the refer- 
ence material. By varying the temperature of the furnace, the 
temperature of the test material may be varied, thus permitting a 
determination of the variation of conductivity with temperat«re. 

Thermal-expansion measurements were accomplished with a 
commercial interferometer. 


Test Resvts 


Heat-Transfer Coefficient for Air Quench. A simple method of 
determining heat-transfer coefficient for a given quench condition 
is to compare the cooling curves at any location in a disk of known 
physical properties with the theoretical cooling curves for arbi- 
trarily assigned heat-transfer coefficients. This method requires 
the knowledge of thermal diffusivity (in order to nondimensional- 
ize the time scale), and conductivity (to convert Biot modulus 
values to heat-transfer values). An alternate method that has 
been devised by the authors makes use of cooling curves at two 
stations, and permits the direct determination of 8, from which 
the heat-transfer coefficient can be computed, Thus information 
is required only on thermal conductivity. Since this method es- 
tablishes 8 without information on other physical properties, it is 
of considerable value in the testing of new materials, as will later 
be shown. However, its use will now be demonstrated in connec- 
tion with the determination of surface heat-transfer coefficients. 

Published tables (for example, reference 10) present data on U 
versus 9 at a given radius as a function of 8. The data are dif- 
ficult to apply directly in a material of unknown physical proper- 
ties since 8 and 8 both contain unknowns, The difficulty can be 
overcome if cooling curves are experimentally obtained at two 
stations, as for example in Fig. 10, which shows the measured 
temperature variation at the 50 per cent and 90 per cent radius as 
a function of time for a steel disk, similar in size to the test 
specimens, subjected to cooling air at a manifold pressure of 20 
psi. Using time as a parameter, U».» can be cross-plotted against 
Uo.s, a8 shown by the solid curve in Fig. 11. The dashed curves in 
Fig. 11 are cross plots of the theoretical data from reference (10) 
for the two stations at arbitrarily assigned values of 8, using 
nondimensional time as the parameter for cross-plotting. From 
the figure it is apparent that 8 is approximately 1.8, and using 
the known thermal conductivity of the steel k = 113 Btu-in/hr- 
deg F-sq ft the surface heat-transfer coefficient is readily computed 
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to beh = 204 Btu/hr-deg F-sq ft. In this manner the heat-trans- 
fer coefficients were determined as a function of manifold air pres- 
sure, the results being shown in Fig. 12. These heat-transfer co- 
efficients were assumed to apply for all materials tested. 
Heat-Transfer Coefficient for Boiling Water. Cooling curves ob- 
tained for water quenching of the steel disk indicated that this 
quench was considerably more severe than the highest air-pres- 
sure quench. However, the surface heat-transfer coefficient 
proved to be extremely variable and therefore could not be 
evaluated by the previously described procedure. Various in- 
vestigators have shown the surface heat-transfer coefficient for 
boiling water to be a function of the temperature difference be- 
tween the surface of the submerged body and the boiling water. 
However, the relationship for any given temperature difference 
depends, among other things, upon the nature and condition of 
the heating surface. For this reason the results of different in- 
vestigators sometimes differ appreciably. Fishenden and Saun- 
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Fie. 13 ApproxmmaTE Heat-TRANSFER COEFFICIENT FOR WATER 
Bo1tine on SUBMERGED SURFACES 


ders (11) have compiled a mean curve based upon a number of in- 
dependent, experiments on submerged metal surfaces. Fig. 13 
shows this curve for the temperature-difference range of t—t’ = 1 
to 100 F. Above 100 F the curve is extrapolated. This region is 
in qualitative agreement with the results of reference (12). 

An attempt was made to determine the theoretical stresses de- 
veloped under conditions involving variable surface heat-transfer 
coefficient. Use was made of an electronic differential analyzer 
to calculate temperature distribution and rim stress within the 
disk using techniques described in (13). The heat-transfer curve 
of Fig. 13 was simulated with the computer by fitting three 
fourth-degree polynomials to successive regions of the curve. 
The results are shown in Fig. 14 where maximum nondimensional 
stress at the rim is shown as a function of initial temperature 
difference. 

It will be seen later by deduction from the air-quench data, that 
the values of o*max associated with the boiling-water quench 
appear to be higher than those indicated in Fig. 14. A more 
suitable value for o*max, at least for steatite, is approximately 
0.95. In part the discrepancy may be due to the fact that surface 
heat-transfer coefficient is severely dependent on material and 
surface condition. Reference (12) shows, for example, that at a 
given temperature difference the heat-transfer coefficient may 
vary by a factor of 10 or greater, depending upon the metal. No 
data are available for the ceramic materials used in the present 
experiments. Further, all available data refer to steady-state 
conditions of heat transfer, whereas the heat transfer in the 
present tests occurs under rapidly changing temperature condi- 
tions. Because of uncertainties associated with the determination 


of Omax* by this analytical procedure, an effective value for h for 
the boiling water was empirically deduced from the thermal-shock 
data for steatite as will later be described. This value of 18,000 
Btu/hr-sq ft-deg F produces the same o*max stress as the variable 
h associated with the boiling-water quench. 
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Strain at Fracture. From an average of six steatite specimens of 
the approximate dimensions shown in Fig. 7, the strain at fracture, 
which is numerically equal to o,/E, was 650 X 107°. 

Coefficient of Thermal Expansion. The coefficient of thermal ex- 
pansion @ for steatite as measured with a commercial dilatometer 
was6.3 X 10~* perdeg F over the temperature range of 100 to 400 F. 

Thermal Conductivity. Thermal conductivity for steatite and 
glass, as measured with the apparatus in Fig. 8, was found to be 
nearly constant over the temperature range from 200 to 600 F. 
For steatite k = 17.5 + 1.0 and for glass k = 8.5 + 0.4 Btu-in/hr- 
deg F-sq ft. 

Resistance to Thermal Shock. The experimental data on fracture 
temperatures for steatite and glass are presented in later figures 
(Figs. 15 and 21) in connection with various methods of data 
correlation. A number of duplicate tests were conducted under 
each of several conditions of air-quench severity and under boiling 
water. The individual data points are shown as circles; the 
arithmetical average of the points at each condition is shown by a 
diamond. Points A to D represent air quenches and point E 
represents the boiling-water quench. 
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Meruops oF CoRRELATING Data AND DETERMINING 
THERMAL-SHOCK PARAMETERS 


Critical Stress Theory 


Several methods will now be discussed for determining the 
thermal-shock parameters o,;/Ea and k. Once these parameters 
have been determined by a given method, their adequacy for pre- 
dicting thermal-shock resistance will be tested by comparing pre- 
dicted results with the experimental results over the range of 
heat-transfer coefficients investigated. 

A detailed analysis will be illustrated for each case utilizing the 
steatite data. Some of the methods cannot be applied to glass be- 
cause of inadequate data. Other methods can be applied, but de- 
tails will be omitted. 

Method 1: Direct Measurement of Individual Physical Proper- 
ties. Based on the direct measurements described k = 17.5 Bta 
in/hr-deg F-sq ft, ¢,/E = 650 X 10-*, a = 6.3 X 10~* per deg F, 
and therefore ¢,/Ea = 103 F. Using the basic curve of Fig. 2 
the fracture temperature can be determined as a function of heat- 
transfer coefficient. Fig. 15 shows the comparison of the pre- 
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dicted and experimental results. Good correlation is obtained for 
the data points representing the average thermal-shock re- 
sistance for each of the four severities of air quench. Since some 
doubt exists as to the precise heat-transfer coefficient associated 
with the boiling-water quench, the data have been plotted at h = 
18,000 Btu/sq ft-hr-deg F corresponding to o*max = 0.95 where 
the mean of the thermal-shock tests best coincides with the pre- 
dicted curve. The correlation thus serves to determine the ap- 
proximate heat-transfer coefficient for this type of quench. This 
value of h will later be used for correlation of the data for glass. 
The precise value of h is not critical in this range. 

Method 11: Direct Measurement of Conductivity Combined With 
Single Thermal-Shock Test. Since the apparatus of Fig. 9 pro- 
vides a simple and convenient method of determining thermal 
conductivity without need for any specimens other than the usual 
thermal-shock disk, it is apparent that a method involving the 
use of directly measured conductivity would not be especially ob- 
jectionable. On the other hand, it would be desirable to avoid the 
need for direct measurement of o,;/E and a. Thus a single 
thermal-shock test can be combined readily with the directly 
measured value of k to provide a convenient method. If the 
shock test is conducted at a known value of h, then 6 can be de- 
termined since k is known. From Fig. 2, o*max can be deter- 
mined, and using the measured value of (% — t’),, the value of 
o,/Ea can be computed. 

As an example, consider the use of k = 17.5 Btu-in/hr-deg F-sq 
ft combined with the mild air-quench data (% — t’), = 450 F at 
h = 30 Btu/hr-sq ft-deg F. The computed value for 8 = 1.72, 
and from Fig. 2 
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= — t’), = 0.222 

Thus ¢,/Ea = 100, and the computed variation of (t&— t’), 
with h is as shown by the solid line in Fig. 16 passing through the 
point A. It is noted that, again, the use of h = 18,000 Btu/hr- 
sq ft-deg F for the boiling-water quench results in reasonably good 
agreement between the predicted curve and the experimental 
data. In general the agreement with the other air-quench data is 
good. 

The method consisting of the direct measurement of k and 
failure temperature in the boiling-water quench would constitute 
an ideal method for determining the thermal-shock parameters in 
view of the simplicity of the procedure and required equipment. 
Because of the uncertainties associated with the effective heat- 
transfer coefficient some sacrifice in accuracy can be expected. 
The method also yields an effective value of o,/(Ha) where the 
individual material properties ¢,, Z, and a refer to their values 
at temperatures of 200 to 300 F. If the properties change widely 
with increased temperature, the effective values of o,/Ea can 
be obtained by supplementary tests involving milder quenches. 
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Method III: Single Thermal-Shock Test Combined With Meas- 
ured Cooling Curves at Two or More Stations. As previously de- 
scribed (Fig. 11) the effective value of 8 for a given quenching 
condition can be obtained by cross-plotting of the cooling curves 
at two stations. If the heat-transfer coefficient is known, the 
conductivity can be determined and then combined with the 
single thermal-shock test, as in Method II, to determine o,/Ea. 
Fig. 17 shows, for example, the experimental cross plot of Uo.» 
versus U».; for steatite under an air quench at 20 psi manifold 
pressure. The apparent value of 8 is approximately 10, from 
which the computed value of k is 20 Btu-in/hr-deg sq ft. From the 
value of 8 and the fracture-temperature difference the value 
of o,/Ea is 96, The predicted curve based on k = 20 and 
o,/Ea is shown in Fig. 18. The agreement with the other data 
is reasonably good. It will be noted that some disagreement 
occurs between the value of k as determined from the apparatus 
of Fig. 9 and the value determined from the cooling curves, In 
the determination of k from the cooling curves some margin is 
left to judgment as to the proper value of 8; therefore the value 
of k as so determined must be regarded as approximate, The ap- 
proximation is compensated, however, by application of the 
thermal-shock test to determine an effective value of o,/Ea. 
Thus the values k = 20, o,/Ea = 96 fit the experimental data 
very well. Furthermore, high quantitative agreement among re- 
sults from different methods should not be expected because of 
the approximations involved and because of experimental scatter. 
Method IV: Two or More Thermal-Shock Tests. Investigation 
of two thermal-shock characteristics of a material has the satisfy- 
ing advantage that the behavior under extreme conditions is 
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directly determined, and other cases are usually interpolations be- 
tween the two which can be predicted with confidence, For this 
case continuous-recording potentiometers can be avoided, as well 
as equipment for measuring thermal conductivity. The disad- 
vantage is, however, that two or more thermal-shock tests must 
be conducted, preferably under widely differing conditions of 
quench severity, thus necessitating either two different thermal- 
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shock rigs or a single thermal-shock rig having considerable 
flexibility in quench severity. 

The method of analysis is illustrated in Fig. 19. Assume that 
any two or more of the points A, B, C, D, and £ in Fig. 15 are 
available as basic data. Each datum point is individually analyzed 
to determine combinations of k and o,/Ea with which it is 
compatible. This can be achieved by assigning arbitrary values 
of k, computing 8 from the known value of h, determining ¢*max for 
this value of 6 from Fig. 2, and computing ¢,/Ea from o*max 
and the experimental value of (t — ¢’),. Thus curve A in Fig. 19 


TRANSACTIONS OF THE ASME 


APRIL, 1956 


represents a range of combinations of k and o,/Ea determined 
in this manner to be compatible with the data point A, while curve 
D shows combinations compatible with the data point D, The 
point of intersection of the two curves establishes a value of k 
and o,/Ea compatible with both data points. If only two data 
points are available, a single point of intersection will be estab- 
lished, and no independent check will be available on its validity. 
If more than two data points are used, the convergence of the 
curves to a single point of intersection acts as a check on the 
validity of theory and experimental data. If the curves do not 
pass through a single point, all the points of intersection must be 
considered. 

The method produces best results when temperature differences 
at fracture differ greatly from one data point to another. Under 
this condition the curves of Fig. 19 intersect at a large angle, and 
the point of intersection is relatively insensitive to small experi- 
mental error. When the fracture-temperature differences among 
the data points are nearly equal, the curves become nearly parallel, 
and the point of intersection is very sensitive to experimental error. 
Obviously, greater weight should be placed on the points associated 
with widely different thermal-shock resistances when interpreting 
curves which do not converge to a single point. From Fig. 19, 
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using points A and D, the thermal-shock parameters are k = 16.8 
Btu-in/hr-sq ft-deg F, 7,/Ba = 102, which agree well with the 
determinations by the previous methods. Fig. 20 shows the good 
correlation between the predicted curve based on these parame- 
ters and the experimental data. 

Fig. 21 shows a similar correlation for glass using points A and 
E. The heat-transfer coefficient for point Z was taken as 18,000 
Btu/hr-sq ft-deg F based on examination of the steatite data. 
The actual val es, of course, may differ appreciably from this 
value since A is a function of material; but in the absence of more 
suitable data the present assumption is made, The fit with the 
experimental data in the intermediate range of quench severity is 
seen to be reasonably good considering the limited amount of 
data and data scatter. 

The values of k and o,/Ea as determined by this procedure 
may not agree exactly with the properties of the material as de- 
termined from conventional physical tests. For example, if these 
parameters are variable with temperature, then this method will 
provide effective values which will be useful in the prediction of 
thermal-shock resistance at intermediate quench severities. The 
parameters as calculated by Methods II, ITI, and IV are caused to 
fit at least one experimental datum point. If one parameter is 
somewhat in error, the other then compensates for it with the re- 
sult that the combined parameters will acev rately predict thermal- 
shock resistance for quench severities in the vicinity of the test. 


Statistical Theory of Strength 

In reference (2) two methods are outlined for analyzing ther- 
mal-shock data on the basis of the statistical theory of strength. 
In one method the value of n is independently determined by a 
series of strength tests, and this value is applied in conjunction 
with two thermal-shock tests to predict the thermal-shock be- 
havior over the complete range of conditions of quench severity. 
Actually, any of the four methods used in the present paper could 
be combined with a known value of n to predict the thermal-shock 
behavior. The second method described involves the indirect 
determination of n making use of a measured conductivity and 
two thermal-shock tests. Analysis of the data on steatite in (2) 
by both methods led to a value of n in the vicinity of 20. For such 
a large value of n it would be expected that the statistical theory 
would lead to the same predicted behavior as the critical-stress 
theory. 

Summary or Resvutts 

Based on theoretical investigations and on thermal-shock ex- 
periments with steatite and glass, covering a wide range of quench 
severity, the following results are believed valid: 


1 Thermal-shock resistance of most brittle materials is a 
function of two or more parameters, the relative importance of 
each parameter depending on the quench severity. 

2 Adequate theory is presented to permit prediction of ther- 
mal-shock resistance of thin circular disks subjected to peripheral 
quench of arbitrary heat-transfer coefficient by both the maxi- 
mum-stress criterion of fracture and by the statistical theory of 
fracture. 

3 Use of the Weibull statistical theory of failure leads to very 
nearly the same results as the application of the maximum-stress 
theory for steatite. For a material which is equally sensitive to 
flaws throughout its volume, fracture does not necessarily occur 
at the time the surface stress is a maximum, but rather at a later 
time when the stress gradient and surface stress have been re- 
duced. For a material which is sensitive primarily to surface 
flaws, no correction to the critical-stress theory is required for 
correlation of data of a series of similar disks subjected to dif- 
ferences only in quench severity. Some correction may be re- 
quired if thermal-shock data on small disks are to be extended to 
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disks of larger size or to other types of specimens involving an 
increase of surface area, Consideration of conditions at fracture 
also suggest that the effective fracture stress corresponds to the 
results of a modified modulus-of-rupture test, rather than the ten- 
sile strength frequently used. 

4 Suitable equipment has been devised to permit testing of 
materials over a wide range of quench severity. The heat-trans- 
fer coefficienis for the air-quench equipment were determined pri- 
marily by use of steel disks of known thermal conductivity. 
Simple equipment has also been devised for measuring thermal 
conductivity by making direct use of the thermal-shock-disk 
specimen, 

5 Four methods are described for experimentally determining 
the thermal-shock parameters k and ¢,;/Ea. These involve: 
I—the direct measurement of the individual pertinent physical 
properties; Il—the measurement of thermal conductivity and 
thermal-shock testing under a single condition of quench severity; 
I1I—measurement of cooling curves at two or more stations in 
conjunction with thermal-shock testing at a single condition of 
quench severity; and IV—thermal-shock testing under two or 
more conditions of quench severity. All methods produced simi- 
lar predictions of thermal-shock resistance over the complete ex- 
perimental range. 

Method ITI represents the most simple and convenient method 
if the boiling-water quench is used as the thermal-shock test. 
Some sacrifice in accuracy might be necessary because of uncer- 
tainties associated with the effective heat-transfer coefficient of 
boiling water. Also, small experimental errors may lead to rela- 
tively larger errors in the prediction of failure temperature under 
mild conditions of thermal shock because the experimentally 
available point is at one of the extremes of the curve. Method IV 
has the advantage of permitting the use of two thermal-shock 
tests under widely differing conditions of quench severity—such 
as boiling water and air. The normal conditions involving inter- 
mediate quench severity are thus more accurately predicted by 
the curve passing through the extreme conditions. When ma- 
terial properties are variable with temperature, this method 
provides effective values of k and ¢,/Ea which are useful in the 
prediction of intermediate thermal-shock resistance. 

6 Although the thermal-shock parameters for steatite as de- 
termined by the various methods have general validity in a wide 
variety of applications, caution must be exercised in their applica- 
tion in cases involving sufficiently high temperature to cause 
changes in physical properties and to cases involving stress states 
substantially different from that involved in the surface cooling of 
a thin circular disk, 
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Nomenclature 


k 
thermal diffusivity, = — 
pe 


linear coefficient of expansion 
Tinh 
heat-transfer ratio (Biot modulus) = ; 


specific heat capacity 

modulus of elasticity (Young’s modulus) 

coefficient of heat transfer between surroundings at 0’ 
and surface at ¢, 

material constant arising in statistical theory of 
strength 

density 

normal stress 

fracture stress 

— t’) 

maximum dimensionless stress occurring for given 
conditions 

temperature of point at time 0 

temperature of surroundings (in some cases it may be 
convenient to arbitrarily take t’ = 0) 

original uniform base temperature (in some cases it 
may be convenient to arbitrarily take 4, = 0) 


dimensionless stress = 


Units——— 


English Cgs 


in.*hr~ 


deg F-! 


em?’sec 
deg C-! 
dimensionless 


cal gm~! deg 
dyne cm~? 


dimensionless 


Btu Ib~! deg 

Ib in, 

Btu deg F-'ft-? cal sec~! deg C-'cm=? 
dimensionless 

gm em 

dyne cm~? 

dyne em~? 


dimensionless 
Ib 

lb in, 

lb in, 


dimensionless dimensionless 


dimensionless 
deg C 


dimensionless 
deg F 
deg F deg C 


deg F deg C 


temperature at given time — temperature of cooling medium 


initial uniform temperature — temperature of cooling medium 


time 


relative time ratio (Fouier modulus = pers = 


thermal conductivity 

radius 

normal distance from axis or mid-plane to surface 
8 probability of fracture 


SratistTicaAL TuHeory or Farture Appiiep To THERMAL SHOCK 


Volumetric Sensitivity to Flaws. Consider the probability of 
failure S; of a unit volume of material to be a function of stress 
alone according to a distribution curve such as Fig. 22. The 
probability of failure Sy for a specimen of volume V under uniform 
stress is related to the probability of failure S; for a unit volume of 
the material by the following fundamental equation of statistical 
theory 

Sy =1— eV 
Weibull defines risk of rupture R as the negative of the exponent 
in Equation [1] 


=—V — S;)..... 


hr sec 


dimensionless dimensionless 


Btu-in. deg cal sec~'deg 
in, em 

in, cm 

dimensionless dimensionless 


As stress level increases so does probability of rupture S,;. Since 
S; is by definition a probability, and is therefore restricted to 
numerical values between 0 and 1, Equation [2] states that risk 
of rupture R increases both with increasing stress and increasing 
volume of material under stress. 2 is therefore taken as a measure 
of likelihood of failure. If the material is assumed to be isotropic 
in the sense that the probability of rupture starting at any point 
within the body is equal for a given stress, then Equation [2] can 
be written in infinitesimal form 


For the entire volume 
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PROBABILITY OF FRACTURE — S; 


n 
T 


STRESS 


Fie. 22 Propasiity or Fracture as A Function or Stress 
Probability of rupture is then defined as 


Sy =l1—e 


Weibull found that distribution curves for various materials 
could be fitted well by the convenient analytical form 


n 


where @, is a material stress constant and n is a material constant 
characterizing the shape of the failure-distribution curve. For the 
limiting case of n = ©, the probability of rupture S, is zero for all 
values of ¢ < og, and S is unity for ¢@ > a; therefore this case 
corresponds exactly to the critical-stress theory of failure, 7» being 
the failure stress of the material. 

Substituting Equation [6] into Equation [4] 


or for the disk 


Equation [1] expressing probability of failure Sy as a function of 
risk of rupture can be written now for the more general case of 
variable stress distribution 


This equation permits the determination of the material proper- 
ties o> and n from a series of tension or bend tests as described by 
Weibull. 

Considering the problem of a thin disk subjected to a known 
rate of heat transfer at the rim, it is first necessary to calculate R 
at various time intervals measured from the start of the quench in 
order to determine the time of maximum R. Since it is conven- 
ient to work with dimensionless stress 


— t’) 
this substitution is made into Equation [7b] 


o* 
0 


Dimensionless stress distribution can be calculated from series 
expressions of Jaeger or, as was done here, calculated from pub- 
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lished temperature data such as Russell’s. Since, in general, the 
stress distribution cannot be expressed in a form which can be 
readily integrated, this curve was approximated by dividing the 
curve into three sections and fitting these with parabolas as shown 
in Fig. 23. Weibull considers the contribution of compressive 
stress toward failure to be negligible for brittle materials, which 
are relatively strong in compression, For this reason the inte- 
gration is performed over the region of tensile stress only. The 
subdivisions are selected to be bounded by radii r,,, rg, re, and rp 
at which the stresses are ¢,,*, 2¢,,*/3, o,,*/3, and 0, respectively. 
Each region is approximated by a parabola of the form 


where for region mB 


(2r,? — 
— 


5 


Fic. 23 RepLacement or Stress-DistrisuTion Curve By THREE 
ParaBoias 8 = 10,0 = 0.05 


Fig. 23 illustrates how well region mB was fitted in such a 
manner for 8 = 10,90 = 0.05. Parabolas fitted to regions BC and 
CD were equally good approximations. The contribution to risk 
of rupture for each of the regions can be integrated separately ac- 
cording to Equation [7b] with the substitution o = o*E£a(t) — t’) 
and then summed to give the following expression for R 


R = + 1) (3 2 1) 


2 2 
+ — gett — + (2 —2"+1) (:) 
[12] 


A plot of R versus time measured from start of quench permits 
the determination of maximum risk of rupture Rmax, surface 
stress ¢,,,z at this time, and the corresponding radii ratios (rg/r,,)p, 
(rc/Tm)z, and These latter quantities are functions of 
the boundary condition 8 = (r,,h)/k. 

Define 


=: 
o* = 
= qr’. a 
: ee 
; 


544 


2 2 


where @* max is the maximum dimensionless surface stress occurring 
during the quench. 

The parameters ¢ and P once calculated for the desired range of 
8 and n can be permanently filed in the form of graphs or tables 
(2). Maximum risk of rupture can now be written in simplified 
form making use of Equations [13] and [14] 


Rusx = + 1) 


since r,, = 1 for the test disks. 

Since it is postulated that failure is most likely to occur when 
risk of rupture is maximum, (¢) — ¢’) in the foregoing equation is by 
definition the thermal-shock resistance (t — t’),. Equation [15] 
can be rearranged to express (t — t’), explicitly as follows 


(fe “rade. Ea’ Po* 


This equation expresses thermal-shock resistance (4 — t’), in 
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terms of the significant material properties n, oo, k (since k is in- 
volved in the boundary condition 8), and the parameter Rmax!/"/- 
Ea. The term Rmax, risk of rupture at failure, requires ad- 
ditional explanation. If a large number of specimens of given 
volume are subjected to the same stress pattern, the maximum 
stress within the specimen at time of failure will in general vary 
somewhat from specimen to specimen, This means that the 
value of F at failure will vary also. For this reason Rinsx is defined 
as an average of the risk of ruptures at failure for a large number 
of specimens having the same volume and being subjected to the 
same stress pattern. 

Surface Sensitivity to Flaws. It is possible that for some ma- 
terials the greatest number and the most severe imperfections will 
occur on the surface rather than being randomly distributed 
throughout the volume of the material. For thermal-shock speci- 
mens of the type used in the present investigation in which the 
maximum stress always occurs at the surface, and in which the 
s irface area is constant, the stress at fracture would then be in- 
dependent of quench severity. Thus the data would reveal an 
apparent correlation with the maximum-stress theory of fracture 
even though the relevant statistical theory would show that the 
fracture stress is dependent upon amount of surface area under 
maximum stress, and in general upon distribution of stress on the 
sirface. Valuable information for resolving the applicable frac- 
ture theory would be obtained by testing specimens in which the 
ratio of surface to volume is varied over wide limits; or in which 
a nopvuniform distribution of surface stress is induced; however, 
such tests were not included within the scope of the present study. 
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Approximate Solution to Thermal-Shock 
Problems in Plates, Hollow Spheres, 
and Cylinders With Heat Transfer 


at Two Surfaces 


By A. MENDELSON! anp S. S. MANSON,? CLEVELAND, OHIO 


An approximate method for computing transient ther- 
mal stresses in hollow cylinders, plates, and hollow spheres 
is presented. The method makes use of polynomial ap- 
proximations to the temperature distribution by means of 
which the partial differential equation of the problem is 
reduced to a set of first-order ordinary differential equa- 
tions. Nonuniform initial temperature distribution and 
heat transfer from both surfaces can be treated without 
difficulty making possible the practical solution of prob- 
lems with relatively little labor for which an exact solution 
requires a great expenditure of labor and time. Several 
examples are presented and compare favorably with more 
accurate solutions. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a = inner radius of hollow cylinder or sphere, as ratio 
of outer radius, b 


a; = coefficient in approximating polynomial 
b = outer radius of cylinder or sphere 
b,;,¢; = coefficients defined in text 
e = base of natural logarithms 
E = Young’s modulus 
h,h’ = heat-transfer coefficients at outer and inner sur- 


faces, respectively 


k = thermal conductivity 
l = thickness of plate 
n = number of stations used 
Pr) = polynomials defined in text 
r = radius to arbitrary position in cylinder or sphere as 


ratio of outer radius, b 
distance to arbitrary position in plate as ratio of 
thickness, 
time 
T = ratio of temperature, at time 7 and radius r or 
position z, to maximum temperature in body, 
measured with reference to environmental 
temperature at surface r equal to 1 or x equal to 
1. This environmental temperature is always 
taken as zero. This dimensionless temperature 
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ratio is henceforth referred to simply as tempera- 
ture 
T(a),T(1) = temperature at r or z equal to a and 1 respectively 
T,’ = environmental temperature at surface r equal to a, 
or z equal to zero, measured with reference to 
environmental temperature at other surface 
= temperature at jth station 
= initial temperature distribution 
AT = initial maximum temperature 
= thermal diffusivity 
= Biot’s modulus at external surface, hb/k for 
cylinder and sphere, hl/k for plate 
8’ = Biot’s modulus at internal surface, h’a/k for 
cylinder and sphere, h’l/k for plate 
o = tangential stress at a point r 


o* = dimensionless stress defined by ¢* = Eu —v AT 
vt = Fourier’s modulus, ta/b* or ta/l? 
“ = coefficient of thermal expansion 


vy = Poisson’s ratio 


INTRODUCTION 


In recent years there has appeared a growing interest in the 
problem of transient thermal stress or thermal shock. This re- 
newed interest in a relatively old subject is due to the many new 
applications where the problem has become of vital importance, 
such as jet engines, nuclear power plants, and high-speed missiles 
subjected to aerodynamic heating. 

Many of the problems of thermal shock described in the litera- 
ture are generally confined to bodies with geometric symmetry, 
such as uniform plates, circular cylinders, and spheres. For 
such bodies the stresses at any time due to temperature gradients 
can easily be obtained if the temperature distribution is known, 
particularly if the temperature distribution exhibits similar 
symmetrical properties (see, for example, reference 1).* The 
chief difficulty is therefore not in evaluating the stress but in 
evaluating the temperature distribution at a given time after 
conditions are suddenly changed. 

The exact solution of the transient temperature problems in 
plates, cylinders, and spheres has been extensively treated in the 
literature (2). These solutions in general are in the form of in- 
finite series of trigonometric functions for the plate and sphere 
and Bessel functions for the cylinder (2). The arguments of 
these functions are obtained by first solving a transcendental 
equation (in trigonometric or Bessel functions) for its roots, each 
root being associated with one term of the infinite series. The 
coefficients of the functions in the infinite series are obtained 
from the initial temperature distribution making use of the 
orthogonality relation between the functions. The process is 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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very laborious and furthermore is very slowly convergent for high 
values of surface heat-transfer coefficient and for low values of 
time. For the case of a hollow cylinder, for example, numerical 
values have been obtained in only special cases (heat-transfer 
coefficient either 0 or @, reference 3). 

The object of this paper is to present a simple approximate 
method for obtaining transient stresses in plates, ¢ylinders, and 
spheres. The method used is essentially an extension of the 
collocation procedure (4) applied to partial differential equations. 
Use is made of polynomial approximations to reduce the partial 
differential equation of the problem to a finite set of ordinary dif- 
ferential equations. The method is general in nature and can be 
applied to two and three-dimensional problems, such as the 
solution of Laplace’s equation or the biharmonic equation for the 
stressfunction. For the one-dimensional transient thermal stress 
problem, the method is particularly suitable, for the final set of 
ordinary differential equations to be solved are all of the first 
order. 

The method is presented in detail for determining the stresses 
in an infinitely long hollow circular cylinder with arbitrary initial 
temperature distribution and arbitrary surface heat-transfer co- 
efficients and environmental temperatures. The stresses for the 
plate and the sphere are obtained similarly and the basic equa- 
tions for these cases are presented in an Appendix. The exten- 
sion to other two and three-dimensional problemas is self-evident. 


TRANSIENT TEMPERATURE DisTRisuTION IN HoLLow CYLINDER 


The differential equation for the transient temperature distribu- 
tion in an infinitely long hollow circular cylinder with angular 
symmetry is 
or 

Or 


oT 


1 


tT>0 
= [7(a) — T,’] 
a 


or 


or ‘ea 
T = T(r,0) atr = 0 


= —67(1) 


The exact solution of Equations [1] can be obtained in terms of 
a complicated infinite series of Bessel functions, the arguments 
of the different terms in the series being obtained as the infinite 
number of solutions of a transcendental equation in Bessel func- 
tions (2). Numerical solutions have been obtained only in 
special cases. 

In the present paper Equations [1] are solved approximately by 
making use of polynomial approximations as explained in detail 
in Appendix 1. The temperature at any time is assumed to be 
given by a polynomial passing through n radial stations in the 
cylinder. Making use of this polynomial, Equations [1] are re- 
duced to a set of ordinary linear first-order differential equations 
of the form 

aT, ) 


= + +... + +1 
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where the 7’; are the temperatures at n-stations in the cylinder 
and the and c,; are constants depending on a, It 
will subsequently be shown that 3 or 4 stations will suffice for 
most practical applications. The problem is then reduced to 
solving Equations [2] for the n-temperatures 7’; as functions of r. 
This can, of course, be done by any of several standard methods. 
The method generally adopted in this paper makes use of simple 
matrix algebra and is explained.in detail in Appendix 2. Once 
the temperatures have been determined, the stresses at any 
time can be calculated. 


TRANSIENT STRESSES IN CYLINDER 


The tangential thermal stresses in a circular cylinder are given 
by 


1+ 1 i 
o*(r) = f Tr dr + — Trdr—T(r)...[3] 
1—a? a r? a 


Attention will be directed only to tangential stresses. The radial 
and axial stresses, of course, can be calculated in a similar manner. 
At the surfaces where the maximum stresses generally occur, the 
tangential stresses are given by 


2 1 

o*(a) = ——. Tr dr —- T(a) 
2 1 

o*(1) = Tr dr — T(1) 
1 — a* f 


It is shown in Appendix 3 that the stresses can also be obtained 
from a knowledge of the time history of the surface stresses only. 
Thus 


2 


1 — a* 


1 
—p'T,'t —} T(r,0)r ark — T(a) 


o*(a) = — 


{ f " + B’T(a)\dr 
0 


o*(1) = o*(a) + T(a) — T(1) 
For a solid cylinder, the rim stress becomes 
1 
o*(1) = —28 T(1)dr — T(1) + 2f, T(r, O)r dr 
or 
o%(1) = oe%(1) + TUL, 0) — (1) — 28 TA) ar 


where go*(1) is the initial rim stress (zero for uniform initial 
temperature distribution) and 7(1,0) is the initial rim tempera- 
ture (equal to 1 for uniform initial distribution). 

Having determined the temperature at n-points from the solu- 
tion of Equations [2], the stresses can be calculated by means of 
either Equations [4] or [5]. If Equations [4] are used the integral 
can be evaluated directly by means of the Newton-Cotes quadra. 
ture formulas (5), so that the final formula for the stress is of the 
simple form 


If Equations [5] are used, only the surface temperatures are re- 
quired. Equations [5] are particularly useful, if the solution of 


4 - 
or 
Or | rma [1] 
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the temperature problem is obtained by using an electronic dif- 
ferential analog computer. Several numerical examples of the 
method will now be given in detail. 


EXAMPLES 


1 Consider a solid cylinder with a constant initial temperature 
distribution, T(r, 0) = 1. Let n = 3 with the three stations 
taken at r = 0, '/2, 1. Upon substituting the polynomials given 
in Appendix 1, the set of differential equations to be solved be- 
come 


dT; 
+ 647s — (20 + 48)T; 
= 57, — 167, + (11 +1.58)T: }..... (8) 


Equations [8] have been solved by two methods: First, by us- 
ing the standard exponential solution, and then by using the in- 
finite matrix series as explained in Appendix 2. The exponential 
solution for 8 = 30 is 


= 1.563 — 1.079 e~*-™" + 0.516 

Ts = 1.090 + 0.0892 — 0.179 

T; = 0.0672 + 0.0546 + 0.878 e~™4-47 
By a’ Newton-Cotes quadrature formula (5) 


1 1 1 1 1 
f (110 + are + = g 
and by Equation [4] 


2 1 2 
o*(1) = 3 7,—T7T; = 3 73) 
= 0.682 + 0.0231 — 0.705 


from which the stress can be plotted as a function of 7, and the 
maximum value of o*(1) determined. 

Alternately, using the infinite matrix solution given in Ap- 
pendix 2 results for 7’; 


Tr? 


2 
T, = 1—270 + 8.148 X — 24.78 x 16 


+ 75.42 10° — 229.6 x 10% + 698.9 x 
4! j 5! 6! 


— 2128 x + 6476 x 10 


— 19,720 X 10° + 


Using similar equations for 7, and 72, the stress can then be 
calculated from either Equations [4] or [6]. The same results are 
obtained using either method. However, the matrix-series 
method appears in general to produce results more rapidly. 
For the value of 8 = 30, a maximum stress of 0.64 is 
obtained compared to the theoretically exact solution of 0.67. 
Thus with only 3 stations the error in maximum stress is about 5 
per cent at this relatively high value of 8. For more reasonable 
values of 8, the error is much less as can be seen from Fig. 1 where 
o*(1) has been plotted against r for various values of 8. Since, 
in most cases of practical interest, the parameter sought is the 
maximum stress, rather than the complete variation of stress with 
time, the discrepancies between the solid and dotted curves in the 
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at ——— 3 STATION SOLUTION 


0204-06208 
DIMENSIONLESS TIME, r 


Fic. 1 Vantation or Dimensioniees Stress o*, Wits Diwension- 
Less Trme For Various VaLugs or ror 3-Station So.uTion 
AND FoR Exact 


lower time range are of little significance. The approximations 
predict the maximum stress with a good degree of accuracy. By 
using one or two more stations the complete stress-time curve 
can be accurately obtained. 

In Fig. 2, omax* has been plotted against § for a 3-station solu- 
tion, a 4-station solution, and a 10-station solution obtained on an 
electronic differential analyzer. The differential-analyzer solu- 
tion is identical with the exact solution as given in reference (6) 
and was run in order to check the accuracy of the analyzer 
for subsequent hollow cylinder computations. Further informa- 
tion on the use of an electronic differential analyzer in solving 
temperature-distribution problems is given in reference (7). It 
is seen from Fig. 2 that 3 stations are, in general, adequate for 
determining the maximum stress, with 4 stations giving some 
improvements in accuracy at high values of 6. 

2 Asasecond example, the case where the initial temperature 
distribution is not uniform is considered. No difficulty is added 
tothe problem. Equations [2] are solved in the same manner as 
before, taking into account the initial values of the T,;. The 
stresses are then calculated as before. The case treated is that 
of a solid cylinder using 3 stations with two different initial 
temperature distributions given by 


T(r,0) = r? 
and 


The results are plotted for 8 = 10 in Fig. 3 and compared with 
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a 10-station analog solution. It is seen again that 3 stations 
give adequate accuracy. 

3 As another example, we take the case of a hollow circular 
cylinder with uniform initial temperature distribution and the 


following boundary conditions: 
On external surface: B = 10 


On internal surface: Case (a) 8’ = 5, T,’ = 0 
Case (b) B’ = 5, T,’ = 2 


Internal radius of cylinder: a = 1/2 

The method for handling these cases is the same as previously 
used. Three stations were taken, at r = '/2, 3/,, 1. A poly- 
nomial was passed through these stations and the coefficients in 
Equations [2] obtained. Equations [2] were then solved as 
previously, and the stresses obtained from either Equations [4] 
or [5]. The results are plotted in Fig. 4 and compared 
with a 10-station analog-computer solution. Again it is seen 
that 3 stations are adequate for determining the maximum 
stresses. 


DiscussioN 


Although only a few examples have been presented, it is ap- 
parent that the method used is very general in nature and can be 
applied to widely different conditions with little increase in labor. 
From the curves presented it appears that, for reasonable initial 
and boundary conditions, 3 stations will give sufficient accuracy for 
many engineering purposes. For cases where steeper gradients 
can be expected, it may be necessary to use a greater number of 
stations; or the stations may be judiciously chosen unequally 
spaced to favor the sections which have steeper gradients, with- 
out appreciably increasing the labor involved. 

An examination of the general equation for transient stress in a 
hollow cylinder as given in reference (6) demonstrates the almost 
hopeless task of obtaining numerical answers for general boundary 
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conditions without the use of special computing machinery. 
The present method, therefore, even if a larger number of stations 
than indicated in this paper were used, would still result in a 
great saving of computing time. 

The solution of plate and sphere problems by this method re- 
quires no basic extension. Polynomials are chosen as for the 
cylinder and substituted into the appropriate differential equa- 
tions for plate or sphere. The equations are given in Appendix 4. 
The solution assumes exactly the same form as previously dis- 
cussed, It is also to be noted that the existence of heat sources 
within the body adds no additional difficulty. The correct dif- 
ferential equation must be used, although it may be necessary in 
this case to use a greater number of stations. 


BIBLIOGRAPHY 


1 “Theory of Elasticity,”” by S. Timoshenko and J. N. Goodier, 
McGraw-Hill Book Company, Inc., New York, N. Y., 1951. 

2 “Conduction of Heat in Solids,” by H. 8. Carslaw and J. C. 
Jaeger, Clarendon Press, Oxford, England, 1947. 

3 “Thermal Stresses in Non-Ductile High-Temperature Ma- 
terials,” by F. J. Bradshaw, Royal Aircraft Establishment Technical 
Note No.: met. 100, February, 1949. 

4 “Approximations to Functions and to the Solutions of Differ- 
ential Equations,” by R. A. Frazer, W. P. Jones, and 8. W. Skan, 
ARC Technical Rep., 1937, R. and M. No. 1799, March, 1937. 

5 “Numerical Caleulus,”” by W. E. Milne, Princeton University 
Press, Princeton, N. J., 1949. 

6 “On Thermal Stresses in Circular Cylinders,”’ by J. C. Jaeger, 
Philosophical Magazine, 7th series, vol. 36, 1945, p. 418. 

7 “Application of Difference Techniques to Heat Flow Problems 
Using the Electronic Differential Analyzer,”” by R. M. Howe, En- 
gineering Research Institute, University of Michigan, Ann Arbor, 
Mich., May, 1954. 


Appendix 1 


PoLYNOMIAL APPROXIMATION TO TEMPERATURE DisTRIBUTION 


Consider a circular hollow cylinder as shown in Fig. 5, with 
inner radius a, outer radius 1. The differential equation for the 


Fie. 5 
WITH 
n-STATIONS 


transient temperature distribution, the boundary conditions and 
initial conditions are as given in Equations [1]; n-stations are 
established in the cylinder as shown. These stations need not 
necessarily be equally spaced. It is now desired to approximate 
the temperature distribution in this cylinder at any time by a 
polynomial in r, taking on prescribed initial values at n-stations. 
This polynomial when substituted into the partial differential 
equation reduces it to an ordinary differential equation which 
when satisfied at each of the n-stations results in n ordinary first- 
order differential equations. In this approach the polynomials 
should also satisfy the boundary conditions of Equations [1]. 
These polynomials will therefore in general be of degree n + 1. 
In an alternate approach, the differential equation is first trans- 
formed to an integro-differential equation by integrating with 


respect to r and making use of the boundary conditions. The 
assumed polynomial is then substituted into this integro-differ- 
ential equation. In this case, since the boundary conditions are 
already satisfied by the integro-differential equation, the poly- 
nomials used need not satisfy the boundary conditions, and are 
simply the Lagrangian interpolation polynomials for n-stations 
which are of degree n — 1. Both methods will be illustrated here 
for 3 equally spaced stations. They lead to identical results. 
In the first approach let 


T = a9 + ar + + + ayr* 
with the 3 stations at 


r=ar= 


The following set of equations for the a; are now obtained 


T, = + aa + + a*a; + ata, 


+1 1\? 
T: = a + + (2 ') a2 
a+1\ 


Ts = do + a + + + 
and from the boundary conditions 


— BT; = a + 2a, + 3a; + 4a, 


Equations [10] are now solved for the a’s in terms of the 7; 
and substituted into Equation [9]. For a larger number of 
stations a larger number of simultaneous equations must be 
solved, and the labor becomes cumbersome. However, the re- 
quired polynomial can be obtained very simply in another fashion 
without solving Equations [10]. The temperature distribution 
can be written as follows 


T = Pi(r)T; + PAr)T. + Palr)Ts 


where the P; are station functions which have the following char- 
acteristics 


Pfr) =1 
Pfr) = 0 


when r = r; 


when r = r; ij 

Furthermore, in order to satisfy the boundary conditions, all the 
polynomials except P, have zero slope at r equal to a, and all but 
P; have zero slope at r equal to 1 whereas P, has the proper slope 
at r equal to a to satisfy the boundary condition there, and P; 
has the proper slope at r equal to 1. Such polynomials can be 
written by inspection, thus 


1 
(r — 1)%r — bi) 


) (a — 1)%a — b,) 


(r — a)Xr — 1)* 
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where b, and bz are chosen to satisfy the boundary conditions. 
Equations [11] and [13] will automatically satisfy Equations 


{10], once the constants b; and by are determined. These can 
easily be found as follows 


or 


P,(a) 


+8 


1—a 


It is seen from the foregoing that the extension to more stations 
is relatively simple. Substituting now into the differential Equa- 
tions [1] and evaluating it at r = a, (a + 1)/2 and 1 results in the 
following 3 equations 


aT; —22 32 
ar 


10 28 
dr (1 — a)? l1—a Al—a'*)a 


(3 6 +30 
(1 — a)(1 — a*) 


\ 


16 
(I— 


T: + 


(1 — a)? 2Al—a*)a 
dT; —10 2 ) 32 
— — ———T, 
dr [= (l1—a)a 
4a — 26 (o— 98] My; 
+4 + 1—e at 

for the solid cylinder, where a becomes zero, the 

r dr dr? | 


Ts 


and results in the first of Equations [8] in the text. 
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It is to be noted that in obtaining the coefficients in Equations 
[14] it is not necessary to actually expand the polynomials of 
Equations [13] when evaluating the derivatives at a particular 
station. For example 


(r — 


y + (r — 1)? 


These can readily be evaluated, with the help of Equations [12]. 
For a given cylinder under known environmental conditions, 
a, 8, 8’, T,’ are known and Equations [14] can be solved for 7, 72, 
and 7’; as functions of r. 
In the second method the differential equation is first integrated 
using the appropriate boundary conditions. The following in- 
tegro-differential equation results 


1 1 
Or 8 a 
=—T+ [T(a) —T,’) 
The boundary conditions are already included in this equation 
and a simple Lagrangian interpolation polynomial is therefore 
chosen for T. For three equally spaced stations this polynomial 


(r — aX(r —1) 


T. 
2 a) 2 


Equation [16] is substituted into [15] and the resultant equation 
is evaluated at the three stations. This leads to three ordinary 
differential equations which after some algebraic manipulation 
reduce identically to Equations [14]. 


Appendix 2 


Marrrx Serres ror TEMPERATURE DISTRIBUTION 


Equation [2] can be solved by any of a number of standard 
methods. The solution in general will be given by a set of ex- 
ponentials. It was found that the standard matrix solution is 
advantageous for this problem, and it will therefore be outlined 
here, although it can be found in standard texts on matrices. 

Equation [2] can be written in matrix notation as 


Be 
at 
; 
aT dP. 
= = — (7,— T,') — P, | —— + + 
= 
+ T, = —(T; — T. — =—P, 
3 Similarly, for bs : 
aT dP; t 
= — = = — BT, 
bre r—a a+1l r—bh 
therefore 
1 
a+1 
a — — }(a—1) 
ade, 
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where the c’s have been taken as zero, and 


T= 
T: 


T 
The solution of Equation [17] is 
T = e®* T(0) 


where 7(0) is the initial distribution and e?* is the exponential 
matrix defined by the usual exponential series 


r 


and / is the identity matrix. 

The matrix ¢?* can be obtained in closed form by use of Syl- 
vester’s theorem. The labor involved is essentially the same as 
solving Equations [2] by the standard exponential substitution, 
and little would be gained by this approach. However, it is 
simpler to use the exponential series [19] directly, since it was 
found that in general it converges rapidly for the problems 
considered. 

Substituting series [19] into [18] gives 


T = + BT(0)r + BIBT(O)] + 


The foregoing series can easily be evaluated since each term 
involves the product of ann X n matrixandacolumn. Aliso, the 
series alternates in sign and the maximum possible error in stop- 
ping at any term is easily determined. Furthermore, if }, is an 
element of B"7(0) and b,4 is the corresponding element of 
B'T(0), then the ratio b,/b.4 rapidly approaches a constant 
value, say, K. If more terms are needed, therefore, they can 
easily be obtained from previous terms by successive multiplica- 
tion by K. Thus for the first example treated in the text, for 8 = 


30 
—140 T(0) 
56 1 
1 


64 


75.417 


—134.94 410.81 
46.914 —. —142. 
x 10 120 + 82 | xX 10 720 


— 229.579 698.88 


—1250.6 
434.76 10 
+ 76) X 


—2127.5 


3807.0 
+ | —1323.5 | X 10% 


6476.5 


03207 


By taking ratios of successive columns the constant K is seen 
to be —304.42. Therefore additional columns can be obtained 
by simply multiplying by this constant. If the c’s are not zero, 
the additional particular solution can easily be found. 


Appendix 3 


ALTERNATE Stress EquaTION 
The differential equation can be written as follows 


Integrating with respect to r and making use of the boundary 
conditions gives at r = 1 


ar = — fF + + + flr). 128) 
From the initial condition 
f(r) = T(r, O)r dr 
therefore 
f. Tr dr - T(r, O)r dr 
— fy + + 
Substituting into Equations [4] of the text results in 
2 


1 — a? 


1 
— f T(r, O)r dr — F(1) 


o*(1) = — 


{ f + B’T(a)ldr 
0 


o*(a) = o*(1) + T(1)— T(a) 


Appendix 4 


PLATES AND SPHERES 


A similar method as discussed for the cylinder can be used for 
the plate and sphere. The differential equations and the bound- 
ary conditions under consideration are: 


For the plate 


7390 


= —6"(T,’ — T(0)) 


For the sphere 
ar 
Or Or? 
oT 


oT 


or 


2T ) 
asr<l1r>0 


= —6T1) 


As for the case of the cylinder, the temperature is assumed to be 
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given by a polynomial passing through a given number of stations 
and satisfying the boundary conditions. These polynomials are 
substituted into Equations [26] or [27] and the equations satis- 
fied at the n chosen stations. This gives n first-order differential 
equations. 


The Plate. Consider three stations taken at z = 0,'/2,1. The 
temperature is assumed to be given by the polynomial 
(x — — 1/22 — 1)? — 1)? 
T= 12 T: 
— 1/22 — bs) 
28 
+ 1/1 — ba) 3 [28] 


where 6; and b. are determined by the boundary conditions and 
are given by 


— (4+ 
4+8 
Substituting into Equation [26] and evaluating at z = 0, 


1/,, and 1 results in the following three equations for the tempera- 
tures at the three stations 


b = 


b: 


d ll 
= +49") +87, 


(2 + T; + 48’T,’ 


.. [30] 


+6) 


(2 + 48) + BT,’ 


It is to be noted that if the temperature is known to be sym- 
metric about the mid-plane of the plate (8’ = 8, T,’ = 0, and 
T(z,0) is symmetric about the mid-plane), then greater accuracy 
can be obtained by taking the origin z = 0 at the mid-plane, 
letting z range from —1 to 1, and considering only the half plate 
0<2z<1. Equations [30] can still be used with 8’ = T,’ = 0 
and noting that 8 and 7 are now defined in terms of the half 
thickness. 

After solving Equations [30] for the temperatures 7), 72, 
and 7’; the stresses can be computed from the relation 


1 1 
ot =f, de + 3(22—1) — — 7 (31) 


For the symmetric case with z ranging from —1 to 1 the stress is 
given by 


The integrals can again be evaluated by Newton-Cotes quad- 
rature formulas (4). An alternate formula for the stress can be 
derived in a similar manner to the one obtained for the cylinder in 
Appendix 3 
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o*(0) = — T(0) + f {(2 + 3) T(1) 
_ (23° + T(0) + 28’T,'r 
—6 T(z, 0)x dz 


ra) — [ (28 + T(1) 
0 2 


(6 + 710) | dr — B'T,'r 


. [33] 


1 1 
T(z, + of T(x, 0)x dz 
0 0 


The Sphere. A hollow sphere with inner radius a, and outer 
radius 1 is considered. The polynomials chosen are the same as 
those for the cylinder, the final set of ordinary differential equa- 
tions being different because of the difference in the basic partial 
differential equations. For the three stations at r = a, (a+ 1)/2, 
1, the equations to be solved are 


aT; —22 10a—2 
10 28 10a—2 
aT: 8 6 
a+3 (l—a@8+6 
an, 
(i—ae)? | 
aT; 10 32 
22 10 — 2a Bocas. 


For the solid sphere, where a becomes zero, the 


After solving Equation [34] for the temperatures, the stresses 
are computed from the equation 


a 


3 1 
o*(a) = Tr*dr — T; 


Alternate equations for the stresses can be obtained as for the 
cylinder and plate 


|_| & 
at 
¢ 
koe 
i 
af (24+) —ar, 
+ 12+ — — 
2 2 
aT; 
¢ 
_ 2 dP. @P| 
a? 
r 
o*(r) = f Tr’dr + f Tr*dr — T.. .[35] 
At the two surfaces this beeomes 
© 
ol) = Tr*dr — T; 
3 
ie 
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o*(1) = — 


(BT(1) + aB’T(a)) dr 
0 


1 — 


1 
— af'T,'r — f T(r, over — T(1) 


a*(a) = o*(1) + T(1) — T(a) 


Discussion 


Frank Krerru.‘ The authors have presented a useful method 
for computing transient thermal stresses and their technique 
yields values for maximum thermal stresses in a hollow cylinder 
which agree closely with the results of more accurate solutions. 
The boundary conditions selected for the sample problem provide, 
however, for a relatively large thermal resistance at the surface 
so that no severe temperature gradients occur at small values of 
time in the vicinity of the surface. Such problems are en- 
countered when combustion is initiated in various jet devices or 
in firing guns. To determine the thermal stresses a short time 
after the wall temperature undergoes a sudden and rapid change 


* Associate Professor of Mechanical Engineering, Lehigh Univer- 
sity, Bethlehem, Pa. Assoc. Mem. ASME. 


requires a large number of points near the surface if the colloca- 
tion method is applied directly to the differential equations. An 
alternate procedure for such cases has been suggested by F, Erdo- 
gan® and has been used with considerable success.‘ 

Using Laplace transforms, the thermal problem can be solved 
in the transform plane (either exactly or by approximate methods) 
and the Laplace transforms of the stresses can be calculated 
directly. For small values of time the inverse transforms can be 
obtained without difficulty by using asymptotic expansions of the 
stresses in the transform plane to find the inverse transforms. 
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It is pointed out in the paper that, for the case of very steep tem- 
perature gradients, more closely spaced stations may be needed 
in the vicinity of these temperature gradients. Under such 
conditions, the method suggested by Professer Kreith may 
indeed be helpful. 
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A Survey of Aerodynamic Excitation 
Problems in Turbomachines 


By A. SABATIUK! anv F. SISTO,' WOOD RIDGE, N. J. 


The important blade-excitation phenomena in turbo- 
machines are reviewed with respect to the theory extant 
in the literature and with respect to typical experimental 
results. The mechanisms of flutter, forced excitation, and 
rotating stall are discussed broadly and the importance of 
subharmonic resonance in turbine blades is introduced. 
Finally, general topics worthy of furthur consideration 
are enumerated and avenues for future research are 


delineated. 


INTRODUCTION 


HE study of aeroelastie problems dates from the late 

1920’s when Birnbaum, Wagner, and Glauert made the 

fundamental, pioneering contributions. Since that time 
the field, as applied to aircraft structures, has grown in scope and 
complexity, attesting to the stimulus received from the ever- 
increasing problems encountered in the industry. An excellent 
bibliography is given in reference (1).? 

During the past decade a considerable body of literature has 
come into existence concerning the aeroelastic problems of turbo- 
machine blading. As with the airplane-wing problem, this grow- 
ing attention has been demanded by industrial problems of the 
first magnitude. Before launching into this brief review of the 
subject at its present stage of development, it would be well to 
define briefly the various categories into which the excitation 
phenomena are usually divided. 

Under certain combinations of flow conditions and blade 
structural properties it is possible for turboblades to execute self- 
excited and self-sustained vibrations. Since these vibrations 
may arise with completely uniform and time-invariant flow, they 
satisfy the criterion of self-excitation; a periodic process is gen- 
erated from a nonperiodic source of energy. The generic name of 
this class of phenomena is “flutter.” 

Under specific conditions of flow and cascade geometry it is also 
possible for self-oscillations of the fluid to take place. Since 
blade flexibility is not required to initiate or sustain this phe- 
nomenon the mechanism is essentially distinct from flutter. The 
flow nonuniformities once being set up in a turbomachine or in a 
cascade, it is possible for these periodic pulsations to buffet the 
blades to resonance, provided the frequency of the excitation and 
some blade natural frequency are consonant or harmonic. The 
fluid oscillations are termed propagating, or “rotating,” stall. 

The third classification is the usual or conventional forced ex- 
citation due to the periodic passage of the turboblades through a 
disturbance in the airstream. The situation can only be achieved 


1 Project Engineer, Wright Aeronautical Division, Curtiss-Wright 
Corporation. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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artificially in a single cascade, but in an actual turbomachine the 
disturbances may arise out of a variety of causes. A particularly 
interesting case, for example, is afforded by the passage of an un- 
stalled blade through the rotating-stall disturbances generated by 
another stage. 

A brief consideration will reveal that there are, of necessity, in- 
teractions among the phenomena. A schematic block diagram of 
possible first-order interactions is displayed in Fig. 1. For em- 
phasis two specific mechanisms are traced out with separate 
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FLUTTER 

Potential Flows. As is well known from classical unsteady aero- 
dynamics, the type of aeroelastic instability known as flutter can 
occur with completely potential flow. Considering a single wing, 
or blade, it is known (2) that in order for this unstable situation to 
arise there must be coupling between two degrees of freedom, at 
least for subsonic flow. It has been fairly well demonstrated, by 
a variety of methods (3, 4), that conventional turboblade vibra- 
tions are not excited by this mechanism. The required air-stream 
velocity is too high. 

Owing to the different geometry encountered upon considering 
a blade in cascade, it was thought for a time that interference 
effects among the fluttering blades in the cascade could contribute 
to a realistic lowering of the critical value of the so-called reduced 
velocity \ = V/(wb). Here V is air-stream velocity, w is the flut- 
ter (circular) frequency, which is always close to the blade natural 
frequency, and b is the blade semichord. However, recent the- 
oretical (5, 6) and experimental (7) studies have shown that the 
pure interference effects, due to vibration of neighboring blades, 
do not alter the nonstationary aerodynamic reactions sufficiently 
to account for the lowered critical speeds actually encountered in 
practice. Furthermore, when only the “interference effect’’ is 
considered, the flutter phenomenon still depends on coupling be- 
tween the torsional and bending degrees of freedom. In prac- 
tice, vibratory motion is observed to be predominantly in a single 
mode, bending, or torsion. The theoretical investigations, how- 
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ever, have been confined to compressor-type stagger (Which is 
called positive.) Actually, turbine stagger should also be in- 
vestigated before interference flutter is completely written off. 

Another effect, obtained only in caseade flow, and which has 
received some consideration, may be termed the nonuniform-flow- 
field effect. The alteration of the ordinary nonstationary aerody- 
namic reactions arises out of the motion of the blades in a flow 
field which has a gradient of the oncoming flow velocity in the 
direction normal to the blade chords. This gradient is, in turn, 
due to the steady portion of the circulation associated with each 
blade in the cascade. Consequently, this might equally well be 
termed an incidence effect. Theoretical investigations of this 
effect are several in number (8, 9, 10), with experimental con- 
firmation being rather meager (8). All of these investigations 
have indicated that a single-degree-of-freedom flutter is indeed 
possible. (Bending is usually considered.) A rather simple 
criterion has been developed by Séhngen (10), valid for small 
gap/chord ratios. For a pure bending motion he finds that » 
must exceed 


\ = 8 cos (a + B)/sin a 


in order for flutter to occur. Here \ is based on the downstream 
flow velocity, a is the incidence reckoned from the chord, coinci- 
dent with the downstream flow direction, and 6 is the cascade 
stagger angle. Considering the experimental results in reference 
(8), it may be stated provisionally that the theory is confirmed, at 
least roughly. However, the reduced velocities required to pro- 
duce flutter are still rather higher than those usually obtained in 
practice, particularly for reasonable values of incidence (circula- 
tion) and stagger. 

In actual turbomachines the value of incidence is limited by 
separation. Consequently, to achieve peak efficiency near de- 
sign-point operation, the design incidence is usually kept below 
the so-called “stalling” incidence. Furthermore, the higher the 
design values of relative velocity become, the stiffer the blades 
must be in order to sustain the additional loads. Therefore the 
value of \ does not increase as rapidly as one might suppose with 
increasing design values of the air-stream velocity. In fact, fora 
particular comparison of two stages, the one with the higher 
relative velocity might very well have the lower A due to a larger 
semichord b. 

Equation [1] is plotted in Figs. 2 and 3 to indicate the combina- 
tions that produce critical reduced velocities. It is significant 
that turbine stagger appears to be far less susceptible to flutter 
than compressor stagger. In contradiction of this apparent tend- 
ency, Shioiri (9) has investigated, by simplified model, the sus- 
ceptibility to flutter of three staggers (0, +7/4) at values of \ 
satisfying Equation [1] and found only the turbine stagger (8 = 
—45°) to have a critical flutter velocity. If V,, is the vector 
mean velocity through the cascade, it can be shown that Shioiri’s 
requirements that \ (based on V,,) = 10, and steady circulation/ 
pitch = 0.8 V,, are completely equivalent to Equation [1]. It 
appears that there is more to be learned about this particular 
effect before its importance can be completely assessed. 

At part-speed operation the situation is somewhat changed. 
The forward stages in a compressor, for example, tend toward 
higher incidence as the machine speed is decreased since the axial 
component of the through-flow velocity decreases faster than the 
peripheral blade speed. Consequently, larger incidences are at- 
tained, but only at the expense of reduced relative velocities, and 
consequently reduced \’s. The operating line of such a stage 
tends to parallel a line of constant 8 in Fig. 2. Once the incidence 
for separation is trespassed the flutter mechanism is altered 
radically. This point is taken up again in the next section. How- 
ever, in the transition region near actual separation the nonuni- 
form-flow-field effect may be of some importance. 
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Stalled Flows. The alterations in the flutter mechanism (chiefly 
the radical lowering of the reduced velocity) which occur when an 
airfoil approaches stalling incidence have been studied for some 
time. As far back as 1936 Studer (11) reported an exhaustive 
series of tests demonstrating the major features of single-wing 
stall flutter. He rightly surmised that the change in behavior 
was due to the periodic breakaway and reattachment of the 
flow during the cycle of oscillation. Considering the bending de- 
gree of freedom for concreteness, it was thought for some time 
that a certain phase lag between the instantaneous incidences at 
reattachment and at separation was necessary to sustain the 
single-degree-of-freedom vibratory motion (11, 12). It appears, 
however, that in so far as bending flutter is concerned, a negative 
slope of the normal force versus incidence curve has a more direct 
bearing upon the susceptibility to flutter (13, 14). Pearson (15) 
reports excellent correlation with actual regions of instability in 
the normal force versus incidence plane by using the negative- 
slope criterion. 

In order to examine some of the implications of the modern 
stall-flutter approach as set forth in references (13) and (14), some 
selected experimental results may be exhibited here. Initially, it 
is important to test the very concept of the normal force coefficient 
under dynamic conditions. Fig. 4 displays the results of one such 
investigation where the steady component of the normal force 
coefficient of cascaded cantilever compressor blades has been 
measured during flutter in a wind tunnel. The data for 500 and 
600 fps air velocities correlate fairly well on the coefficient basis. 
It is not meant to imply that this coefficient does not change with 
large Mach-number variations. However, away from the choking 
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condition, it is expected that the coefficient changes will be small 
for moderate changes in velocity or Mach number. 

In Fig. 5 the simultaneously observed vibratory stresses are 
superposed on the normal force-coefficient curve. The critical 
dependence of this bending flutter on the slope of the normal force 
curve is at once apparent. 

Figs. 6, 7, and 8 illustrate the effect on the flutter of typical 
cascaded compressor blades of (a) leading-edge radius, (b) stagger, 
(c) blade spacing. In each case the only quantity which was 
varied, aside from incidence, was the parameter whose effect was 
being studied. The vibratory stresses are the maximum for a 
complete range of incidence with other parameters held fixed. 
Since the maximum vibratory amplitude (or stress) is probably 
directly related to the maximum negative slope of the normal 
force curve (13, 15), these figures give a good indication of how 
the magnitude of this slope varies with the quantities being 
studied. 

Full-scale engine and compressor-rig confirmation of the salient 
features of stall flutter are contained in reference (14) and other 
unpublished results. Rather than use the normal force versus in- 
cidence plane, it is more convenient to correlate high vibratory 
stress in the pressure-coefficient versus flow-coefficient plane. 
The latter quantities are usually calculated in conventional tur- 
bomachine tests, and a correspondence between the two sets of 
quantities can be established if desired. 

Future Research. The force-coefficient approach which has 
been discussed in the foregoing might be termed the quasi-steady 
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approach, since no lag is assumed between normal force and in- 
stantaneous quasi-steady incidence. If the lag were known, how- 
ever, it could easily be included in an analysis such as that pre- 
sented in reference (13). 

Consequently, it appears that some of the directions that 
should be taken by future research are (a) determination of size 
and importance of phase lags, (b) accurate determination of dy- 
namic normal force characteristic and factors affecting this char- 
acteristic, (c) use of cyclic determinants (6, 9) in a theory to ac- 
count for cascading effects, after “equivalent linearization” (16), 
and (d) use of visual studies for improved physical understanding. 
Some visual studies reported in reference (17) indicate that the 
interferometric approach should yield, in addition to (d), good 
estimates of (a) and (b). The importance of lag, under(a), will be 
the subject of a future note. 

Engine and full-scale component tests should be conducted to 
determine and evaluate the importance of three-dimensional 
effects (both aerodynamic and mechanical). Since conditions 
vary radially along the blade span, it is important to know how 
forcing and damping effects must be summed for the whole blade 
in order to predict flutter amplitude correctly. 

In concluding this section it seems safe to remark that should 
torsional flutter prove to be troublesome in turbomachines, a 
similar theoretical and experimental attack will have to be made 
on the dynamic moment coefficient and related physical parame- 
ters. 


Forcep VIBRATION 


Aerodynamic Sources of Excitation. In asense aerodynamically 


forced vibrations are the most familiar since there is some back- 
ground for vibrations of structural members forced by other physi- 
cal mechanisms. Little attention has been paid here to the “elas- 
tic’’ side of the aeroelastic problem, although there is no belittle- 


ment intended of this aspect of research. On the contrary, there 
are very real and urgent problems connected with the strength 
and durability of turboblades and their root attachments. In 
order to limit the scope of the discussion the structural model 
has been simplified consistently by representing it as a simple 
mass-spring system. 

As noted in the introduction, the rotating-stall phenomenon 
generates flow disturbances which may buffet the blades in suc- 
ceeding and preceding stages. In a later section the generation 
mechanism will be dealt with in more detail; for the present con- 
sideration those blade vibrations which are produced by these dis- 
turbances may be treated like any other forced vibrations once 
the magnitudes of the disturbances are known. A special case 
which requires a separate treatment is the vibration of the blades 
within the stages initiating the propagating stall. This case, 
so far, has not been treated in the literature. However, since 
rotating stall may be generated in a stage with completely rigid 
blades, it appears that when the stall frequency of the blade be- 
gins to coincide with the blade frequency, an interaction between 
rotating stall and stall flutter occurs. The precise consequences 
of this interaction have not yet been studied, but it seems that a 
combined analysis will be required. 

Turboblades may also pass through disturbances in the air 
stream which are brought about by a variety of obstructions in the 
air passage. In axial-flow machines struts must be interposed in 
the air passages to house, or act as, structural members which 
support the bearings. The wakes from the struts, as well as 
the distortion of flow due simply to the obstruction itself, are 
sufficient to excite blades which run into these disturbances 
periodically. The effect of struts is felt both downstream and 
upstream. Séhngen (18) has shown that an upstream potential 
disturbance cannot pass through a row of fixed inlet vanes. On 
the other hand downstream potential disturbances are amplified 
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by a row of fixed exit, vanes located upstream, and the apparent 
source of the disturbance is moved forward by the depth of the 
guide-vane stage. The first result is somewhat at variance with 
actual observation, probably due to the nonpotential nature of 
strut wakes, but the second result points out the extreme impor- 
tance of flow obstructions downstream of the excited blades. At 
least one severe resonance (19) has been attributed to this latter 
cause. 

Stator blades also provide wakes and distortions which rotating 
blades ‘‘see’”’ as periodic disturbances, and vice versa. Further- 
more, rotor blades in a certain stage may present periodic dis- 
turbances to the blades in the next adjacent rotor stage, due to 
differential shaft speeds (twin-spool engines). 

The former effect has been studied quantitatively by Kemp and 
Sears (20) for potential flows. In compressor-blade configurations 
they found the fluctuating component of the lift to be rather 
small, up to 18 per cent of the steady lift in extreme cases. On 
the other hand, some static tests in reference (21) indicate that 
the fluctuating lift on turbine-rotor blades passing behind a nozzle 
ring may be of considerable magnitude. (The blade lifts were 
measured statically, in cascade, at various tangential positions of 
fractional parts of the nozgle-blade pitch.) This question will be 
returned to after a brief citation of the general literature of aero- 
dynamically forced vibration. 

Vibratory Response and Aerodynamic Damping. An introduc- 
tion to the response of blades to potential disturbances on the 
basis of unsteady-flow theory was made by Isaacs (22, 23) and 
Greenberg (24, 25). Their investigations were concerned with 
helicopter rotor vibrations, but the work forms the basis of an 
elementary theory of single-blade forced vibration in the poten- 
tial-flow regime. Their results have been extended and codified 
in reference (17) for the bending response due to (a) sinusoidal 
incidence variation, (6) sinusoidal velocity variation, and (c) 
mechanical disturbance. This theory can easily be extended to 
account for cascading by considering the results in references (6) 
and (7). 

In this respect it may be noted that the major quantity limiting 
the amplitude of blade vibration, assuming resonance, is the aero- 
dynamic damping. This quantity has long been known for the 
single blade. Recent theoretical developments (26) indicate that 
an exact solution of the aerodynamic damping in staggered cas- 
cades is at hand. The results of numerical calculations utilizing 
this theory are anticipated with interest. From the known re- 
sults for special values of stagger, spacing, and interblade phase 
angles (5, 6, 27), however, it appears that the aerodynamic 
damping in the linear or potential-flow range will always be posi- 
tive. In general, decreased spacing, decreased interblade phase, 
and decreased ) all tend to lower the aerodynamic damping. 

The importance of aerodynamic damping has been pointed out 
by many investigations (3, 4). Without such damping the ma- 
jority of blade vibrations would result in nearly instantaneous 
rupture of the turboblades or their attachments. The reason for 
this critical behavior is that other forms of damping are exceed- 
ingly small. Material damping in conventional materials, with 
the exception of some promising plastic constructions, is insuffi- 
cient to limit vibratory amplitudes to safe values. Mechanical 
damping in the root attachment is difficult to maintain in the pres- 
ence of a strong centrifugal-force field, particularly over a range 
of rotational speeds. 

Subharmonic Resonance. In order to reveal some features of 
aerodynamically forced vibrations it is of interest to investigate 
the fluctuating force on a turbine blade on the basis of the 
simplest cascade theory. Assuming inviscid, incompressible, 
two-dimensional flow (see Fig. 9) it is possible, by a simple mo- 
mentum balance, to show that the force on any blade is given by 
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Fr = Fa = 
where 

Qu = ‘/2pU* 

U = peripheral velocity of blade section 

p = fluid density 
5A = elemental blade height times blade pitch 
Cy = tangential force coefficient 
C, = axial force coefficient 


Fic.9 Torsrne-Biape Cascaps NoMENCLATURE 


The force coefficients C; and C, are given by the following ex- 
pressions 
Cy = 2[(tan ao + tan — 
C, = —1 + (2 tan + (tan*a: — 


where ¢ is the “flow coefficient,” the ratio of the axial component 
of the flow velocity to the blade velocity U. If the turbine disk 
turns at a constant speed, the blade force in the 6-direction is pro- 
portional to 

Ce = Cr cos 8 + C, sin 0 


6 is the direction of blade vibration at the radial station under 
consideration. 

Assume now that disturbances in the velocity pass periodically 
through the blades, a» remains substantially unchanged due to 
the preceding stator blades, and a (a relative gas angle) also re- 
mains substantially unchanged. Consequently, adopting the 
quasi-steady approach (disregarding unsteady-flow time lags be- 
tween force and flow angles), the derived value of Cg can be used as 
the forcing function in terms of @. For specific blade geometry, 
in fact, one can write 


Fe = qydA(ao + ad + ard?) 
where the a’s are constants. Fora simple cosinusoidal variation 
in @, i.e. 
= + cos wt) 


where w is the frequency of the ¢ variation and ¢ is time, a strong 
second harmonic component in the forcing function may be ex- 
pected. In fact, applying this driving term to a simple mass- 
spring system, one obtains 


mé + = qydA { [ao + ardo + a2 (1 + o*/2*) 
+ + 2arpo*] cos wt + cos 


where m is the blade mass, z is the vibratory displacement, and 
@» is the blade natural frequency. Assuming the rotor inertia is 
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so great that the wheel speed does not change, it is possible to 
write simply 
+ = Ay + A; cos wt + Az cos Qwl........ [2] 


where the A’s are constants. This equation has a simple solu- 
tion. When the blade begins to vibrate additional terms in z 
must be added to account for aerodynamic damping. For the 
present purpose the blade-vibratory velocity is ignored and only 
its position is considered. 

Due to the blade motion the variation in ¢ is no longer de- 
pendent on wt alone, but rather on 

wt + 2/(R/z) 

where F is the radial distance to the blade section under con- 
sideration and z is the number of disturbances per revolution. 

Making this substitution in Equation [2] yields a distinctly 
nonlinear equation. However, since it is reasonable to expect 
that |z/(R/z)| << 1 for conventional turbine arrangements, the 
problem may be linearized by putting 


R/z R/z R/z 


n'y 
R/z R/z 
and so arrive at 
Ai , 2A: 
3 
= Ay + A; cos wt + A; cos Qwt...... [3] 


Equation [3] is a Hill equation with forcing term. The proper- 
ties of the homogeneous equation have been studied for particular 
forms of the “ripple” in the coefficient of z. For the Hill-Meiss- 
ner equation (a square-wave ripple), the homogeneous equation 
exhibits subharmonic resonance; i.e., resonance may occur when 
@» is a submultiple of w. In fact, the permissible values of w for 
the so-called “heteroparametric excitation” (16) are 

Wo 

It would seem extremely profitable to study solutions of Equa- 
tion [3] with forcing terms included since apparently some tur- 
bine-blade vibrations can be correlated on the basis of subhar- 
monic resonance. 

Such vibrations have been difficult to correiate, in the past, 
since the decreasing pressure gradient through the blade passages 
tends to inhibit separation of the flow (except perhaps in small 
local regions). Furthermore, the large number of nozzle blades 
has usually precluded the coincidence of the rotor-blade natural 
frequency with the fundamental, or a harmonic, of the nozzle- 
excitation frequency. The consideration of subharmonies greatly 
alters the possibilities of excitation. However, remedial action 
in a specific turbine is extremely difficult to foresee due to the 
dense spectrum of possible subharmonic frequencies. 

Future Research. In citing items of importance for future re- 
search in forced vibrations the elastic aspects of the problem are 
to be considered. The mechanical behavior of a tapered, offset, 
twisted blade with various types of root fixation in a centrifugal- 
force field is still imperfectly understood. A better understand- 
ing of the ‘‘transfer function’’ of such blades would be extremely 
welcome. This remark, of course, is of equal importance in all 
the phenomena discussed in this paper. 

In so far as aerodynamic forcing is concerned, the remarks at 
the conclusion of the Flutter section apply here as well. In 
addition, the aerodynamic structure of strut and blade wakes 
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should be explored, and the response of blades to such nonpo- 
tential disturbances should be investigated. 

Full-scale component-rig resonance studies (14) have confirmed 
the general features of aerodynamically forced vibrations. It is 
equally important that such tests now be directed to a study of the 
decay of wakes and potential disturbances with axial distance. 
Theory indicates that the potential disturbance decays exponen- 
tially (18), but quantitative confirmation is lacking. Due to the 
mechanical requirements involved, resonance testing is most 
effectively accomplished on rotating machines. 


RoratTinG STALL 


Definition. Rotating or propagating stall is a phenomenon 
which manifests itself in the components of turbomachinery as 
regions of stalled or separated flow rotating at some fraction of 
component speed and in the same direction. Although com- 
pressor-surge studies (28) have indicated that the phenomenon 
accompanies surge, its behavior during such operation is not 
pertinent to the discussion since continuous surge operation can- 
not be tolerated. On the other hand, rotating stall accompanying 
surge-free performance has been tolerated probably since the 
operation of the first centrifugal compressor. To be more specific, 
propagating stall is the successive stalling and unstalling of the 
blades in a cascade when the mean flow approaching the cascade 
is at an incidence angle which is near or beyond the stall point. 
A triggering action, perhaps the wake of some upstream blade or 
strut, chokes one or more passages of a blade row. This results 
in a flow spill from the passage entry which is choked to the pas- 
sages on either side as shown in Fig. 10. The blades immediately 


Fie. 10 PrRopaGation 


1 Mean approach velocity relative to cascade (near stall incidence angle). 

2 Passage inlet—right blade has stalled and choked the passage causing 
flow spill at (2) in both directions. 

Local approach velocity relative to blades on left (increased incidence 


angle). 
4 Local approach velocity relative to the blades on the right (reduced in- 
cidence angle). Stall propagates from right to left. 


to the left become subjected to higher incidence angles, separa- 
tion, consequent stall, and a perpetuation of the process. At the 
blade to the right, the spill flow tends to reduce the incidence 
angle, stabilize the flow, and minimize the tendency for continua- 
tion of the process. Thus the stall propagates along the cascade 
from right to left. In the rotating machine this phenomenon is 
called rotating stall and the flow spill is tangential rather than 
radial. The process is thoroughly described in references (28) 
and (29). 

The flow process involved can be termed unsteady only within 
the individual blade passages of the affected blade rows. Across 
any flow annulus throughout the length of the machine the flow 
rate is constant with time. In an axial-flow multistage machine 
the resulting rotating wakes affect the downstream blade rows, 
while the spill process propagates a measurable effect upstream. 
However, it is usually difficult to detect the existence of the 
phenomenon some distance upstream of the inlet-blade row or 
downstream of the exit-blade row. 

In considering the axial-flow multistage machine, there exist at 
least two important types of blade rows (and their respective flow 
processes) which must be studied. One type is the initiating (or 
generating) blade row which has been described briefly in this 
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section. The other type of blade row is one which is operating 
at an incidence angle below the stall, as is usually the case with 
some downstream stage, and which is subjected to the rotating 
wakes of the generating blade row. The operating incidence 
angles are intermittently increased to the stall value as the wakes 
rotate past the individual blades. The process then becomes 
very similar to that of the generating blade row, and the result 
may be a further generation of rotating stall perfectly synchro- 
nized with the original stall. This means that the stall pattern 
becomes well defined, more stable in character, and reinforced in 
amplitude. Obviously, there must be stages still further down- 
stream which are not affected by the rotating wakes; that is, the 
increase of incidence angle that they experience is not sufficient to 
stall the blades. These blade rows probably provide the major 
portion of stall damping in the system. 

Necessary Conditions for Occurrence. There are some definite 
geometric and aerodynamic requirements that must be fulfilled 
by an operating cascade before propagating stall will occur. 
This is apparent from the drastic changes in stall-pattern be- 
havior that have been affected by variations in airfoil sections, 
cascade solidities, and radial velocity distributions. The require- 
ments for obtaining propagating stall might be divided into three 
basic categories, such as, (a) aerodynamic or flow qualities, (b) 
cascade geometry, and (c) stability factors. In addition, a 
stimulus, or initiating trigger, must be considered a necessary 
factor. 

The major flow qualities break down primarily into the magni- 
tude of the blade relative flow velocity and the cascade-incidence 
angle. Reference (28) indicates that a lower limit of velocity 
exists below which a propagating stall is not generated. It is 
reasonable to assume that an upper limit of velocity exists at a 
value which chokes all the passages of the cascade making it im- 
possible for the spill, or transport mechanism, to function. This 
implies that for a given cascade there is a limited range of relative 
velocity within which propagating stall can be generated. This 
range may or may not vary with changes in incidence angle. The 
incidence-angle requirements involved in the definition of propa- 
gating stall are rather difficult to analyze in detail. Generally 
speaking, the only requirement is that the incidence angle be at 
a value which lies near, or within, the aerodynamically stalled 
operating region of the cascade. There is no indication that an 
upper limit to incidence angle exists (that is, a value of the inci- 
dence bevond which propagating stall can no longer be gen- 
erated). The stall point of a cascade is a function of the detailed 
geometry of the blades and the blade-row assembly as well as 
boundary-layer and free-stream flow conditions. Operating 
Reynolds number, compressibility effects, and flow turbulence 
level are, therefore, highly influential factors. Sears (30) and 
Stenning (31) have discussed some of these factors in proposing 
explanations for the behavior of rotating stall. 

The cascade geometry is extremely important in determining 
whether propagating stall is possible. Blades or vanes capable 
of providing a lift force must be arranged in a somewhat uniform 
and continuous, though not necessarily endless, cascade. The 
blades must be packed so closely that the aerodynamic per- 
formance of the cascade does not reflect directly the isolated air- 
foil performance of the individual blades. In other words, if the 
spill or flow-transport mechanism is to function, the blade-passage 
flows must be sensitive to the stall, or flow separation, of the 
blades that form the passage. Iura and Rannie (29) demon- 
strated that reducing the solidity, which was accomplished by re- 
moval of alternate blades in each blade row, virtually eliminated 
the multiple rotating stall pattern. This would imply that there 
is a minimum value of solidity below which propagating stall can- 
not occur in a cascade of a particular blade section and stagger. 
Airfoil geometry appears to be another highly significant factor. 
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Huppert and Benser (32) reported a stage in which rotating stall 
did not exist. The unusual feature of the stage was the extremely 
high camber of the tip section. Iura and Rannie reported changes 
in the radial location of the propagating stall pattern that were 
affected primarily by blade-section alterations. 

Stability factors for rotating stall are provided by uniformity of 
the pressures, the mass-flow distribution, and the symmetry in 
the geometry of the passage parts. Almost every imaginable 
turbomachine component is designed with tangential uniformity 
in its blade rows, flow ducts, inlet and exit spinners, and various 
support struts. 

An initiating stimulus, required for starting the spill mecha- 
nism, is supplied by the wakes of upstream struts or blades, or by 
the turbulence of the inlet flow. 

Resultant Effects on Operation. Rotating stall provides de- 
sirable as well as undesirable qualities that influence the operating 
characteristics of a turbomachine component. Experimental re- 
sults indicate that evaluation of the effects of stall on aerody- 
namic performance is extremely difficult. First, it is apparent 
that under the proper throttling conditions certain multistage 
units have exhibited surge-free and over-all stall-free performance 
despite operation of one or more stages in stall. Rotating stall 
probably made this possible through its tangential transport 
mechanism. By obviating radial flows and minimizing conse- 
quent disruption of the full-span flow process there was no serious 
loss in efficiency. By this means the phenomenon has provided 
a very advantageous extension of the operating region beyond the 
stall-limit line that apparently should have been associated with 
the machine. 

On the other hand, rotating stall has exhibited the ability to 
promote over-all compressor stall and surge by causing down- 
stream stages to reinforce a stall pattern which was instigated by 
only one or two upstream blade rows. This effect limits the peak 
pressure-ratio capabilities of the compressor at a particular equiva- 
lent speed. The disturbing factor is that the beneficial condition 
might occur at one speed while the harmful situation might occur 
at another operating speed of the same machine. This indicates 
that rotating stall may be extremely influential in establishing 
the surge or stall-limit line of the component. 

In addition to its effects on aerodynamic performance, rotat- 
ing stall has a very detrimental effect on the life of physical parts. 
Stall patterns provide the nearby stages with an environment of 
fairly well-defined periodic pulses of appreciable amplitude, so 
that excitation forces are available to vibrate the blades. The 
frequency spectrum of rotating stall is so vast and complete that 
it is virtually impossible to avoid resonance with blade natural 
frequencies. This resonant excitation, as discussed earlier, can 
cause excessive vibratory stresses in the vanes of stationary blade 
rows as well as in rotor blades. 

Samples of Behavior. The behavior pattern of rotating stall is 
quite complex, but when the phenomenon is coupled with multi- 
stage operating characteristics and engine-geometry effects, 
it becomes virtually impossible to segregate the detailed in- 
fluences and traits for study. The cascade and single-stage tests 
of Emmons, Pearson, and Grant (28), and the three-stage tests of 
Tura and Rannie (29) were quite successful in providing insight 
into the nature of the phenomenon by minimizing the number of 
unrelated variables. The following paragraphs summarize the 
more prominent features of stall behavior reported in the litera- 
ture. 

The two-dimensional plane cascade tests (28) indicate that an 
endless blade row is not a requirement for occurrence of propagat- 
ing stall. As long as the blade-row geometry is not interrupted, 
stall propagates across the cascade from one end to the other and 
then repeats the same process by starting each time at the original 
end of the cascade. The direction of propagation is always the 
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same and the over-all flow rate is constant with time. Fig. 11 in- 
dicates that propagation rates (measured by hot-wire anemome- 
ters at the inlet and exit of the cascade) are the same and that the 
measured patterns are synchronized. The stall region encom- 
passes one, two, three or more blades simultaneously, providing a 
greater amplitude downstream than upstream. There is an indi- 
cation that a limit of through velocity exists below which the 
intermittent stall does not occur. There is obviously an upper 
limit to this velocity, since eventually all blade passages are 
choked and the flow-spill mechanism cannot function. Probably 
the most significant observation to be made is that one blade row 
of rigidly supported blades is sufficient to generate a well-defined 


propagating stall pattern. 
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Single-stage machines add some features to the behavior pat- 
tern by virtue of their three-dimensional nature. Radial dif- 
ferences in blade-section geometry, in solidity, and in operating 
incidence angles force a selective process which makes a particu- 
lar propagating pattern dominate each specific operating point 
(i.e., a given speed, weight flow, and pressure ratio). Radial flows 
caused by centrifugal effects and annulus variation, in addition to 
tip clearance and shrouding effects, complicate the isolation of a 
pure rotating-stall manifestation still further. 

Generally speaking, the existence of an endless cascade with a 
finite circumference forces the stall pattern into an arrangement 
of evenly spaced stall regions, or cells, around the annulus. Fig. 
12 indicates such a typical pattern. There is a measurable radial 
depth and tangential breadth of the stall regions which, along 
with the number of cells, change with the operating point. 

Rotating stall in multistage units possesses all the attributes of 
the single-stage stall in addition to some further complicating 
features. The selection of the one dominating stall pattern must 
rest on a greater majority of blade sections, solidities, incidence 


| 
| 
pay 
: 


562 


angles, etc. Conceivably there are many instigating combina- 
tions just as there are many damping factors. Damping is ac- 
complished not only by aerodynamically unstalled stages but 
also by combinations of blade rows desiring to instigate a differ- 
ent rotating stall pattern, i.e., a pattern of more or fewer stall 
regions with some other frequency. This creates an instability of 
pattern which causes an intermittent jumping or hunting be- 
tween two stall patterns. For instance, reference (29) indicates 
that the rotating stall can alternate between a three-stall pattern 
and a four-stall pattern at a fairly rapid rate while the unit is 
operating at one steady-state condition. A spectrum of the stall 
patterns that are possible in a multistage axial-flow compressor 
is shown in Fig. 13. 
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Gas turbine-engine stall patterns exhibit the same characteris- 
tics that were described for the stall pattern of the multistage unit 
with two major differences. First, the range of occurrence and 
the type of stall pattern are limited to the operating line or operat- 
ing region of the engine; that is, a good deal of the spectrum that 
might be found in component tests is eliminated completely be- 
cause the engine will not operate at the necessary conditions. 
Fig. 14 indicates the limited spectrum of stall associated with a 
gas-turbine engine. 

An engine can exhibit slightly new and different characteristics 
because it has additional possible sources of stimuli or excitation. 
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Factors such as shaft critical speeds, engine-order vibrations, 
combustion roughness, etc., may contribute vibration excitation, 
and passage geometry might provide some changes in flow con- 
ditions, all of which could have consequent effect on the rotating- 
stall behavior. 

Proposed Further Studies of the Phenomenon. In order to con- 
trol or eliminate completely the rotating-stall phenomenon in tur- 
bomachinery it is essential to determine the finite limits of the 
various factors which comprise the necessary and sufficient con- 
ditions for occurrence. Airfoil-geometry factors, cascade- 
geometry limits, Reynolds number, and flow qualities must be rec- 
ognized and catalogued so thoroughly that the phenomenon can 
be eliminated completely by removing any one of the require- 
ments. Another noteworthy consideration is that complete re- 
moval of stall is not always necessary. A substitution of one 
pattern for another may be an excellent method for eliminating a 
bad resonance condition or a poor performance characteristic. 

Such a knowledge of the stall behavior may provide a simple 
means for improving the designs of gas turbines without resorting 
to the complexity of variable geometry, bleeds, etc. It ap- 
pears that the problems of surge and accelerating characteristics 
of turbomachines will not be resolved without a thorough under- 
standing of this elusive flow process. What can be accomplished 
in this direction is not known, but mastery of the phenomenon is 
not inconceivable. 


CoNcLUSIONS 


A survey of the important aerodynamic excitation phenomena 
that are known to exist in turbomachines has been presented in 
rather general form. No attempt has been made to establish the 
relative importance of each phenomenon since this is determined 
by the design and operating condition of the particular machine. 
Although each phenomenon can occur only within specific limits 
of geometry and flow conditions, several excitations may exist 
simultaneously. 

Aerodynamic excitation phenomena can decrease aerodynamic 
performance and penalize seriously the useful life of turboblades. 
Exceptionally high vibratory stresses may be obtained which, in 
turn, cause blade failures through fatigue. A thorough under- 
standing of the excitation mechanism is required before these 
dangerous conditions can be eliminated. 

The assessment of detrimental character of a phenomenon 
must be determined by the vibratory-stress amplitude to which 
it is capable of buffeting a blade. A study aimed at evaluating 
the excitation capabilities of the various mechanisms necessarily 
involves an understanding of the inherent damping factors. Here- 
tofore, the aerodynamic damping has been studied in the linear 
range. It appears, however, that more attention should now be 
devoted to the important nonlinear range as well as to the 
amplitude-limiting features of nonlinear excitation. Mechanical 
damping, enhanced by unconventional blade and attachment 
design, may supply additional potent means for minimizing vibra- 
tion amplitudes. 

There is much progress to be made in all phases of the blade- 
excitation problem. Apparently, there are no signs of saturation 
in the development of new experimental detection techniques or 
in the application of advanced analytical procedures. The great 
advances in gas-turbine design during the past decade are, in a 
large measure, directly attributable to the development of the 
aircraft gas turbine where high performance with low weight and 
small size have been the constant goals. Thus, as performance is 
improved to meet these requirements and blade loadings increase 
as a result, it is reasonable to assume that excitation problems will 
keep pace. The solutions to these problems will come only from 
increased knowledge and understanding of the details which are 
schematically portrayed in Fig. 1. 
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Discussion 


H. P. Grant.* The authors’ broad survey of flutter prob- 
lems is especially valuable in encouraging attention to possi- 
ble interactions between phenomena that usually have been 
studied only provincially. 

In their discussion of stall propagation the authors on several 
occasions refer to the apparent existence of upper and lower 
bounds on the mean through-flow velocity for which this behavior 
can occur. The upper bound (choking) may well exist, but there 
is no convincing evidence of a lower bound. In the cascade tests 
of reference (28) of the paper, distinct propagation was reported 
over the entire range of velocity attainable in the tunnel (90 
to 600 fps). The rate of decrease of propagation velocity with 
decreasing through-flow velocity in Table 1 of reference (28) 
indicates that propagation would cease only at zero flow, or very 
close to it. Of course any buffeting produced by propagating 
stall at very low flows is slight, and the frequency low, but it 
apparently does not vanish and must still be reckoned as a pos- 
sible source of mechanical and aerodynamic excitation. 


A. H. Srennine.‘ The authors are to be congratulated for 
presenting this concise summary of blading vibration problems 
at a time when the number of theories apparently exceeds the 
number of investigators in the field. Particularly bewildering 
to the layman are the diametrically opposed statements made 
by the protagonists. For example, Pearson® declares that tor- 
sional stall flutter has not been found in compressors and cas- 
cades, while Wang* says that torsional flutter is the only im- 
portant type of stall flutter! Would the authors care to com- 
ment on this situation? 

In the past there has been considerable confusion between 
stall flutter and rotating stall, since whenever the first phenom- 
enon might occur, the second is almost certain to be present. 
Is there any firm evidence of stall flutter occurring in compres- 
sors, and has any blade failure occurred which can be attributed 
to stall flutter rather than rotating stall? 

With reference to the section in the paper on rotating stall, 
we have not found any meaningful lower limit on relative veloc- 
ity below which rotating stall ceases to occur. At relative 
velocities of the order of 100 fps rotating stall still appeared in a 
single-stage axial compressor tested at M.I.T. Contrary to the 
authors’ statement, an upper limit to incidence angle above 
which rotating stall does not occur has been found on both a cir- 
cular cascade and a single-stage compressor. Reynolds-number 
effects can be very strong and a reduction in Re from 240,000 to 
150,000 in one case eliminated one of the stall patterns com- 
pletely. 


3 Flow Corporation, Cambridge, Mass. 

‘ Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology, Cambridge, Mass. 

5 Reference (14) of the Bibliography of the paper. 

*“A Practical Approach to the Problem of Stall Flutter,’ by C. 
Wang, R. J. Vaccaro, and D. F. De Santo, published in this issue, 
pp. 565-672. 
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AutTHors’ CLOSURE 


The authors wish to thank Dr. Grant and Professor Stenning 
for their enlightening discussions. 

In reply to Professor Stenning’s questions we may remark that 
vibratory data on compressor rotor blades are reasonably meager 
and quite difficult to obtain. Consequently one cannot conduct 
all the experiments which one would like to design. Neverthe- 
less, some general observations may be made. 

A typical graph of blade stress versus rpm generally exhibits a 
plateau of fairly uniform vibratory stress amplitude over a cer- 
tain range. At one, two, or several particular values of rpm a 
stress peak may be found superimposed on this plateau level. 
The usual supposition is that the plateau is due to stall flutter 
and each peak is caused by a rotating-stall resonance. 

Since the plateau value for a particular configuration can 
exceed the vibratory stress margin as determined by a modified 
Goodman diagram, it would be possible to fatigue a blade inten- 
tionally by prolonged operation at that level. Conversely, 
operation over the narrow rpm band near a resonance could 
fatigue the blade more rapidly in point of number of cycles, but 
this precise condition could be expected to occur much more 
infrequently due to the “sharpness’’ of the resonance peaks. 
It is probable that failures attributable to stall phenomena 
simply reflect the cumulative fatigue damage due to vibratory 
behavior of both types. (One may realize that a typical blade 
frequency of 278 eps represents one million repetitive stress 
cycles per hour.) Only if a compressor were purposely operated 
over a very precise schedule of rpm’s could the damage be at- 
tributed solely to stall flutter or solely to rotating stall. 

To the authors’ knowledge, no case of torsional stall flutter has 
been diagnosed in rotating machinery. Its occurrence in cas- 
cades, however, has been detected. 
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Since both discussers have commented on the bounds of 
through velocity beyond which rotating stall is not detected, some 
clarification of the presented thoughts is in order. The con- 
clusion drawn, regarding the lower limit of through velocity, 
was an interpretation of the results of cascade tests described in 
reference (28). A plot of incidence angle versus velocity yielded 
a negatively sloped lower bound of incidence angle (for the start 
of stall propagation). These results would provide a lower ve- 
locity limit if plotted with interchanged axes; of course it would be 
desirable to conduct the experiment over a wider range of inci- 
dence angles. 

Professor Stenning has pointed out the significance of Reynolds 
number effects in relation to the propagation phenomenon. It 
is reasonable to assume that the lower velocity limit, when it 
is a finite value other than zero, is probably established mostly 
by Reynolds number considerations. 

Relative to the upper-incidence angle limit, there was no 
definite information in the literature that such a limit was ever 
determined for the complete range of operating velocities. Pro- 
fessor Stenning indicates that an upper limit was recognized and 
measured in several specific instances. It is reasonable to assume 
that at certain fiow velocities a given cascade would experience 
local sonie regions when operated at high incidence angles. This 
would choke the passage flow and inhibit stall propagation and 
thus provide an upper limit of incidence angle. However, it is 
difficult to see how this limit-producing effect could exist for 
the lower range of through velocities. In other words, no one 
has as yet reported tests which defined accurately and completely 
the area in a velocity-incidence angle plot within which propagat- 
ing stall existed in a specific cascade. It is felt that this degree of 
definition is necessary. 
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A method is presented in this paper whereby the real 
part of the dynamic moment derivative may be obtained 
from a flutter test on a single blade oscillating in torsion 
alone in the stall region. These data may be used to pre- 
dict the critical flutter velocity and frequency of a blade 
with the same geometrical properties oscillating with two 
degrees of freedom and having arbitrary elastic and iner- 
tial properties. It is possible that the present method can 
be used to predict the flutter speed and frequency of a can- 
tilever blade by either a representative section or a Ray- 
leigh-type analysis. 


NOMENCLATURE 


The following nomenclature is used in the paper: 

real part of dynamic moment derivative 

imaginary part of dynamic moment derivative 

semichord of airfoil, ft 

total dynamic moment derivative 

elastic axis (axis of rotation) position, per cent of airfoil 
chord aft of leading edge 


= 
bua = 
b = 
Cua= 
EA = 


k = reduced frequency, wb/V 

J = mass moment of inertia about EA, !b-sq ft/ft span 

I’ = dimensionless mass moment of inertia about EA, J’ = 
/2pb* 

M = mass, lb/ft span 

M’ = dimensionless mass, M’ = M/2pb* 


mass unbalance about EA, negative for center of gravity 
aft of EA, lb-ft 


S’ = dimensionless mass unbalance about EA, S’ = S/2pb* 
da = dimensionless displacement in torsion, radians 

V = air speed, fps 

a = angular deflection about EA (angle of attack), deg 

w = flutter frequency, cycles per sec (cps) 

@®q = natural frequency in torsion, cps 

@, = natural frequency in bending, eps 

p = air density, pef 


INTRODUCTION 
Since the inception of axial-flow aircraft gas turbines the fatigue 
and eventual failure of compressor blades has been of considerable 
concern to blade designers. It is generally conceded that nearly 
all blade vibration is of aerodynamic origin and is usually asso- 
ciated with stall flows. (The vibration may be caused by stall 
flutter of the blades or by the phenomenon of rotating stall.) 


1 The work reported in this paper was carried out under the spon- 
sorship of Office of Scientific Research, U. 8. Air Force, Contract AF 
18 (600)-1372. 

? Professor of Aeronautical Engineering, New York University. 
(Deceased April 22, 1955). 

3 Research Associate, New York University. 

‘ National Science Foundation Fellow, New York University. 

Contributed by the Aviation Division and presented at a joint 
session of the Aviation Division and American Rocket Society, at 
the Diamond Jubilee Semi-Annual Meeting, Boston, Mass., June 
19-23, 1955, of Tae American Society or MecHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, May 
17, 1955. Paper No. 55—SA-69. 
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A program has been initiated at the Guggenheim School of Aero- 
nautics of New York University to study the stall flutter of blade 
systems. As a first step, the problem of stall flutter of a single 
blade or airfoil has been studied briefly. A practical method is 
proposed whereby from the flutter-test results of a single airfoil 
oscillating with a single degree of freedom, the critical flutter fre- 
quency and velocity for a blade with two degrees of freedom can 
be calculated. Possibly the method could be applied to canti- 
lever blades by using either a representative section or a Rayleigh- 
type analysis. 


Review or Previous Work 


Before we outline our method, let us review the previous work 
done by other investigators; notably the work of Victory and 
Mendelson. 

Victory (1)* sought to explain the predominantly torsional 
modes generally conceded as characteristic of stall flutter by 
modifying only the aerodynamic torsional damping in the classical 
theory. It was her contention that a reduction of the torsional 
damping in the stall region was responsible for the lower flutter 
speeds and predominantly torsional modes. In order to demon- 
strate this theory, Victory employed values of the torsional damp- 
ing from foreed-oscillation tests made at the National Physical 
Laboratories in England. The airfoil used by NPL was similar 
to one used by Studer (2) for actual stall-flutter tests under al- 
most identical conditions and it was possible to compare the em- 
pirical theory with actual flutter results; the agreement between 
calculated and experimental flutter speeds appeared satisfactory. 

A different type of modification to the classical theory was em- 
ployed by Mendelson (3). He proceeded on the assumption that 
the absolute magnitudes of the aerodynamic forces and moments 
remain the same in the stall region as they are at zero incidence, 
but that the vector magnitudes of these quantities are altered. 
This change is caused by the lag of the aerodynamic damping and 
restoring forces behind the velocities and displacements in the 
stall region, thus giving rise to a type of aerodynamic hysteresis 
effect. Hence Mendelson modified the classical expressions for 
lift and moment by including a lag angle in only those terms which 
stem from displacement or velocity of the airfoil. He then pro- 
ceeded to obtain an empirical relation between the aerodynamic 
lag angle and the steady-state lift curve. In order to evaluate 
his theory, Mendelson calculated flutter speeds for a wing tested 
by Bollay and Brown (4), and found that if the lag angle took on 
positive values, the flutter speeds dropped accordingly. Thus 
the theory apparently compared favorably with the experimental 
results. 

In a review of the available methods for predicting flutter 
speeds in the stall region, Halfman et al. (5) applied the two 
methods just discussed, to predict the flutter speed of a wing 
tested by Bollay and Brown (4). For this case the Victory 
method did not give good results. A closer examination of the 
Mendelson method indicated that the drop in flutter speeds was 
also accompanied by a drop in the flutter frequency, which is 
contrary to the usual experimental results. In addition, they ob- 


5 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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served that the assumed values of aerodynamic lag were opposite 
in sign to the behavior in forced motion. They proceeded to 
demonstrate that indeed Mendelson had obtained his solution for 
the aerodynamic lag angle in the wrong range and that a second 
solution existed which exhibited the correct trends for both the 
flutter speed and frequency. However, the second solution did 
not result in an accurate prediction of the flutter speed. The 
problem of predicting the flutter speed of a blade in the stall re- 
gion is still without adequate solution, and the exact status re- 
mains somewhat nebulous. 


Tue Proposep Mreruop 


In the high-incidence range where stalling conditions govern 
the aerodynamics, a theoretical approach to the problem is at 
present untenable. It is possible, nevertheless, to obtain aero- 
dynamic data experimentally by forced oscillation tests; how- 
ever, a large amount of data must be collected to insure the in- 
clusion of the flutter point which is not previously known. An- 
other method of obtaining aerodynamic data is proposed which 
eliminates not only the large amount of data required but the 
complexity of the forcing mechanism as well. This method uti- 
lizes single-degree-of-freedom flutter tests to obtain the aerody- 
namic data. If the blade is allowed only the torsional degree of 
freedom, the equation of motion in the absence of structural 
damping and under the assumption of harmonic time dependence 
is 


where J’ is the nondimensional polar moment of inertia about 
the elastic axis, Wa is the torsional natural frequency and w the 
flutter frequency, k is the reduced frequency, Ca is the oscilla- 
tory moment derivative 0Cy/da, and ga is the magnitude of 
torsional amplitude. Assume that Cy can be written as the 
sum of a real and imaginary part. Thus we have 


1 
1) (Qua + = 0 


The real and imaginary parts of Equation [2] must be satisfied 
separately. From the imaginary part 


The condition states that the imaginary part of the oscillatory 
moment derivative must be zero for flutter to occur or that the 
torsional damping must be zero. 

The real part of the equation yields dynamic moment deriva- 
tive 


Hence for a given value of elastic axis location, a series of 
single-degree-of-freedom flutter tests may be performed, utilizing 
arbitrary values for the dimensionless moment of inertia J’ and 
the torsional frequency wa with the angle of attack a as variable. 
For each angle of attack tested, a critical frequency and velocity 
will result from which & and, therefore, aq may be calculated. 
It must be emphasized again that the values of k and ayq thus 
obtained are independent of the choice of J’ and wa. The sig- 
nificance of this result lies in the fact that for this particular case 
it is possible to obtain an aerodynamic derivative from a flutter 
rather than a forced-oscillation investigation. 

Stall flutter for a system with two degrees of freedom has been 
observed experimentally to occur with a predominantly tor- 
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sional mode. If the seemingly random flexural motion truly has 
no effect other than to provide excitation for the torsional mode, 
then the results for the single-degree-of-freedom case may be em- 
ployed to predict stall-flutter speeds for a two-degree-of-freedom 
system. Equation [4] may be resolved in the following form 


Thus, for a fixed elastic axis position and angle of attack, values 
of avq and k may be obtained from the single-degree-of-freedom 
results. These may be employed in Equation [5] with the values 
of I’ and we dictated by the two-degree-of-freedom system to 
compute the value of the flutter frequency. This is combined 
with the known value of the reduced frequency and blade semi- 
chord to yield the critical velocity. The air force ayq will of 
course be affected by changes in airfoil shape and Reynolds 
number. Therefore the single-degree-of-freedom data must be 
available for the same airfoil shape, and the dependency of aya 
on Reynolds number must be known if the results are to be appli- 
cable to systems with vastly different elastic properties. The ef- 
fects of Reynolds number have not been considered here. 


Tue ExpeRIMENTAL PROGRAM 


Flutter experiments have been carried out in the 7 X 10-ft 
wind tunnel at the Guggenheim School of Aeronautics of New 
York University. A single airfoil is positioned between two large 
wings or “end plates’’ which are spaced 1 ft apart and span the 
wind-tunnel test section from floor to ceiling, thus furnishing a 
two-dimensional air stream. ‘To permit observation of the blade 
during testing, one end plate is equipped with plastic windows on 
both the exterior and the interior sides. Fig. 1 is a view of this 
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apparatus, looking downstream. Each end plate houses one half 
of the “flutter mechanism,” Fig. 2, which supports the blade at 
both ends and permits it to translate vertically and to rotate 
about a prescribed elastic axis, but which prevents the blade from 
having any tendency to roll. Both the traaslatory or flexural 
motion and the rotary or torsional motion are restrained by cali- 
brated springs; thus the elasticity of the blade is well defined. 
For the single-degree-of-freedom tests, rectangular blocks of 
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wood cut to fit exactly were placed between the bending springs, 
ard the springs were clamped to them with parallel clamps. 
Virtually no bending motion was possible once the clamps were 
tightened. The recording mechanism was a two-channel direct- 
inking oscillograph with “vo high-gain d-c amplifiers. The air 
speed was obtained roughly from an inclined manometer and a 
more accurate value was taken on a precision alcohol manometer 
capable of reading 0.001 in. of alcohol. 

The procedure employed in stall-flutter testing is quite different 
from that used in the classical regime. For the classical case, as 
the tunnel speed is increased, damped oscillations begin to appear 
and finally, at some well-defined point, a constant-amplitude 
flutter occurs. If the tunnel velocity is lowered below this point, 
the flutter quenches. Hence the flutter oscillation occurs at the 
lowest critical velocity where instability can exist. This is not 
true in the case of stall flutter. In this case the point of initial 
instability must be passed (on the velocity scale) and flutter does 
not occur spontaneously until a point called the self-starting 
point is reached. After the flutter oscillation has been estab- 
lished, however, it is possible to obtain the point of initial insta- 
bility by lowering the tunnel velocity until the flutter quenches. 
As the tunnel velocity is lowered, the flutter amplitude gradually 
diminishes but then drops to zero abruptly at the quench point. 
Thus, in stall flutter, a type of amplitude hysteresis loop is tra- 
versed. A typical plot of amplitude versus velocity is shown 
in Fig. 3. Similar results were obtained by Sisto (6) using the 
theory of nonlinear vibrations. 

For the airfoil shape and Reynolds-number range under inves- 
tigation, it appears that an upper quench point exists beyond 
which flutter is no longer possible. As the mean incidence was 
increased, the range of instability decreased until for an elastic 
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axis position of 32.5 per cent chord flutter could not be observed 
at all for incidence angles above 20 deg. The maximum inci- 
dence angle increased as the elastic axis was moved rearward. 
For incidence angles close to the maximum, it was possible to ac- 
celerate the wind tunnel through the range of instability and not 
encounter flutter. At any velocity above the quench, but below 
the self-starting point, the blade could be artificially triggered by 
plucking it, and the flutter thus excited would acquire the proper 
amplitude corresponding to the existing velocity. 

Since the quench velocity was not previously known, it would 
have been impractical to attempt to obtain a record at this point. 
Therefore a test procedure was adopted which provided the data 
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at quench by extrapolation. The tunnel velocity was increased 
until self-starting occurred or until plucking at successively 
higher speeds induced flutter. The latter method was more 
desirable since very often the amplitudes associated with the self- 
starting point were prohibitive and resulted in failure of the strain 
gages or springs before a complete series of tests could be taken. 
After the inception of flutter, records were taken at successively 
lower velocities and the air speeds carefully noted. The velocity 
increments were governed by the rapidity with which the tor- 
sional amplitudes diminished. An average of 5 records was 
taken in all before the air speed was slowly lowered to obtain the 
quench velocity. The frequencies thus obtained were plotted 
versus the corresponding velocities and extrapolated to the 
quench speed. While the method proved successful, it required 
an average of 2 min of continuous flutter or approximately 2000 
cycles to obtain the necessary records for a single point. Failure 
of strain gages and springs was comparatively frequent, and it was 
necessary to disassemble and flush the mechanism periodically 
with carbon tetrachloride to remove bits of dirt and slag flaked 
off the springs to prevent the increase in mechanical friction from 
materially influencing the observed quench speeds. The same 
general test procedure was utilized for the one and two-degree- 
of-freedom investigations. 


EXPERIMENTAL RESULTS 


Two series of tests were carried out, one using the NACA 0012 
airfoil section and the other using an airfoil section with a cir- 
cular-are mean chamber line of 25-deg included angle and NACA 
0007 thickness distribution. These airfoil sections are shown in 
Fig. 4.. The Reynolds-number range for these tests was approxi- 
mately 1 to3 XK 10, 


TABLE 1 


Extrapoletved Natural 
‘Mean Velocity Frequency et Reduced 
Incidence at quench Frequency 
Degrees ft/sec cyc/sec k ™, Torsion w, 


16.725 
11.6 63.5 16.255 «6277 ° 
12.4 55.9 16.870 474-343 
13.3 50.1 16,890 2529-402 
14.2 45.5 16.900 
15.2 41.0 17.100 +655 4225 
16,1 n.5 17.175 =.150 
17.¢ 23.8 17.1°0 1.134 -.154 17,152 
17.9 24.1 17.200 1.123 -.254 


17.220 1.109 -.336 


16.490 
11.6 56.1 16.510 462 
12.4 50.9 16,550 =.679 
13.3 49.3 16.600 
14.2 45.3 16.665 2577 690 
15.2 35.9 16.850 676 
15.9 27.7 17,030 0965 4422 
16,2 25.2 17.110 1.065 .131 


18,1 24.8 17.170 1.086 -.161 
19.C¢ 25.1 17.120 1.071 .083 
20.0 24.9 17.200 1.086 -.305 
21.0 26.4 17.230 1.023 -.399 
22.2 27.0 17.250 1.C0O -.468 
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Symmetrical Airfoil. For the NACA 0012 airfoil section, the 
static stall angle is approximately 10 deg and this was chosen as 
a starting point for the present program. The single-degree-of- 
freedom tests consisted of incidence surveys at four different 
elastic axis positions. Constant values were set of dimensionless 
moment of inertia J’ = 36.00 and torsional natural frequency 
Wa = 17 eps (varied slightly depending upon the springs used). 
Values of the real part of the dynamic moment derivative aye 
were computed from Equation [4] using the quench velocities 
and extrapolated frequencies. The results are given in Table 1 
and are shown graphically in Figs. 5 through 8. Smilg (7) dem- 


Extrapolated 
Mean Velocity Frequency at Reduced — 
Incidence at Quench Quench Frequency ; 


11.7 56.4 16,0 
13.3 56.7 16.22 2475 
14.2 46.9 16.36 2547 
14.7 43.5 16.47 -604 1.020 
15.3 16.75 660 .659 
16.4 2.7 16.97 297 
16.9 27.9 17,00 958 383 
17.3 28.0 17.03 2955 «263 


EA = 47.5% I' = 36,00 
9.8 Tb 15.330 760 16.927 
10.7 65.5 15.480 
11.4 62.2 15.720 4999 
12.9 51.3 15.890 1.147 
13.0 47.9 15.930 0522 16.911 


15.0 30.8 16.475 0838 1.357 
16,0 26.8 16,650 0975 1.082 
17.4 25.4 16.732 1.033 
16.750 1.084 .&16 
20.1 23.7 16.795 1.110 .715 
21.0 23.6 16,820 1.119 


: 
4 
ae 
10.4 16,2 2330-544 17.098 
19.0 1.1 25.5 17.05 1.051.200 
19.0 2heb 17.05 1.087 238 
21.0 26.5 17.16 1.030 -.275 ° 
22.0 27.0 17.20 1.000 =.425 
“3a 
22.0 22.7 16.842 1.167 402 
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onstrated that at zero incidence single-degree-of-freedom tor- 
sional flutter cannot exist for elastic axis positions aft of the 25 per 
cent chord. Therefore the flutter velocity is infinite at a = 0 
for the present series of tests; and hence the reduced frequency 
curves have been faired to the origin. According to Equation 
[4] 


Qua = Oifk = 0 


but the behavior of ayq in the incidence range 0 to 10 deg is not 
known. Halfman, et al. (5) have shown by forced-oscillation 
tests that for a constant value of k, the variation of the total 
moment derivative in pitch is similar in shape to the steady-state 
curve. This may also be true in the present case for variable k 
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since the shape of the dynamic moment-derivative curve is similar 
to that of the static curve. As might be expected, the magnitude 
of ame increases as the elastic axis position is moved rearward; 
however, the shape remains relatively unchanged. 

In order to determine whether or not the single-degree-of- 
freedom results could be employed to predict critical velocity and 
frequency for two-degree-of-freedom flutter, the bending mode 
was released and tests were made using moment of inertia and 
torsional na‘ural frequency different from those used in the single- 
degree-of-freedom tests. For the symmetrical airfoil both low 
and high values of mass unbalance were tested to determine the 
effect of this parameter. The elastic-axis position for the two 
series of tests was held fixed at 37.5 per cent. Values for the re- 
maining physical parameters are given in Table 2. 
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TABLE 2 VALUES FOR PHYSICAL PARAMETERS 


TABLE 3 TWO-DEGREE-OF-FREEDOM RESULTS— 
SYMMETRICAL AIRFOIL 


EA = 37.5% M’ = 104.56 

Extrapoleted 

Frequency at Reduced Flutter 
Quench Frequency Coefficient 

cyc/sec k = 


Velocity 
At Qench 
ft/sec 


98.99 
76.89 
67,05 
47.16 
37.31 
34035 
35-12 


24.02 
24.15 


High Mass (hbalance 


19.03 
19.94 
20.36 
21.17 
2.27 
21.99 
2.37 


21.6 31.50 


The results of these tests are given in Table 3 and are shown as 
the experimental points in Figs. 9 and 10. The predicted re- 
duced-frequency curve is taken directly from Fig. 6, while the 
predicted curves for flutter coefficient are computed using Equa- 
tion [5] and the appropriate values of J’ and ayq. The results 
from Equation [5] are combined with k to obtain the flutter coef- 
ficient. For both the low and high values of mass unbalance, the 
agreement between predicted values employing single-degree-of- 
freedom data and two-degree-of-freedom test values is very satis- 
factory. At the high angles of attack the discrepancy between 
predicted and test values is attributed to the difficulties encoun- 
tered in obtaining accurate air-speed readings in the low veloc- 
ity range. 

Cambered Airfoil. The cambered-airfoil section used in the 
second series of flutter tests was chosen so as to approximate the 
shape of a typical modern axial-flow compressor-blade cross sec- 
tion located about 75 per cent of the way from root to tip of one 
of the blades in the early stages of the compressor, Fig. 4. This 
was done with a view to the potential application of the proposed 
method to a “representative-section”’ type of stall-flutter analysis 
of compressor blades. 

The test program for the cambered airfoil constituted an ab- 
breviated version of the program carried out for the symmetrical 
section. The single-degree-of-freedom incidence survey was car- 
ried out with the elastic axis located at 37 per cent chord on the 
mean camber line; the mean angle-of-attack range was from 
about 18 to 27 deg above the angle of zero lift. In this test 
values of the dimensionless moment of inertia J’ = 26.40 and 
Wq & 18.20 eps were used. Values of aya were computed as be- 
fore and are presented in Table 4 and Fig. 11. 

The two-degree-of-freedom flutter investigation for the cam- 
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bered airfoil was conducted by unlocking the bending mode and 
decreasing J’ from 26.40 to 19.905, thereby increasing we from 
about 18.20 to 20.95 eps. The values of the parameters are given 
in Table 5. 

The two-degree-of-freedom results, given in Table 5 and indi- 
cated by points in Fig. 12, were obtained as in the case of the 
symmetrical airfoil, and agree well with the single-degree-of- 
freedom predicted results. While not enough data have been ac- 
cumulated in this rather short experimental investigation to 
evaluate the effect of airfoil shape, the results seem to indicate 
that the flutter behavior is not materially altered by the change 
from symmetrical to relatively highly cambered sections. Thus 
the proposed method appears quite promising in the practical 
analysis of compressor-blade stall flutter. 


Oh, Re 
28 
Low mass High mass 
Incidence 
10.90 22.42 458 2.030 96 
15.20 23.69 .789 1.240 
22.0 1.080 +926 Fie. 9 
1.9 62.62 +500 1.921 
15.2 44063 0745 1.30 24/120 i 
20.0 32.18 1,040 -987 
7 
A 
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TABLE 5 VALUES OF PARAMETERS 
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TABLE 6 RESULTS—CAMBERED 
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Discussion 


R. L. Hatrman.* The authors are to be congratulated for 
clearing away some of the haze usually surrounding the stall- 
flutter problem, at least for the case where the flutter is essen- 
tially a torsional oscillation about a definite axis. For compressor 
blades this case may well be of considerable importance along 
with the companion problem of rotating stall. 

Although the authors state that they have conducted a series of 
tests to obtain the real part of the dynamic moment coefficient in 
a single-degree-of-freedom flutter in order to predict a two-degree- 
of-freedom flutter, the writer prefers to adopt a somewhat dif- 
ferent viewpoint. It is entirely possible to view the single-degree- 
of-freedom-fiutter data as the results of the testing of a somewhat 
simplified scaled flutter model. That is to say, the model can be 
restricted to simple rotation because the “full-scale” wing (the 
two-degree-of-freedom case) is not expected to exhibit transla- 
tional motion during flutter. The time-scale factor, which is the 
ratio of the torsional natural frequencies, and the mass-scale factor 
can be calculated simply in each case. The length-scale factor is 
unity. Because of the importance of Reynolds-number effects, 
the corresponding model and full-scale tests are quite rightly 
carried out at essentially the same Reynolds numbers. The nor- 
mal use of scale factors to transform the scale model (single-de- 
gree-of-freedom) data to predictions of full-scale (two-degree-of- 
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freedom) flutter points is exactly equivalent to the prediction 
process used by the authors. The excellent agreement of results 
presented in the paper can be thought of as validating the assump- 
tions underlying the scale-model experiments. 

The suggestion of the authors that their procedure may be 
used to predict flutter of a cantilever blade appears quite logical 
from the writer’s point of view. The two-dimensional single- 
degree-of-freedom flutter tests can be interpreted as simplified 
“typical section” flutter tests of a properly scaled model of the 
cantilever wing and predictions can be made by applying the ap- 
propriate scale factors. The possible extension of the authors’ 
method to stall flutter actually involving more than one degree of 
freedom is then seen to coincide with the testing of an appro- 
priately scaled flutter model to a greater extent than to the usual 
measurement of aerodynamic derivatives. 

Although it was not emphasized by the authors, the single- 
degree-of-freedom measurements are perhaps more significant as 
a set of test conditions for which the imaginary part of the dy- 
namic-moment coefficient is zero than for the values of the real 
part which can be deduced. For example, if the bald assump- 


tions are made that, for the purposes of prediction of the flutter 
curves in Figs. 9 and 10 of the paper, the real part of the dy- 
namic-moment coefficient is also zero so that the wing will flutter 
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at its natural torsional frequency, then the agreement between 
predicted and measured flutter points is practically unchanged. 

The authors are to be commended for conducting a careful set 
of experiments well designed to obtain a maximum amount of in- 
formation without becoming bogged down in a welter of non- 
linear effects. 


CLosuRE 


The authors would like to express their thanks to Prof. R. L. 
Halfman of Massachusetts Institute of Technology, for his careful 
review of the paper and for his interesting comments. His 
scaled flutter-model viewpoint is considered valuable in that it 
constitutes an independent justification of the method. 

Professor Halfman states that the authors’ single-degree-of- 
freedom measurements may be looked upon as a set of test con- 
ditions for which the imaginary part of the dynamic moment 
derivative is zero. The authors’ statement that by. = 0 arose 
from the assumption that the structural damping was zero; how- 
ever, this is not the case for the measurements made and is only 
an approximation. Recently, one of the authors measured the 
systems’ structural damping and computed actual values of by@; 
together with the values of ayq presented in the paper, these rep- 
resent an accurate set of test conditions. 
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The Flow in a Vee-Gutter Cascade 


By W. G. CORNELL,' EVENDALE, OHIO 


A theory is presented, yielding the wake shape, the total 
pressure loss, and the drag force of two-dimensional vee- 
gutter profiles in unstaggered cascade array, for incom- 
pressible, steady, potential flow directed normal to the 
cascade axis. The results, for all gutter-included angle 
and blockage ratio, are compared to two and three-di- 
mensional experimental results, showing good agreement. 
Approximate theories are presented, valid at high blockage 
ratio and either at small or large gutter angle. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= function in expression for yu 

= function in expression for yu 

= breadth of gutter along cascade axis 
= contraction coefficient 

= drag coefficient 

= drag force on a gutter 

= inlet, outlet diameter of conical nozzle 
= function in expression for yu 

= function in asymptotic expression for u 
= function in asymptotic expression for u 
= static pressure 

= total pressure 

= total pressure loss of cascade 

= integer 

= cylindrical co-ordinates 

= integers (r > s) 

= pitch of cascade along cascade axis 


d,, d, 
F(b/t, a) 
G(a) 
H(a) 


o + iv = complex potential 

fluid velocity 

velocity upstream of cascade 

velocity downstream of cascade 
velocity after mixing of wakes and jets 
rectangular co-ordinates 

z + iy = complex position variable 
gutter included half angle 

function in expression for u 

function in expression for yu 

complex position variable 

total pressure loss coefficient of cascade 
wake width as fraction of pitch ¢ 
dummy variable of integration 
fluid-mass density 


w 


PR 


INTRODUCTION 


In afterburners of modern aircraft gas-turbine power plants 
and in other combustion systems, various bluff bodies are used 
for flameholders, creating low-velocity regions downstream in 
order to stabilize combustion. One of the most frequently used 
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configurations is the vee-gutter flameholder, composed of concen- 
tric annular rings of vee cross section with apex upstream. In the 
design of vee-gutter flameholders, a method is needed to predict 
the effect of vee-gutter geometry on aerodynamic forces on the 
gutters, total pressure loss, and wake shape. 

The present theory idealizes the configuration as a two-dimen- 
sional cascade of vee-gutter profiles; that is, an infinite number of 
equally spaced profiles of infinite span, a section normal to the 
span being shown in Fig. 1. The profiles are idealized as in- 
finitesimally thin vee-shaped plates of included angle 2a and 
breadth 6 along the cascade axis which is normal to the upstream 
flow. 


Fie. 1 Frow wa Vee-Gurrer Cascape 


The upstream flow, infinitely far ahead of the cascade, at sta- 
tion 1, is taken as a uniform flow of velocity w, normal to the cas- 
cade axis. Stagnation streamlines will proceed undeflected from 
station 1 to stagnation points at S on the apex of each profile. 
These streamlines then split and become the outside surfaces of 
the profiles, flowing smoothly off the trailing edges T. Since 
in an actual, viscous fluid, the flow cannot negotiate the sharp 
turn at the trailing edges in order to proceed upstream along the 
inside surfaces of the profiles, it will be assumed that the flow 
separates from the profile at the trailing edges. The streamlines 
extending downstream from the trailing edges will be taken as 
“free streamlines,” enclosing “dead-water’’ regions or wakes, ex- 
tending infinitely far downstream to station 2. At station 2 the 
flow consists of wakes of extent yt parallel to the cascade axis, 
and intervening jets of extent (1 —- yw)i. In the wakes, the 
velocity is taken as zero, in the jets at a constant value we, nor- 
mal to the caseade axis. The static pressure will be considered 
uniform across both wakes and jets at station 2. Thus the static 
pressure in the entire wakes will be taken constant at the down- 
stream value p:. As a boundary condition, then, the static pres- 
sure will be constant at pe along the free streamlines. 

It will be assumed that the flow is two-dimensional, steady, in- 
compressible, irrotational, nonviscous, and free of body forces. 
As a consequence, the velocity w. in the jets will exceed the inlet 
velocity w,. Further, the total pressure 


1 
Pr = P+, (ow?) 


will be constant in the flow from 1 to 2, so that no losses will be 
accounted for in the process of formation of the jets. 

The wakes and jets are then assumed to mix at constant mo- 
mentum, since no mechanism is present to afford a force external 
to the fluid, between station 2 and station 3, located farther 
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Pp 
= 
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downstream. The flow at station 3 is characterized by uniform 
velocity ws normal to the cascade axis and equal, from continuity 
considerations, to the inlet velocity w,. The static pressure will 
be taken as uniform at p;, a lower value than the inlet static pres- 
sure p;, since a total pressure loss will be computed in the mixing. 

The problem may be stated as follows: Given a vee-gutter cas- 
cade defined geometrically by a, b/t, and an upstream flow ve- 
locity w, it is required to find the wake thickness/pitch ratio yu, the 
drag force D (normal to the cascade axis) on each profile, and the 
total pressure loss 


Apr = pri — Prs 
FLow In THE WAKES AND JETS 


The flow between stations 1 and 2 is considered first. The vee- 
gutter flow configuration shown in Fig. 1 is seen to be identical, 
under the assumptions made, to the configuration shown in Fig. 2, 


Fie. 2 Fiow 1n a Two-DimensionaL ConTRACTION 


that of flow in a two-dimensional contraction, formed of two semi- 
infinite walls RS and extensions ST inclined at angle a to RS and 
having breadth b/2 measured normal to RS. At station 1, in- 
finitely far ahead of the contraction, the velocity is w,. The 
flow discharges into stagnant fluid having static pressure pz and 
forms a vena contracta of breadth (1 — y)é at station 2, infinitely 
far downstream. Von Mises (1)? has given the desired potential- 
flow solution for the two-dimensional contraction, in order to 
predict flow coefficients for discharge from such openings, utilizing 
the free-streamline theory of Helmholtz and Kirchoff (2). The 
results, in the present nomenclature, are as follows: The wake 
thickness/pitch ratio u is given by 


1 + Pa, b/t) 


where 


F(a, b/t) = 


1/2r 
>> [A, cos (s8,) + B, sin (s8,)) 


q=1 


r,8 arbitrary integers, r > s, r/s = 
B, = (2g — l)a/s 
A 2 In (1 — cos 8,) 
—(€ + 1/e) In (e** + 1 — cos 8,) 
B, A1/e— ) 


1 — e** cos 8, 
= (1— b/t) 


In order to evaluate F(a, b/t) for chosen a, b/t, the integers r, s 
are chosen to yield the minimum number of series terms. It is to 
be noted that computation is restricted to values of a which are 
integral fractions of r. This restriction is not troublesome, how- 
ever, since graphical interpolation can be used on the results. 
Numerical results are shown in Figs. 3 and 4 where yu is shown as 
a function of @ and b/t for the complete range 0 < a < 180°, 


2 Numbers in parentheses refer to Bibliography at end of paper. 
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0<b/t <1. Also shown in Fig. 3 are results of two asymptotic 
theories discussed later in the paper. 


Pressure Loss 
The total pressure loss 
Apr = pri— Prs 


may be written as 
1 
Apr = Pa + 5 — 


by definition of 
Pr = p + (1/2)pw* 


and since pr. = pre. 

The principle of conservation of momentum may be applied for 
forces normal to the cascade axis and acting on a strip of fluid of 
breadth ¢, containing a wake and two halves of a jet, extending 
between stations 2and3. The result is 


— Ps = plus* — — 
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TOTAL PRESSURE LOSS COEFFIKIENT ~ A= 
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The principle of conservation of mass may be applied to the 
same strip, extended to station 1, to yield 600 po 


= w/w, = 1—yp............... [4] 


Combination of Equations [2], [3], and [4] yields the nondi- 200 | 4 
mensional total pressure-loss coefficient as 


= 2Apz/pw,? = — w)?..... [5] 


80, 4 


The loss coefficient \ is seen to be a function only of yu, which is 
given by Equation [1] in terms of a, b/t. Numerical results are 
shown in Figs. 5 and 6 where X is shown as a function of a and 
b/t. Also shown in Fig. 5 are the results of the asymptotic 
theories. 


Tue Prorite Drag Force 


The principle of conservation of momentum may be applied to 
the previous strip of fluid, extended to station 1, to yield the drag 
force on a profile as 


ORAG COEFFICIENT ~ © 


D = (pi — + — pwt(1 — w)....... . [6] 


Since the total pressure is unchanged between stations 1 and 
2, the Bernoulli relation yields 


Pi — Pa — .. 


Fie.8 Drag Cogrrictent Cp a8 a Fonction or Biocxaae b /t ror 
Combining Equations [4], [6], and [7] yields the nondimen- Various Gutrer Hair ANGLE a 
sional drag coefficient as 
coefficient and blockage, C pb/t, isseen to be a function only of yu, or 
Cp = D/{1/2)pwi% = (¢/b)u*/(1 — w)*...... . . [8] alternately of A, and therefore of a and b/t from Equation [1]. 
: , . Numerical results are shown in Figs. 7 and 8, where Cy is shown 
which, with Equation [5], may be written as as a function of a and b/t. The drag coefficient for the case of a 
Cp = (t/b)A..... .. (9) single vee-gutter, b/t = 0, has been given previously by Bobyleff 
(3). Also shown in Fig. 7 are the results of the asymptotic 
which might have been deduced physically. The product of drag theories. 
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PuysIcaL SIGNIFICANCE OF RESULTS 


The important physical results are shown in Figs. 3 through 8. 
The wake width/pitch ratio wu, the total pressure-loss coefficient 
, and the drag coefficient Cp are seen to increase with blockage 
ratio b/t as expected physically. Similarly, they are seen to in- 
crease with gutter half angle a, with a decreasing rate as a is in- 
creased from a = 0 to a = 180 deg. The wake width, loss, and 
drag at a = 90 deg are considerably higher than those at a = 0. 
However, the values at a = 180 deg are only slightly higher than 
those at a = 90 deg. 

Some explanation of the limiting geometries is in order. At 
constant blockage b/t, the case of a = 0 corresponds to a gutter 
made up of two coincident sides parallel to the upstream flow 
direction, with “open” end downstream. Thus the breadth 
b = Oand forb/t #0, the pitch¢ = 0. Thus yu > 0 still implies 
wake width ut = 0. The loss coefficient A > 0, but Apr = 0, 
w; = 0 since the space is “full of gutters.” At constant blockage 
b/t, the case of a = 180 deg corresponds to the same gutter as for 
a = 0, but with open end upstream. In this case an impedi- 
ment to the flow is present in that the fluid must flow in and then 
back out of the rectangular channel of breadth b = 0. Again, the 
pitch ¢ = 0 for constant b/t # 0, and uw > 0 implies wake width 
pt =0. Again, \ > 0, Apr = 0, w, = 0. The case of blockage 
b/t = Ois that of a single gutter, sinceb > Oandt = ©. In this 
case up = Osincet = ©, AX = Osince w, > 0, and Cp > 0. The 
case of blockage b/t = 1.0 is that of zero gap ¢ — 6 between ad- 
jacent plates. In this case uy = 1.0 (downstream space filled with 
wakes), \ = ©,and Cp = = since w; = 0. 

The effect of compressibility has been ignored for simplicity of 
analysis. Luckily, in modern afterburner practice Mach num- 
bers are low (order of 0.1—0.2), so that the incompressible ap- 
proximation is probably reasonable. At higher Mach numbers, 
additional losses may be expected. The effect of fluid friction is 
neglected, and thereby all consideration of scale effects. The 
theory should be most valid for high Reynolds numbers; i.e., for 
large gutters in high-velocity high-density low-viscosity fluids, 
At low Reynolds number, the actual wake-width parameter yg will 
be larger than the theory predicts, leading to higher loss and 
drag. This follows from knowledge of the fact that nozzle flow 
coefficients decrease with Reynolds number and that the “flow co- 
efficient’’ of the vee-gutter is proportional to 1 — yu. 

The theoretical shape of the free streamlines could be calcu- 
lated from the theory. However, weighing the analytical com- 
plexity of such a calculation against the practical value of the re- 
sults leads one to be satisfied with the foregoing statement. For 
estimation purposes, a reasonable wake boundary ean be sketched, 
using the computed wake width ut and the boundary condition 
that the free streamlines are tangent to the gutter trailing edges. 


Tue Asymptotic THEORIES 


Owing to the analytical complexity of the exact theory, it is 
convenient to have simpler results, approximately valid over part 
of the range of variables. Weinig (4) gives an asymptotic theory, 
valid for small @ and large b/t, based upon an analysis entirely 
similar to that of the exact theory. In place of the von Mises 
solution, Weinig uses his own asymptotic solution (5) of the po- 
tential flow problem of discharge from a two-dimensional con- 
traction, for the case a — 0, b/t > 1. Weinig’s results are as 
follows 

1— b/t 
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The fundamental relations, Equations [5] and [9], for A(u) and 
Cp(A) still obtain. Comparison of Equations [1] and [10] shows 
the same general form of u(b/t, a) in the exact and asymptotic 
theories, with the approximation that F(b/t, a) ~ G(a) for small 
a and large b/t. In Figs. 3, 5, and 7, the Weinig asymptotic 
theory is compared to the exact theory. It is seen that the 
asymptotic theory gives good results, u, A, and Cp being higher 
than the exact values, for the case of small @ and large b/t. 

A second asymptotic theory can be developed for the case of 
large a and large b/t. Weinig (6) has shown that a “bellmouth,”’ 
suitable for an inlet in a turbomachine test stand, can be designed 
for constant velocity on the surface. Potential theory methods 
(2) are applied as follows: The desired bellmouth flow in the 
z-plane is describable in terms of an unknown complex potential 
W = @ + if. The z-plane is mapped conformally on the f- 
plane, containing as image of the bellmouth flow a uniform flow,* 
given by W = —f. Physical deduction shows that In (dW /dz) 
= —e! — im is a reasonable, yet simple, expression for the {-plane 
image of the isotach-isocline field of the z-plane. Then, having 
dW /df and dW/dz in terms of {, the derivative dz/df of the 
transformation function is obtained. Integration yields z = 
—Ei(e>), where 


is the exponential integral and £ is a dummy variable of integra- 


Fie. 9 Srci 


tion. Further investigation shows that the bellmouth contour 
is the Sici spiral shown in Fig. 9, where z = z + iy and 


= = 


} 
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2y =1+ : Si(a) 
Ci(a) = — (cos a/a)da 


Si(a) = (x/2) — (sin a/a)da 


are, respectively, the cosine and sine integrals. 
The angle @ is the local inclination of the bellmouth contour. 


3 Taking velocity proportional to the positive potential derivative. 


as 
Ry! 

efit 

2 

oft 

> 

- 

erat 
and 

and 

PA, 

4 2a\? 

G(a) =— a} 1 + 0.085 | 1 — — 

‘ 


CORNELL—THE FLOW IN A VEE-GUTTER CASCADE 


The potential flow pattern of the bellmouth can be applied to the 
vee-gutter configuration as shown in Fig. 10. At chosen points 
P on the bellmouth contour, the upstream flow is taken as that 
off the trailing edges of vee-gutters in a cascade of large blockage 


Fic. 10 Fiow 1n Vee-Gurrer Cascape or Lance Gutrer 
ANGLE a AND LarGE Buiockace b /t 


b/t and half angle a. The downstream portions of the bell- 
mouth contour are taken as the free streamlines of the vee-gutter 
cascade, The wake-width parameter yu is then given by 


1—b/t 


H(a)= = Si(a) 


Again, Equations [5] and [9] give A(u) and Cp(A). The same 
general form of u(b/t, a) is obtained as in Equations [1] and [10], 
with the approximation that F(b/t, a) ~ H(a) for large a and 
large b/t. In Figs. 3, 5, and 7 the present asymptotic theory is 
compared to the exact theory. The asymptotic theory gives fairly 
good results, the range of validity being restricted to very large a 
and b/t, and yu, A, and Cp being higher than the exact values. 


Comparison WiTH EXPERIMENTAL ReEsULTS 


Noreen (7) tested single vee-gutters of 90 deg included angle 
(a = 45 deg) and various widths } in a rectangular channel (span 
= 2in., wall spacing ¢ = 4in.). The blockage ratios b/t were 0.5, 
0.625, 0.75. Tests were made with air at velocities from 25 to 90 
fps and with and without combustion. Pressure drop across the 
vee-gutter section was determined by measurement of wall 
static pressure before and behind the vee-gutter. In Fig. 11 are 
shown test values of loss coefficient \ plotted as a function of b/t, 
compared with the theoretical curve for a = 45 deg. Measured 
losses with combustion exceed those predicted theoretically. 
Measured losses without combustion are less than theory pre- 
dicts. The undoubtedly imperfectly square edges of the vee- 
gutter trailing edges probably are partially responsible for the 
relatively low loss of the cold tests. Thus the theory assumes 
that the wake leaves tangent to the vee-gutter surface at the 
trailing edge. If the edge is slightly rounded, the flow will follow 
the contour, leading to a thinner wake, and hence lower loss. 

In the ease of the hot tests, additional losses occur due to heat 
addition. The disparity between theory and experiment is least 
at high blockage b/t, becoming higher as b/t is decreased. This is 
to be expected, since the theory’s assumption of wake-pressure 
constant at the downstream value becomes less valid as blockage 
is decreased. In the case of low-blockage cascades, the actual 
wake pressure is somewhat below the downstream value, giving 
rise to relatively high drag, thick wake, and large loss compared 
to the theoretical value. As blockage is increased, strong ac- 
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celerations are forced in the flow from inlet to jets between the 
wakes, and the theoretical assumption is more nearly representa- 
tive of fact. 

Noreen (7) also made spark schlieren photographs of the wake 
flow. In general, the wake boundaries tended to roll up into 
vortexes and ultimately to become turbulent. Examination of 
the photographs showed that the theoretical wake boundary lay 
approximately along an eye estimate of the locus of the centers of 
the rolled-up vortexes. Typical photographs are shown in Fig. 
12. In the photographs, the flow proceeds from right to left. 
The upper trailing edge of the vee-gutter is seen, and the light 
field is the field of flow. The vertical marks at the top of 
the photographs were 1 in. apart on the model. Shown in the 
photographs are the theoretical wake boundary, as well as the 
“effective” wake boundary computed from the measured loss co- 
efficient. The theoretical wake is thinner than the effective wake 
in the hot tests, the converse being true in the cold tests. 

Test data of Grey and Wilsted (8) are shown, compared with 
theory, in Figs. 13 and 14. Tests were made in air with axisym- 
metrical conical nozzles of various cone-angle and diameter ratio. 
The original data were presented in the form of curves of contrac- 
tion coefficient as a function of cone angle, diameter ratio, and 
nozzle pressure ratio. For comparison with the present vee- 
gutter theory, the original data were extrapolated to unity pres- 
sure ratio and reworked into the form of wake-width parameter yu 
as a function of gutter half angle a and blockage b/t, for the 
equivalent two-dimensional case, defined as that one having 
the same fraction of blocked area as the three-dimensional case of 
the experiment. Thus, with d, and d2, respectively, the inlet and 
outlet diameters of the conical nozzle, the blockage ratio of 
the equivalent vee-gutter is given by 
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CoMmPARISON OF THEORY AND EXPERIMENT FOR AXISYMMETRIC CoNnICAL 
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The contraction coefficient is related to u and b/t by 


from the geometry of the configuration shown in Fig. 1. 

The validity of this comparison of two and three-dimensional 
flows is well known. The classical example is the fact that the 
theoretical contraction coefficient for a two-dimensional sharp- 
edged orifice (long slit) is very nearly equal to the experimental 
value for circular sharp-edged orifices (2). Other examples are 
cited by Weinig (9), the author (10), and as given later in this 

r. 

PThe limitations of the validity of such comparisons of two and 
three-dimensional flows are principally governed by the following 
consideration: If a three-dimensional flow with radial co-ordinate 
denoted by R and axial co-ordinate by Z be compared with a two- 
dimensional flow with ‘“‘comparable”’ co-ordinates denoted by Y 
and X, then a comparison such as that discussed is based upon 
the following imputed co-ordinate transformation 


Consideration of the nonlinear nature of the Y, R-relation 
quickly indicates that the comparison is valid only for flows in 
which the radial (R) components of velocity are relatively small. 
In cases where large radial velocities exist, a vee-gutter in 

three-dimensional R, Z-space transforms into a gutter of curved 
elements in the two-dimensional Y, X-space. Only for the 
cases of small radial velocity does a vee-gutter in R, Z become 
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(approximately) a vee-gutter in Y, X. Thus in the vee-gutter 
case, for gutters of small half angle a, the comparison is most 
valid. Further, for large blockage (and hence small velocity 
along the cascade axis) most validity is found. Examination of 
Fig. 13 shows good agreement between theory and experiment. 
Best agreement is noted at high blockage b/t, as expected, and at 
high gutter half angle a. This latter is unexpected from the 
foregoing considerations. However, a further factor probably is 
responsible for overriding this: At high gutter angle, the “‘effec- 
tive blockage” is greater and more acceleration is forced upon the 
jets between the wakes, leading to more accurate theoretical pre- 
diction (similarly to the effect discussed previously under the 
effect of blockage b/t). Fig. 14 shows theory and experiment for 
the case of a = 90 deg, wake-width parameter yu being shown as a 
function of blockage b/t. Good agreement is obtained. : 
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The data of Betz and Petersohn (11) on two-dimensional cas- 
cades of sharp-edged flat plates—equivalent to the case of a = 
90 deg—are also shown in Fig. 14. Tests were made with air and 
also with water discharging into atmospheric air. The velocity 
in the jets between the wakes was reported, calculated from static 
pressure measurements downstream of the cascade. In the 
present comparison, wake-width parameter mu was calculated from 
tw, = (1 — u)tws, the continuity relation, using experimental 
values of w:/w:. It is noted that the experimental values of u 
are less than those predicted theoretically, an effect no doubt pat- 
tially due to imperfect sharpness of plate edges. 

Figs. 15, 16, and 17 show test results of Langer (12), who 
measured forces with a two-component balance on cascades of the 
profiles shown, corresponding to vee-gutters of half angle a = 90, 
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140.5, 180 deg, and to various blockages b/i. The data are 
shown as normal force coefficient Cp(w:/w:)*, or drag coefficient 
based on jet velocity we, as a function of blockage b/t. Itis noted 
that at low blockage b/t experimental drag coefficient is generally 
less than that predicted theoretically, an unexpected result. 
However, agreement improves with increasing blockage, as ex- 
pected. At high blockage, experimental drag coefficients exceed 
theoretical values, as expected. 
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Experimental data of Flachsbart (13) are shown in Fig. 18, 
compared with the theory. The data are shown as total pressure- 
loss coefficient \ as a function of blockage b/t, for tests with air in 
three-dimensional screens formed of rectangularly woven thin 
sheet-metal strips, with flow normal to the plane of the screen. 
The original three-dimensional data have been converted to 
equivalent two-dimensional data on the basis of equal blocked- 
area ratio, as previously discussed. Good agreement is noted be- 
tween theory and experiment, measured losses being lower, proba- 
bly due to slight rounding of the plate edges. This comparison 
of theory and experiment was first noted by Weinig (9) in his 
study of ribbon parachutes. 


CoNcLUSION 


The present theory gives a reasonable means of predicting the 
performance of high blockage cascades of vee-gutter profiles, 
yielding the wake shape, the total pressure loss, and the drag force 
of the profiles. Consequently, the effect of design choice of 
blockage and gutter angle can be predicted prior to proof-testing 
of afterburner flame holders of vee-gutter type. 
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Determination of Mach Number From 
Pressure Measurements 


By F. W. BARRY,*? EAST HARTFORD, CONN. 


This paper contains a discussion of the errors introduced 
by using various combinations of measured pressures to 
compute Mach number, especially in supersonic flow. 
Pressures measured with total, static, conical, and two- 
dimensional wedge probes are considered. A procedure is 
developed for estimating the effect on computed Mach 
number of errors in the measured pressures, or in the as- 
sumed values of the ratio of specific heats and of probe- 
deflection angle. The results of the error analysis for 10 
pressure-ratio combinations from total, static, and wedge 
probes are presented analytically and in graphical form. 
In general, a Mach number computed from a pressure ratio 
involving the isentropic stagnation pressure is least sensi- 
tive to errors, and one computed from the ratio of static 
pressure on the wedge surface to free-stream static pres- 
sure is most sensitive. A brief review of some other con- 
siderations in choosing pressure instrumentation is in- 


cluded. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a(M, y) = P,/P 
b(M, P,'/P 
c(M, a) = P/P, 
d(M,, y) Py'/Py 
E(M) error in computed Mach number 
e(M, @) tan w 
S(M, y, = P;/Ps 
defined by Equation [8] 
defined by Equation [10] 
CM 
c 
2ym?—y +1 
(y¥ — 1)m* + 2 
free-stream Mach number 
Mach number behind oblique shock from wedge 
probe 
M sin @ 
dm, 


(ma Mie 
d 


free-stream static pressure 

free-stream stagnation pressure 

pressure measured by impact probe in free 
stream 

static pressure on surface of wedge or conical 
probe 


tion, Inc., has been included (reference 3). 

? Research Department, United Aircraft Corporation. 
Mem. ASME. 

Contributed by the Aviation Division and presented at a joint 
session of the Aviation Division and the American Rocket Society 
at the Diamond Jubilee Semi-Annual Meeting, Boston, Mass., June 
19-23, 1955, of Tae American Society or MecHANICAL ENGINEERS. 

Norge: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, January 
11, 1955. Paper No. 55—SA-28. 


Assoc. 


pressure measured by impact probe behind 
oblique shock from wedge probe 

larger of two measured pressures 

smaller of two measured pressures 

probable error in computed M 

probable error in measured pressure 

ey dm, 

Ca d 

0.017453 j 

eas radians per deg 

angle between oblique shock from wedge probe 
and free-stream flow direction 

ratio of specific heats 

error in measured pressure 

angle between surface of conical or wedge probe 
and free-stream flow direction. 


Subscripts M, Mi, a, and yy designate partial differentiation with 
respect to the subscript. 


INTRODUCTION 


Engineers working with subsonic flows have the results of years 
of experience to draw upon in arriving at solutions to instrumen- 
tation problems. Engineers working with supersonic flows, on 
the other hand, do not have such a large background of ex- 
perience. The relative newness of the study of supersonic flows, 
coupled with the large increases in the number of supersonic wind 
tunnels and the operation of missiles at supersonic speeds, empha- 
sizes the need for a periodic evaluation of the instruments and 
techniques used for measuring these flows. 

Of the various compressible-flow parameters which one may 
wish to determine experimentally, Mach number is nearly always 
the most important. The fact that a calibration of a supersonic 
wind tunnel is largely a matter of determining the Mach-number 
distribution in the test section attests to the significance of this 
parameter. 

With the exception of Mach wave-angle measurements in 
supersonic flow, no means for measuring Mach number directly 
exists.? Usually pressures are measured and the Mach number 
computed from some pressure ratio. This paper presents the re- 
sults of a theoretical analysis of methods for determining Mach 
number by combinations of pressures measured with total (pitot), 
static, conical, and wedge probes. The available theories for 
supersonic flow about axially symmetric cones or two-dimensional 
wedges are used. The results for conical or wedge probes are 
applied only when the flow is entirely supersonic since the validity 
of these theories is questionable in mixed flow. The analysis in- 
cludes a study of the effect on the computed Mach number of 
errors in measured pressures, in assumed ratio of specific heats, 
or in wedge deflection angle in order to provide engineers with a 


* Mach number is the reciprocal of the sine of the Mach angle. 
Other methods for determining Mach number require that at least 
two quantities be measured and a value for the ratio of specific heats 
be assumed. 
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Determination of Mach Number From 
Pressure Measurements 


By F. W. BARRY,? EAST HARTFORD, CONN. 


This paper contains a discussion of the errors introduced 
by using various combinations of measured pressures to 
compute Mach number, especially in supersonic flow. 
Pressures measured with total, static, conical, and two- 
dimensional wedge probes are considered. A procedure is 
developed for estimating the effect on computed Mach 
number of errors in the measured pressures, or in the as- 
sumed values of the ratio of specific heats and of probe- 
deflection angle. The results of the error analysis for 10 
pressure-ratio combinations from total, static, and wedge 
probes are presented analytically and in graphical form. 
In general, a Mach number computed from a pressure ratio 
involving the isentropic stagnation pressure is least sensi- 
tive to errors, and one computed from the ratio of static 
pressure on the wedge surface to free-stream static pres- 
sure is most sensitive. A brief review of some other con- 
siderations in choosing pressure instrumentation is in- 


cluded. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a(M, y) = P,/P 
b(M, ¥) P,'/P 
c(M, P/P, 
d(M,, 
E(M) error in computed Mach number 
e(M, a) tan w 
S(M, y, a) = P,/Ps 
G defined by Equation [8] 
g defined by Equation [10] 
lat 
2ym? — + 1 
— 1)m? + 2 
free-stream Mach number 
Mach number behind oblique shock from wedge 
probe 
M sin @ 
(moa Mie at) dna, 
d 
free-stream static pressure 
free-stream stagnation pressure 
pressure measured by impact probe in free 
stream 
statie pressure on surface of wedge or conical 
probe 
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Px’ pressure measured by impact probe behind 
oblique shock from wedge probe 
P, larger of two measured pressures 
smaller of two measured pressures 
c 
probable error in computed M 
probable error in measured pressure 
dm 
(mi. Mi, ) 
0.017453 
€q cos*w 
angle between oblique shock from wedge probe 
and free-stream flow direction 
ratio of specific heats 
error in measured pressure 
angle between surface of conical or wedge probe 
and free-stream flow direction. 


radians per deg 


Subscripts M, Mi, a, and y designate partial differentiation with 
respect to the subscript. 


INTRODUCTION 


Engineers working with subsonic flows have the results of years 
of experience to draw upon in arriving at solutions to instrumen- 
tation problems. Engineers working with supersonic flows, on 
the other hand, do not have such a large background of ex- 
perience. The relative newness of the study of supersonic flows, 
coupled with the large increases in the number of supersonic wind 
tunnels and the operation of missiles at supersonic speeds, empha- 
sizes the need for a periodic evaluation of the instruments and 
techniques used for measuring these flows. 

Of the various compressible-flow parameters which one may 
wish to determine experimentally, Mach number is nearly always 
the most important. The fact that a calibration of a supersonic 
wind tunnel is largely a matter of determining the Mach-number 
distribution in the test section attests to the significance of this 
parameter. 

With the exception of Mach wave-angle measurements in 
supersonic flow, no means for measuring Mach number directly 
exists.? Usually pressures are measured and the Mach number 
computed from some pressure ratio. This paper presents the re- 
sults of a theoretical analysis of methods for determining Mach 
number by combinations of pressures measured with total (pitot), 
static, conical, and wedge probes. The available theories for 
supersonic flow about axially symmetric cones or two-dimensional 
wedges are used. The results for conical or wedge probes are 
applied only when the flow is entirely supersonic since the validity 
of these theories is questionable in mixed flow. The analysis in- 
cludes a study of the effect on the computed Mach number of 
errors in measured pressures, in assumed ratio of specific heats, 
or in wedge deflection angle in order to provide engineers with a 


* Mach number is the reciprocal of the sine of the Mach angle. 
Other methods for determining Mach number require that at least 
two quantities be measured and a value for the ratio of specific heats 
be assumed. 
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rational means for choosing instrumentation and for estimating 
the accuracy of the computed Mach number. 


DererMINING NumsBer From PressuRE MEASUREMENTS 


The isentropic stagnation pressure P,; may be measured in a 
subsonic stream by a total pressure probe. An impact probe 
placed in a supersonic stream, on the other hand, measures a 
pressure lower than the stagnation pressure. The ratio between 
the measured impact pressure and the ideal stagnation pressure, 
P,//P,, is the well-known ratio of stagnation pressure across the 
normal shock and is a function of only Mach number and the ratio 
of specific heats, y. Consequently, if one can measure both the 
impact pressure and the stagnation pressure, and if one assumes 
a value for yy, one can calculate the corresponding Mach number. 
This method for determining Mach number can be used when the 
flow accelerates through the speed of sound isentropically, as in a 
supersonic wind tunnel. In this instance the stagnation pressure 
in the section ahead of the tunnel throat is usually assumed to 
equal the stagnation pressure in the test section, except in a 
boundary layer or behind a shock from a model. This method is 
often used because of its simplicity and the small size of the 
probe. 

Sometimes the stagnation pressure cannot be measured and 
some other pressure ratio is used to determine Mach number. 
For example, the Mach number may be calculated from measured 
impact and static pressures. The ratio of impact to static pres- 
sure is likewise a function of Mach number and y. This is shown 
in Fig. 1 by the line labeled w = 0 deg. This method is used to 
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MACH NUMBER — M 


Fic. P;’/P; a8 Function or M anv ror Two-DimenstonaL 
AnD Propes 


determine the Mach-number profile in a boundary layer on a 
plane wall because the static pressure usually can be measured 
conveniently by a tap in the wall or by a probe near the wall as 
proposed in reference (1).* 

A pressure measured on the surface of a wedge or conical probe 
also may be used in conjunction with the impact pressure to de- 
termine Mach number. The static pressure on the surface of a 
wedge may be expressed by the oblique-shock relations as a 


4 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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function of the free-stream static pressure and Mach number, and 
the angle w between the wedge surface and the undisturbed 
streamlines. Therefore the ratio of impact pressure to surface 
pressure P,’/P,, depends upon the Mach number y and the flow 
deflection angle. Similarly, the ratio of impact pressure to the 
surface pressure on a cone depends upon the Mach number 
and cone angle (2). This ratio is shown in Fig. 1 for wedge and 
conical probes. 

The static pressure ratio (P,/P) for wedge probes has an unde- 
sirable characteristic as shown in Fig. 2. Two Mach numbers, 
rather than one, may correspond to a given pressure ratio. If this 
is the situation, only an approximate value of the Mach number 
or another measured pressure can resolve the indeterminancy in 
Mach number. 


MACH NUMBER —M 
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Fic. 2 anp Pa’/P;’ as Functions or M anv ror Two- 
Proses 
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7=1.400 


MACH NUMBER 


Fic. 3 Pa'/P, ann P;/Pa’ as Functions or M anp ror Two- 
DimenstonaL Propes 


The impact pressure behind the bow wave, rather than the free- 
stream impact pressure, may be read by a total pressure tube 
which can be attached to a wedge or cone probe. Theoretically, 
this impact pressure P,,’ does not depend on the position of the 
impact tube with respect to the two-dimensional wedge-probe 
surface providing the tube is behind the bow wave. The ratio of 
the measured impact pressure to the surface static pressure is 
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plotted in Fig. 3 for a number of wedge probes. Any analysis of a 
conical probe with an impact tube behind the conical shock must 
include an additional variable of the impact-tube location to 
describe the probe geometry because of the nonuniform flow be- 
tween the conical shock and the conical-probe surface (2). A 
higher value of P,’ would be measured by an impact probe near 
the cone surface than would be measured by a probe just behind 
the conical shock. 

A number of pressure ratios can be formed from pairs of these 
five pressures (P;, P;’, Pa’, P, and P;), see Figs. 1 through 5. 
Three ratios are limiting cases corresponding tow = 0. Addi- 
tional pressure-ratio combinations are available if an asymmetric 
probe is used, or if both conical and wedge probes are used. As 
discussed in the next section, a Mach number computed from some 
combinations is inherently more accurate than one computed from 
some other combinations. 


ANALYsIS oF Errors 


In the usual wind tunnel or flight-test techniques, it is in- 
evitable that some errors will occur in pressure measurements be- 
cause of undesirable characteristics in the installation. Some of 
the prevalent sources of error are probe misalignment, poor con- 
struction of probes, and the inaccuracies of the manometers or 
electric pressure-sensing devices. Although errors may be re- 
duced by careful procedures, they cannot be eliminated completely. 
Therefore the effects of anticipated errors must be evaluated in 
order to determine the probable accuracy of the computed Mach 
number. As a corollary, the error analysis provides a guide for 
choosing measuring techniques so that the probable error in Mach 
number will be minimized. 

To determine the Mach number, two pressures are measured and 
a value of the ratio of specific heats is assumed. If a wedge or 
conical probe is used, the effective probe deflection angle w also 
must be estimated from information on the probe geometry, 
boundary-layer growth on the probe surface, and alignment with 
the free-stream flow. The effects of errors in the two pressures, 
the ratio of specific heats y and in the angle w will be considered 
separately. 
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The effect of errors in measured pressures on the computed 
values of various flow parameters has been analyzed in reference 
(3). Only the three pressure-ratio combinations formed from P,, 
P,’, and P were considered, and it was assumed that the error in 
one measured pressure is equal in magnitude to the error in the 
other measured pressure. Lord and Beastall (4) present an 
analysis of the error in computed Mach number for the same 
three pressure ratios when the relative magnitudes of the errors 
in the two pressures are not equal. Both references consider the 
extreme case in which the pressure errors are opposite in sign, while 
this paper assumes that the errors in both measured pressures 
follow a symmetrical probability distribution. Thus the errors in 
the two measured pressures are assumed to have a 50 per cent 
probability of being the same sign. Therefore the probable error 
in Mach number, computed from Equation [9] of this paper, is 
less than the error given in the two references. This paper also 
considers seven additional pressure-ratio combinations, and it in- 
cludes an analysis of the effect of an error in the ratio of specific 
heats. 

Errors in Measured Pressures. For an arbitrary pair of meas- 
ured pressures the pressure ratio is a function of M, y, and a 


Differentiating 


To determine the effect of errors in pressure measurements alone, 
we set dy = 0 and require that the total differential of the deflec- 
tion angle w be zero. Therefore, since e = tan w, we may write 


de = emdM + e,dy + eada =0 


5 Actually w rather than a is an independent variable, but since no 
analytical expressions for oblique shock functions involving M, y, and 
are available one must introduce another variable. The angle a 
is the most convenient one and it is related to the deflection angle w 
by the expression e(M, 7, a) = tan w. 
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Equation [3] can be rewritten to relate da and dM 


la 


Equation [2] therefore reduces to 
. (5) 


Since the errors are assumed to be small, an approximate ex- 
pression for the error in computed Mach number can be obtained 
by substituting finite differences E and ¢ for the differentials in 


Equation [5] 
eP, <2) 
E(M) = ———— . (6 


f f ea 


The error in computed Mach number is proportional to the dif- 
ference between the percentage errors in the two measured pres- 
sures, and to a function that depends on Mach number and which 
pair of pressures is measured. This general expression may be 
used for any combination of errors in the measured pressures. 
A somewhat more useful form of Equation [6] is obtained if it is 
assumed that the errors in the measured pressures follow a sym- 


TABLE 1 
WO-DIMEN 


TRANSACTIONS OF THE ASME 


APRIL, 1956 


metrical probability function such as the familiar normal proba- 
bility curve. Thus the error in a pressure has a 50 per cent 
probability of being positive, and the magnitude of the error will be 
given in terms of the probable error r(P) in the measured pressure. 
The distribution of the error in computed Mach number also will 
follow the probability law with a probable error r(M). 

Two particular cases will be considered here. In the first case 
the probable error in each measured pressure is assumed to be 
proportional to the measured pressure; that is, r(P,)/P, = 
r(Ps)/Ps. The results for this case usually can be applied when 
analog-type pressure-measuring equipment is used. For ex- 
ample, they can be applied if electrical pressure pickups are used 
at their rated capacity. In the second case it is assumed that the 
probable errors in the two measured pressures are equal; that is, 
r(P,) = r(Ps). The results for this case can be applied when 
digital-type measuring equipment such as a manometer is used. 
Which of the two cases is applicable to a particular problem will 
depend upon the type and characteristics of the pressure-sensing 
equipment used. Solutions to any other case may be obtained by 
using Equation [6]. 

In the first case, where r(P,)/P, = r(Ps)/Ps, Equation [6] 
reduces to the simple expression for the magnitude of the probable 
error in the computed Mach number 


r(M) = 


where 


EQUATIONS DEFINIEG FUNCTIONS USED IN ERROR AEALTES OF PITOT, STATIC, AND 
SIONAL WEDGE PROB 


(Refer to ga for formulas for quantities appearing in these equations.) 
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(Used in Equation [7] to commnty effect of errors in measured pressures when 
Pt = r(Ps/Ps.) 


. (8) 


In the second case, where r(P,,) = r(Ps) = r(P), the probable 
error in computed Mach number is given by 


and is proportional to the ratio of the probable error in the meas- 
ured pressures to the free-stream static pressure. The error co- 
efficient g is defined by 


Qualitatively, one can see that the error in Mach number will 
be low if the pressure errors are small relative to the measured 
pressures and if the relative rate of change of the pressure ratio 
with Mach number is large. Quantitatively, the values of G and 
g may be evaluated analytically for a number of pressure-ratio 
combinations where wedge, static, or pitot probes are used. As 
an example, consider the combination where pitot pressures are 
measured in front of and behind the oblique shock from a wedge 
probe (P;, = Px’ and Ps = P,’). The pressure ratio f is equal to 
d/be. Substituting into Equation [8] 


* So that G and g will be small. 
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(Used in Equation [9] to te effect of errors in measured pressures when 
r{Px] = r[Ps] = 


or, since dm = dm,Muyy and dz = 
h + —n 
Likewise, from Equation [10] 


V (c/d)? + (1/6)? 


h + (bm/b) —n 


A list of formulas for the coefficients G and g is presented in the 
third and fourth columns of Table 1. Figs. 6 and 7 show the value 
of these coefficients plotted against Mach number for a few values 
of wedge angle. It is easily seen that a very large change in the 
probable error in computed Mach number can accompany a change 
in the pressure-ratio combination used or in the probe angle w. 
The best combination depends upon the Mach number and upon 
the relative values of the probable errors in the two measured 
pressures. 

Error in Ratio of Specific Heats y. All the formulas for Mach 
number are functions of y as well as pressure ratio. Therefore 
any error in the assumed value of will be reflected in an error 
in computed Mach number. The uncertainty in the value of y 
for air at low pressures and moderate temperatures is quite small 
(5), but considerable uncertainty exists at higher temperatures 
or pressures, if the air is wet, or if the gas composition is not 
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known precisely. Therefore some means of estimating the error 
in computed M due to an error in assumed ¥ is needed. A meas- 
ure of the resulting uncertainty in computed M is given by the 
derivative dM/dy which is the rate of change of computed M 
with y, if w and P,;/Ps are constant. 

For example, consider again the case of measured Py,’ and P,’; 
both pressures are now assumed to be measured correctly. There- 
fore 


One can eliminate da by introducing Equation [3] in the form 


la la 
Thus, collecting terms 
d €a 
da €M 


a 


dw = 
da = 


d, d, + dmiMiy 


aM _ r—(b,/b) + (dy/d) — 8 
dy h + (bm/b) —n 


Formulas for this derivative are collected in the fifth column of 
Table 1 for 10 cases. Fig. 8 shows the value of the derivative for 
a few values of w. It is obvious that some combinations of pres- 
sure ratio and probe angle are inherently more sensitive to errors 
in y than are others. 

The derivative corresponding to the pressure ratio P,/P be- 
comes infinite and changes sign at a Mach number which depends 
on the included angle of the probe. The existence of this unde- 
sirable behavior may be demonstrated in another way by using a 
power series* in w for computing P;/P. Since 


P:/P) 

dM 

dy XP,/P) 
OM 


a formula for dM/dy involving powers of w may be obtained by 
differentiating the coefficients in the power series. Curves 
plotted from Equation [14] show the same characteristics as 
those plotted from Equation [13]. The derivative becomes in- 
finite at the Mach number at which P,/P is a minimum for a given 
w, see Fig. 2; that is, when the denominator in Equation [14] 
becomes zero. The reason for the behavior of the P;/P curves in 
Fig. 8 is therefore apparent; with the wrong value of y it may be 
impossible to find a value of M which corresponds to a low enough 
pressure ratio P;/P. 


7 The dy to the left of the equal sign is the partial derivative of the 
pressure ratio d with respect to y with M and a constant, and the 
dy to the right is the partial derivative with M: constant. 

8 E.g., equation (149) of NACA TN 1428. 
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Fie.8 Dertvative dM /dy ror Two-Dimensional Proses 
(Used to compute effect of error in assumed ratio of specific heats.) 


Error in Deflection Angle w. When measurements are made 
with a wedge probe, an error in the assumed flow-deflection angle 
@ may be present as a result of errors in assumed free-stream flow 
direction, probe alignment, or in probe construction. The value of 
dM /dw will be used as a measure of the sensitivity of the com- 
puted Mach number to errors in wedge deflection angle w. 

Considering that P,,‘ and P,’ are measured correctly and dy = 
0 


-a(4)- _ an 
be b 


c 


Also 
dw = cos? w de = w(eydM + 


Combining to eliminate da 


dw h + (bm/b) —n 


where the parameter ¢ contains a constant to convert the angle w 
from radians to degrees. The right-hand column of Table 1 lists 
formulas for the other cases. From the curves plotted in Fig. 9 
it can be seen that the magnitude of dM/dw for the P;/P case be- 
comes excessive at certain Mach numbers. The reason is the same 
one that caused dM/dy to approach infinity. It might be noted 
that the denominators of the equations for G, g, dM/dy, and 
dM /dw for a particular pressure ratio are identical. 


Discussion 
One important application of the foregoing error study is 
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Fie. 9 Derivative dM ror Two-DiwensionaL Wepan Proses 


(Used to compute effect of error in d flow deflection angle w measured 
in degrees.) 


evaluating the relative merits of various probes which are used to 
calibrate supersonic wind tunnels. For this purpose, a cross plot 
against w from Figs. 6, 7, 8, and 9 for the particular tunnel Mach 
number is useful. Fig. 10 is a sample plot for M = 3.00. In 
general, the smallest error can be expected if P, is measured 
(curves 2 and 5) and the largest if the static pressure ratio P,/P 
(curve 1) is used. A final choice between the various pressure 
ratios will depend on the expected relative probable errors in the 
pressures, in y and w. If both y and w have relatively large 
errors, for example, Px,’ and P should be measured with w = 22 
deg, since both derivatives are zero for this combination. How- 
ever, the effect of pressure errors will be much larger than with 
some other combinations. If, instead, both the pressures and w are 
subject to errors but y is known accurately, P,/Px’ should be 
measured using a 22-deg wedge probe. 

The analysis up to this point has been purely theoretical, A 
brief discussion of some possible sources of error is included here 
so as to present a more complete picture (6). The effects of angle 
of attack on P; and on Px’ have been discussed already by con- 
sidering the effect of an error in w. An angle of attack above 
about 15 deg also will decrease the reading of P,’ with a pitot tube 
(7). A static probe is even more sensitive to angle of attack (8, 9) 
and, therefore, should be aligned carefully with the flow. 

Another source of error is the boundary layer which forms on 
the surface of the probe and which, in effect, alters the included 
angle of the probe, especially near the tip (10). Fig. 9 is of use 
in estimating the results of this change in effective w. 

If the probe is very small or the density very low, the measured 
P,’ will differ from the ideal value given by inviscid-flow theory 
(6). Sherman (11) shows that this effect is apparent when the 
Reynolds number based on the probe diameter is less than 300. 
This small value of Reynolds number is normally exceeded. 

It has been shown that the smallest errors usually are asso- 
ciated with the pressure ratio P,/Px’. Application of this 
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theoretical conclusion must be tempered in practice because of 
the evidence presented in reference (12). In that paper it is shown 
that there is a loss in P, as the flow passes through a supersonic 
wind-tunnel nozzle, and that an inherent error exists in measuring 
P,’ with a blunt-nosed pitot tube. The presence of such system- 
atic errors in the measured pressures would seriously affect the 
comparisons presented in Figs. 6, 7, and 10 which are theoretically 
correct only for random errors. 

Errors also arise from an improper use of a probe. Nonuni- 
formities in the free-stream flow affecting the flow between the tip 
of a probe and the pressure taps will affect the measured pres- 
sures (6). These pressures cannot be interpreted into terms of 
Mach number because the available coefficients are valid only 
when the free-stream flow is uniform. Fortunately, it is usually 
possible to make the probe small enough to enable one to apply 
the uniform flow coefficients with little error. Another example 
is provided by the static-pressure probe. A compression wave 
crossing the probe a short distance behind the pressure taps will 
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cause the measured pressure to be too high because part of the 
pressure rise through the wave will be transmitted upstream in the 
boundary layer on the probe surface (13). Measurements made 
in a transverse velocity gradient such as a boundary layer are also 
subject to error (6). For example, pitot-probe readings are 
affected by interference from a nearby wall (14). 

An improperly designed probe also will result in incorrect pres- 
sure readings. A familiar example is the cylindrical statie-pres- 
sure probe. The surface pressure is lower than the free-stream 
static pressure near the tip and rises asymptotically to the static 
pressure a few diameters downstream. Therefore the static-pres- 
sure holes are usually placed at least 8 diameters behind the 
beginning of the cylindrical portion of the probe(9). In the case 
of a wedge probe, a source of error can arise from disturbances 
originating at the ends of the probe. This error will not be present 
if the surface pressure taps lie in front of the Mach cones from the 
tips of the probe. Static-pressure readings will be changed by the 
presence of burrs or countersinking, by using large holes, or by 
drilling the pressure holes at an angle to the normal to the surface 
(6). These sources of error may be eliminated by careful shop 
work. 

In an intermittent tunnel, or when test conditions change fairly 
rapidly, the pressure in the connecting tubing may not have time 
to stabilize before a pressure reading is made. This is another 
source of systematic error minimized by careful design (15). 

The foregoing remarks are intended to be only a brief reminder 
of some of the various factors which must be considered by an 
aerodynamicist selecting pressure instrumentation. Each of these 
factors is important enough to warrant being the subject of a 
separate paper; the brief mention here is not intended to slight 
their importance. Experience will show which factors must be 
considered carefully in a particular case and which are unim- 
portant. By combining the theoretical analysis of this paper and 
practical experience with the effects of these factors an aerody- 
namicist has a logical basis for selecting pressure instrumentation 
intended to determine Mach number. 


CoNCLUSIONS 


Various pressure ratios which may be used to compute Mach 
number have been analyzed to determine the effect on the com- 
puted Mach number of small errors in the data, The results for 
two particular cases show that small errors in the measured pres- 
sures can result in a large error in the computed Mach number. 
The error arising from this source can be minimized by choosing 
the most favorable pair of measured pressures. Which pair 
should be chosen depends upon the Mach number and upon the 
relative magnitudes of the probable error in each measured 
pressure. 

The effect of errors in the assumed ratio of specific heats and in 
the probe deflection angle also is analyzed. The resulting error in 
the Mach number can be reduced by selection of the measured 
pressures used to compute the Mach number. 

It is shown that considerable care and foresight is required if the 
probable error in a Mach number computed from measured pres- 
sures is to be kept within acceptable limits. 
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designed to yield stream Mach number from pressure measure- 
ments. 

In his discussion of sources of error, the author states that it is 
usually possible to make a probe small enough to enable one to 
assume uniform stream conditions with little error. This de- 
pends somewhat upon the case considered. In the cases of large 
wind tunnels and aircraft models, the point is well taken. In the 
cases of small models and of turbomachinery, however, it is ordi- 
narily not possible to make the probe small relative to flow-field 
dimensions. In such cases, one must consider the effect of the 
probe in distorting the flow field, as well as the effects of stream 
velocity gradient on probe response. 


R. B. Pearce.” This paper supplies a convenient and useful 
tool for experimental aerodynamicists. instrumentation can 
now be designed, and error analyses made, on a much more 


jk rational basis than in the past. His paper is a definite addition 
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The equations collected in Table 1 involving P, or Px’ may be 
simplified for the limiting case that w = 0. The error coefficients 
G and g are identical to the coefficients for the corresponding pres- 
sure ratio obtained by removing the subscript 1 from the designa- 
tion of the pressure ratio shown in the first column. Likewise the 
coefficient dM/dy may be obtained except for two cases for which 
the formulas reduce to 
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Discussion 


W. G. Corne.u.® Congratulations are due to the author for 
a rational approach to the problem of choosing instrumentation 


* Aerodynamics Engineer, Aircraft Gas Turbine Division, General 
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to the field of supersonic aerodynamic testing 


B. F. Suarruck.'' The author centers his attention on the 
important problem of making “indirect measurements.” In 
particular he calculates Mach number from directly measured 
pressures in several different well-known ways. The errors 
caused by the calculations are evaluated concisely and arranged 
in convenient form for the user. However, these error calcula- 
tions are useful only if (1) the errors in making direct pressure 
measurements can be determined accurately, and (2) the errors 
involved in obtaining the idealized equations for Mach number 
can be evaluated. Both of these points become especially im- 
portant at very high Mach number where viscosity may affect 
appreciably both the measurements of pressure and the form of 
the equations for calculating Mach number. 


AvutTHorR’s CLOSURE 


The problem of probe size is always present. Among the 
solutions which have been used are calibrating to determine a 
correction factor, using a simple total-pressure probe which can 
be made only a few thousandths of an inch in diameter, or using 
optical measurements such as interferograms. 

The error analysis presented in the paper may be used if the 
errors in the pressures y and w are random. However, if syste- 
matic errors, such as those discussed in the paper or mentioned by 
Mr. Cornell and Mr. Shattuck, are known to exist one must 
choose instrumentation which is least affected by the systematic 
errors? or estimate the amount of the error and correct for it. 
Whichever method is employed, an instrumentation engineer 
must rely on his background of experience with compressible 
flows. 


% Group Leader, Thermodynamics, Aerophysics Department, 
North American Aviation, Inc., Downey, Calif. 
11 Supervisor, Fluid Mechanics, General 

Cincinnati, Ohio. 
12 E.g., the effect of an incorrect value of y may be mirimized 
by making use of Fig. 8 in choosing instrumentation. 
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Some Aerodynamic Investigations in 
Centrifugal Impellers 


By J. T. HAMRICK,' CLEVELAND, OHIO 


Results of both theoretical and experimental investiga- 
tions of flow in rotating impeller passages are presented. 
It is the purpose of this presentation to acquaint the de- 
signer with the manner in which losses arise, their effect 
upon the flow within the passage, and their over-all 
effect upon impeller performance. In addition, analysis 
and design methods based on isentropic-flow calculations 
are discussed and their application to the design of mixed- 
flow impellers is demonstrated. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


c = speed of sound for stagnation conditions in inlet 
annulus 
c, = specific heat of air at constant pressure 
D = per cent of distance from hub to shroud 
f, = slip factor, ratio of absolute tangential velocity of air 
at exit to impeller speed at exit 
AH, = actual enthalpy rise relative to impeller, based on im- 
peller speed 
[AAsa = isentropic enthalpy rise relative to impeller required to 
produce a given relative total pressure 
J = mechanical equivalent of heat 
L = ratio of distance along a streamline from inlet to total 
distance from inlet to outlet 
P, = stagnation pressure in inlet annulus 
P, = stagnation pressure at R = 1.5 (at R = 2.0 for im- 
peller in Fig. 22) in vaneless diffuser 
P, = total pressure relative to rotating passage 
AP, = difference between theoretical relative total pressure for 
the isentropic case and measured relative total pres- 
sure 
p = static pressure 
Q = ratio of flow velocity relative to impeller to velocity of 
sound at inlet stagnation conditions 
Q, = flow rate, cfm 
R = ratio of impeller radius or radius in the diffuser to im- 
peller tip radius 
radius, in. or ft 
temperature at stagnation conditions in inlet annulus 
impeller-tip speed 
axial velocity, fps 
axial velocity far upstream of blade leading edge in 
inlet annulus 
W = weight flow, lb/sec 
B = relative flow direction on cylindrical flow surface (in- 
set Fig. 20) 


i National Advisory Committee for Aeronautics, Lewis Flight 
Propulsion Laboratory. 
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8, = relative flow direction far upstream of impeller inlet 

(inset Fig. 20) 

Y = ratio of specific heats 

6 = ratio of stagnation pressure in inlet annulus to 
standard sea-level pressure 

€, = inlet deviation angle (inset Fig. 20) 

Naa = Over-all adiabatic efficiency, ratio of insentropic work 
to actual work required to produce a given pressure 
ratio 

Nad, rei = relative adiabatic efficiency, ratio of AHsa to AH uct 
6 = ratio of stagnation temperature in inlet annulus to 
standard sea-level temperature 
w = angular velocity, radians/sec 


INTRODUCTION 


In an effort to create a better general understanding of the flow 
conditions in centrifugal compressors and to provide guidance in 
impeller design, NACA research in this field has been directed 
toward analysis of the flow in the rotating impeller passage. A 
number of theoretical solutions have been made for isentropic 
flow through both radial and mixed flow impellers (1, 2, 3, 4, for 
example).? These solutions provide insight into flow behavior 
with regard to blade loading, compressibility effects, eddy forma- 
tions, and slip factor in the absence of viscosity. Studies of vis- 
cous effects have been made by experimental investigations of 
flow conditions in the rotating passages of two 48-in. impellers 
(5, 6, 7, 8, 9). 

All of these investigations were preliminary in nature and no 
attempt was made to arrive at design coefficients or a family of 
shapes. Primary emphasis was placed upon the qualitative de- 
termination of the manner and extent of the departure of the 
viscous flow from the isentropic. This approach was made be- 
cause of the complicated nature of the flow through the impeller 
and the many factors which affect the flow. Among these factors 
are boundary-layer build-up, relative inlet angle, clearance space 
between blades and shroud, and secondary flows. The effect of 
each of these alone upon the flow is difficult to evaluate because 
of interaction. For example, secondary flows which result from 
total pressure gradients in the hub-to-shroud plane may disperse 
the low-energy air in the boundary layer enough to prevent sepa- 
ration on the blades but, on the other hand, the shift of this low- 
energy air in the boundary layer may result in mixing losses 
comparable to those which result from separation. It is felt that 
if the designer can see the effects of this interaction even in the 
simplified case of the radial-inlet impeller he can utilize isentropic- 
flow solutions more effectively both for the design of more 
efficient impellers and the analysis of experimental data. 

An attempt is made in this paper to show the effects of velocity 
distribution, off-design angles of entry, secondary flows, and flow 
through the blade-to-shroud clearance upon the efficiency and 
range of operation of the impeller. The effect of the loss dis- 
tribution at the impeller exit upon the diffuser problem and over- 
all efficiency are discussed. Analysis and design methods based 
on isentropic-flow calculations are discussed and their application 


? Numbers in parentheses refer to the Bibliograply at the end of 
the paper. 
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to the design of mixed-flow impellers is demonstrated. The re- 
sults presented in this paper were obtained from investigations 
conducted at the Lewis Flight Propulsion Laboratory of the 
National Advisory Committee for Aeronautics. 


EXPERIMENTAL INVESTIGATIONS—RADIAL-FLowW IMPELLERS 


Experimental Setup. A view of the 48-in. impeller test rig used 
in this investigation is shown in Fig. 1. Pressure-transfer cells for 
transmitting the pressures from the rotating impeller to station- 
ary manometer tubes are contained in the bullet-nosed section 
upstream from the impeller inlet. Total and static pressure 
measurements were made at the encircled locations shown in Fig. 
2(a). The total-pressure probes were distributed throughout the 
18 passages so as to give the coverage shown with minimum 
blockage effects. Static pressures were measured only at the hub 
inasmuch as the investigations of reference (5) showed little or no 
static-pressure variation from hub to shroud at a given radial 
position. Total-pressure measurements were made at the en- 
circled positions at the levels shown on the typical passage cross 
section in Fig. 2(b). This was accomplished by telescoping the 
probe shown in Fig. 2(c) successively from level 0 to level 5. One 
of 20 pressure-transfer cells is shown in Fig. 2(d). Because of 
the limited number of cells, it was necessary to switch probe or 
tap-to-cell connections and make five duplicate runs at each 
weight flow point to get complete coverage. All runs with pres- 
sure measurements in the impeller were made at an equivalent tip 
speed of 700 fps, an inlet pressure of 16 in. of mercury absolute, 
and ambient-air temperatures. Further instrumentation details 
are given in references (5, 9). 

Study of Flow Distribution for Two Blade Shapes. Experimental 
results for two impellers, A and B, identical in shape except for 
blade camber and inlet nose section, are given in Figs. 3, 4, and 5. 
Both blades have the cross-sectional shape shown in Fig. 2(b). 
The difference in camber is shown roughly by the blade shapes in 
Fig. 5. Over-all adiabatic efficiency 7.4 and over-all pressure 
ratio P,/P» is shown for a range of corrected weight flows wv 0/6 
in Fig. 3. Despite their differences in camber and therefore their 
blade-loading distributions, the maximum adiabatic efficiencies of 
the two impellers are approximately the same. The efficiencies 
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are relatively low; however, high efficiency was not an important 
factor in choosing a test vehicle inasmuch as the objective was to 
study viscous effects. The blade loading at maximum efficiency 
is given by Fig. 4, in which p/P, the ratio of static pressure to 
total pressure at inlet, and Q, the ratio of velocity relative to the 
blades to speed of sound for inlet stagnation conditions, are 
plotted against radial distance. The values of Q are those for 
mid-passage height. For convenience of presentation the meas- 
urements taken nearest the blade driving and trailing faces are 
referred to respectively as driving and trailing-face values. 

For impeller A the blade shows a tendency to unload gradually 
at the outlet radius. Unloading is referred to here as the attain- 
ing of equal static pressures on the driving and trailing faces at a 
given radius. Theoretical values obtained by the method of ref- 
erence (2), as shown by the broken lines in Fig. 4(a), also indicate 
that impeller A unloads gradually at the outlet. This tendency is 
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not exhibited by the experimental data of impeller B and again 
the theoretical values agree with the trend, Fig. 4(b). It is indi- 
cated by these comparisons of experimental and theoretical static 
pressures that the blade static-pressure distribution and unload- 
ing characteristics can be predicted theoretically to a great extent. 

.The experimental relative velocity is somewhat higher on the 
driving face than is shown by the theoretical solution for both im- 
pellers and can be explained by considering the relationship of 
total and static pressures. On the driving face, losses are small 
as shown by the loss distribution in Fig. 5 and, therefore, the ex- 
perimental relative total pressures are approximately equal to the 
theoretical. Total pressure loss AP,/P» in Fig. 5 is defined as the 
ratio of the difference between the theoretical and measured rela- 
tive total pressure to inlet total pressure where the theoretical 
total pressure is 


P, = Po + 


For values of Q in the neighborhood of zero, if there are no 
losses, only approximately 1 per cent drop in static pressure is re- 
quired to raise the value of Q to 0.10. Therefore very small 
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changes in static pressure were required to effect large changes in 
Q on the driving face. The difference in theoretical and experi- 
mental static pressure is of the correct order of magnitude to 
produce the difference in theoretical and experimental velocity on 
the driving face for impeller B, Fig. 4, but not for impeller A. 
However, the experimental total pressure on the driving face for 
impeller A (6) was approximately 1 per cent higher than the 
theoretical which would produce the same effect. This higher 
than theoretical total pressure indicates that a constant error of 
approximately 1 per cent in both static and total pressure was 
introduced in correcting for impeller-hub temperature and centrif- 
ugal force on the rotating air column in the hub of impeller A 
(reference 5) and that the experimental values of static pressures 
are too high in Fig. 4(a), On the trailing face where the velocity is 
higher (Q equals approximately 0.4) approximately a 5 per cent 
change in static pressure is required to raise the value of Q by 
0.10. 

Losses in the area near the trailing face as shown by the pres- 
sure-loss contours in Fig. 5 caused the experimental velocity to be 
lower than the theoretical velocity downstream of the 16-in. 
radius for both impellers. At the 23.5-in. radius in Fig. 4(a) the 
trailing-face velocity is noticeably lower than the driving-face 
velocity; therefore, even with unloading of the blade at the 24-in. 
radius, the velocities will not be the same on both sides of the 
blade at outlet because of the losses on the trailing face. The 
pressure-loss contours, Fig. 5, show higher losses for impeller A 
than for impeller B, possibly the result of the greater deceleration 
rate along the trailing face for impeller A. 

Off-Design Conditions for Impeller B. In the initial investiga- 
tions, which were made with impeller A, total pressures were 
measured at mean blade height only. The extent of the losses in 
the neighborhood of the trailing face could not be explained by the 
limited amount of data obtained from these measurements; 
therefore impeller B was instrumented to measure total pressures 
at the five levels as previously described. Surveys which showed 
large variations in velocity upstream of the inlet of impeller A also 
indicated that instrumentation at several levels was necessary in 
order to examine the effects of relative inlet-angle variations and 
losses at off-design conditions. Off-design conditions are defined 
as those for which significant losses result from too large an angle 
relative to the blade at inlet. Relative inlet angle is defined here 
as the angle between the flow direction at inlet and the driving 
face of the blade with flow directed at the driving face being 
positive. 

Inasmuch as the wall and hub shapes upstream of impellers A 
and B were identical and the amounts of blockage by the blades 
at inlet were approximately the same, it was not considered neces- 
sary to make new surveys for impeller B. The surveys were made 
0.750 in. upstream of impeller A. Mach number for three weight 
flows for impeller A is plotted against distance ratio across the 
passage in Fig. 6(a). By interpolation, the Mach number dis- 
tribution at inlet for impeller B was determined for three weight- 
flow rates and the approximate relative inlet-angle distribution 
was computed. Relative inlet angle is plotted against distance 
ratio across the passage in Fig. 6(b). 

For the weight-flow rate of 15.6 lb there is a variation of 4 deg 
across the passage for an average relative inlet angle of approxi- 
mately 16 deg. The effects of this large angle upon trailing-face 
velocity are shown in Figs. 7 and 8. The total pressure loss on the 
trailing face, Fig. 8, is smaller at the hub than at the shroud. The 
deceleration on the trailing face at the hub progresses to the 18- 
in. radius at which point maximum loss occurs. At level 3 and 
at the shroud the deceleration is more abrupt and the maximum 
loss occurs just inside the inlet on the trailing face. The varying 
velocity pattern, Figs. 7(b) and (c), from inlet to outlet along the 
trailing face, may be the result of secondary flows and flow through 
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(a) Mach number variation 0.75 in. upstream from impeller A inlet 
(b) Relative angle of inlet, impeller B (based on inlet Mach number 
for impeller A) 
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the blade-to-shroud clearance space. The velocity patterns for 
the weight-flow rate of 15.6 lb per sec, Fig. 7, differ from those at 
other weight flows in that the velocity on the trailing face is gen- 
erally lower than that on the driving face. The losses which caused 
this condition did not greatly affect the static-pressure distribu- 
tion, Fig. 7(d), which is similar in configuration to the theoretical 
distribution for the weight flow of 29.3 lb per sec, Fig. 4(b). 

For the weight-flow rate of 45.1 lb per sec the relative inlet 
angle decreases from —2.0 near the hub to —17.0 near the shroud. 
The effects of this variation can be observed readily in Figs. 9 
and 10. At the hub where the relative inlet angle is small the 
losses on the driving face are relatively small, Fig. 10, level 5. 
As the angle becomes more negative from hub to shroud the vel- 
ocity gradient on the driving face near inlet becomes steeper, Figs. 
9(b) and (c), and the losses correspondingly greater, reaching a 
AP,/P, of 0.16 at the shroud, Fig. 10, level 0. The drop in 
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static pressure between the 12 and 13-in. radii, Fig. 9(d), is 
probably the result of separation on the driving face. 

The losses due to relative inlet-angle variation from hub to 
shroud for the weight-flow rate of 29.3 lb per sec (design weight 
flow) appear to be small as shown by the pressure-loss distribution 
in Fig. 11, even though the relative inlet angle is higher than 11 
deg at the hub. This occurrence may be the result of angle devia- 


tion owing to thickness and taper as discussed in (10). As the 
fluid approaches the blade there is an increase in the axial com- 
ponent of velocity just upstream of the blade because of blade 
blockage which results in an effective change in the direction of the 
fluid relative to the rotating impeller. The change in relative 
inlet angle thus effected is called the inlet-deviation angle. It is 
difficult to allow for deviation in impeller B because of the manner 
in which the blades were finished off at inlet and the proximity of 
the survey probe to the blades. However, the relative inlet angle 
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could be reduced effectively by as much as 5 deg at the hub to a 
negligible amount at the shroud by the deviation. This would ex- 
plain the very smal! losses at the hub for the weight flow of 29.3 
Ib per sec and possibly the lower losses near the hub than at the 
shroud for the weight flow of 15.6 lb per sec. 

Secondary Flows. In all the investigations with internally in- 
strumented impellers there has been an accumulation of compara- 
tively low-energy air in the vicinity of the trailing face that 
cannot be attributed readily to boundary-layer separation. It is 
probable that at design weight flow for both impellers A and B 
separation did not occur on the blade trailing face, for at no point 
is there a steep pressure-loss gradient (or static-pressure gradient) 
such as that which occurs for the negative relative inlet angles as 
shown in Fig. 10. In the absence of separation, the large accumu- 
lation of low-energy air must be attributed to secondary flows. 
Secondary flows are, in general, cross currents which are normal 
to the potential flow streamlines and are caused by hub-to-shroud 
gradients in total pressure which are also normal to the potential 
flow streamlines. 

A classic example of secondary flow without attendant viscous 
losses in a rotating radial channel is given by Kramer and Stanitz 
(11). Visualization studies of secondary flow in cascades in which 
smoke was used are given in(12). For impellers that are not fully 
shrouded the flow through the blade-to-shroud clearance space 
from the driving face to the trailing face side also provides cross 
currents which complicate the flow picture and prevent an 
evaluation of secondary-flow effects alone. 

A cross-sectional view of the pressure-loss ratio at various 
radii from inlet to outlet for design weight flow is given in Fig. 
12(a). The velocity variations from hub to shroud across the 
geometric stream surfaces at the 2(-in. radius are given in Fig. 12 
(6). As was previously mentioned, the variation in static pressure 
from hub to shroud across a geometric stream surface at a given 
radius for this impeller is negligible; therefore any variation 
in velocity from hub to shroud represents, in effect, a variation in 
total pressure. 

Calculations based on the velocity variation in Fig. 12(b) were 
made to determine the approximate direction of secondary flows 
at the 20-in. radius. The possible secondary flow directions are 
given in Fig. 12(c). Along the hub and shroud the low-energy 
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(a) Cross-sectional view of total-pressure loss; (b) shroud-to-hub 
velocity profiles; (c) possible directions of secondary flow 
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air in the boundary layer is moved toward the trailing face except 
in areas where the movement is offset by leakage through the 
blade-to-shroud clearance space. It appears that air of relatively 
high energy pours through the clearance space, expands into the 
area of the trailing face, and moves the low-energy air along the 
shroud to meet that coming from the driving face. The amount 
of energy involved in these secondary flows is a matter of debate. 
Probably the greatest losses come from the mixing downstream 
of the impeller outlet. With the flow of air from two directions at 
the shroud in the impeller passage there is a possibility that the 
low-energy air mass near the shroud at approximately 80 per cent 
of the passage width from the driving face is in the form of a vor- 
tex which upon dissipation would cause large losses. 

Hot-wire anemometer surveys (13) show that the loss patterns 
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(From reference (13). Equivalent weight flow 26lb per sec. Driving-to-trail- 
ing face across passage is in direction of rotation w. D is distance ratio from 
ub to shroud.) 


in impeller A are similar to those for impeller B at the hub and 
shroud as well as at the mean height. In Fig. 13 are shown hot- 
wire anemometer surveys of velocity at the impeller outlet. Com- 
paring the loss pattern at level 5 of Fig. 11 with that at D = 0.07, 
Fig. 13, the maximum loss areas for both are adjacent to the 
trailing faces and comparing level 0 with D = 0.96 the maximum 
loss is in an area 70 to 80 per cent of the passage width from the 
driving face. 

It is indicated by the results of these surveys and comparison 
with the interna! data that the hot-wire anemometer can be 
utilized effectively to obtain qualitative information about the 
internal flow conditions. Determination of the nature of the 
flow conditions leaving the impeller is especially important from 
the standpoint of evaluating diffuser performance in addition to 
the aid it gives in analyzing flow conditions in the impeller. 

Clearance Effects. The length of time required for internal flow 
measurements prevented the extension of these investigations to 
obtain relative total pressure-loss distributions for varying 
amounts of clearance between the blades and shroud. However, 
tests were made to determine the effect of varying clearance upon 
over-all efficiency and outlet total-pressure distribution for the 
impeller of reference (8). This is designated as impeller C in Fig. 
14(a). 

In choosing impeller C for these tests it was assumed that, with 
the lower blade height for a portion of the passage, the clearance 
effects would be more pronounced than for the unaltered height. 
Total pressure surveys from hub to shroud were made 0.5 in. 
downstream from the impeller outlet. The results are shown in 
the form of total-pressure ratio which is plotted against passage 
height in inches in Figs. 14(b) and (c), and comparison is made 
for three values of clearance at two tip speeds. 

Over-all efficiency is shown in Fig. 14(d). The clearance for 
which maximum efficiency is obtained appears to be a function of 
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impeller speed. Although the level of total pressure is higher over 
most of the passage height for 0.035 clearance at 700 fps, Fig. 14 
(c), the over-all efficiency is no better than for the 0.070 clearance. 

A similar situation exists for the 0.035 and 0.105 clearances at 
900 fps with maximum efficiency occurring at the 0.070 clearance. 
The efficiency in these cases may depend upon whether or not the 
boundary layer is scraped up next to the shroud or allowed to 
flow through the clearance space between the blade and shroud. 
In the smoke studies of Hansen, Herzig, and Costello (12), it was 
observed generally that for a cascade of blades bounded by a 
moving wall with clearance the boundary layer was scraped up 
by the blades with little or no flow through the clearance space. 
For the more heavily loaded blades of impeller B this was not the 
case. Apparently the scraping effect was nullified by the large 
pressure differential so that any build-up of boundary layer on the 
driving face was bled through the clearance. At the minimum 
clearance for impeller C (0.035 in.) it is possible that the 
scraping effect predominated and caused the efficiency to be 
lower than for the 0.070 clearance at the tip speed of 900 fps. 

The foregoing surmise is based on an examination of hot-wire 
anemometer surveys for the three values of clearance at a tip 
speed of 700 fps, Fig. 15. The generally lower velocity immedi- 
ately adjacent to the driving face at D = 0.36 and 0.50 for the 
0.035 clearance indicates that complete bleeding of the boundary 
layer from the driving face has not occurred, perhaps because of 
the scraping effect. These velocity patterns at the exit of im- 
peller C are, in general, similar to those for impeller A. 

Mizing Losses. In the vaneless diffuser tests with a 12-in-diam 
impeller in reference (14) the friction coefficients based on total 
pressure, Fig. 16, decreased from approximately 0.008 at the 7-in. 
radius to approximately 0.004 at the 9-in. radius. This change is 
attributed to a decrease in the mixing losses as the flow smooths 
out in moving to the 9-in. radius. A pictorial example of the 
smoothing-out process in the diffuser of impeller A is given by the 
hot-wire anemometer-survey results shown in Fig. 17. The sur- 
vey was made at points along a radial line approximately midway 
between the vaneless diffuser walls. 

Some indication of the magnitude of the mixing losses for impel- 
ler B may be obtained by comparing over-all impeller efficiency 
based on total-pressure measurements in the diffuser with 
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that based on impeller relative efficiency neglecting mixing losses. 
The comparison is made for four weight flows in Fig. 18. The effi- 
ciency based on total-pressure measurements in the diffuser where 
mixing losses are included is approximately six points lower than 
that based on relative efficiency neglecting mixing losses for all 
four weight flows. The methods and equations used in arriving at 
the values shown in Fig. 18 are given in the following paragraphs. 

The over-all impeller efficiency was based on total pressure and 
temperature measured at the 36-in. radius in the diffuser with the 
total pressure corrected for losses to the 24-in. radius. The correc- 
tion was made by means of reference (13) using a total-pressure 
friction coefficient of 0.0042. The value of 0.0042 corresponds 
approximately to the friction coefficient in smooth pipes, Fig. 16; 
therefore the correction is for surface friction losses only. As a 
result the losses due to mixing are charged to the efficiency thus 
computed. 


a 


Fie. 17 Rapiat Survey Dirruser Wits Vevocity VARIATION 
Across Four Passaces 


[Equivalent weight flow, 26 lb persec. Driv ing-to-trailing face across passage 
is in direction - rotation w. Numbers refer to ve p From 
reference (13).] 


ad,rel AT r*23.5-in. 


~ 


EFFICIENCY 


Fic. 18 Erricrency, B 


Relative adiabatic efficiency Maa, rei at a given radial position is 
defined (5) as the ratio AH,a, the isentropic enthalpy rise relative 
to the impeller which will give the measured relative total pres- 
sure to AH, the actual increase in relative enthalpy based on 
impeller speed 
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where f,, the slip factor, is defined as the ratio of the average tan- 
gential velocity of the fluid leaving the impeller to impeller-tip 
speed. 

Applicability of Radial-Flow-Impeller Results to Mixed-Flow Im- 
pellers. Relative inlet-angle effects at off-design conditions, 
boundary-layer build-up, clearance effects, and to some extent 
secondary-flow effects in mixed-flow impellers are probably similar 
to those in radial-flow impellers, but more complicated from the 
standpoint of analysis. It is possible in the mixed-flow impeller to 
have the conditions shown for the weight flow of 15.6 lb, Fig. 7, 
at the hub and at the same time to have at the shroud the condi- 
tions shown for the weight flow of 45.1 Ib per sec, Fig. 9. This is 
an especially important consideration from the standpoint of 
compressor-flow range for it is possible to have at the shroud flow 
velocities which result in an average choking condition for the 
passage while at the hub the velocity is so low that surge condi- 
tions prevail. This set of conditions would result in zero weight- 
flow range for the impeller. It appears, therefore, that in order 
to effectively utilize the results of any experimental investigations 
of impellers a knowledge of at least the isentropic-flow conditions 
throughout the impeller passage is necessary. The remainder of 
this paper will be devoted to analysis and design of mixed-flow 
impellers. 
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The mixed-flow centrifugal impeller may be defined generally as 
one which has an axial-inlet inducer designed integrally with the 
impeller and has an outlet directed anywhere from axial to radial. 
Blades with radial or near radial elements which are utilized in 
this type impeller are structurally rugged and as a result allow 
higher inlet-blade heights and higher maximum tip speeds than 
can be obtained with radial-inlet impellers which generally have 
cantilevered blades such as those of impellers A and B; there- 
fore, from the standpoint of weight flow per unit frontal area and 
maximum pressure ratio, the mixed-flow type is more desirable. 
Analysis of flow through mixed-flow compressors, for example 
(3), is both lengthy and complicated because of three-dimensional 
considerations; however, the direct design, rather than an 
analysis, by the method given in reference (3) and further ex- 
tended in reference (15) is comparatively rapid. 

Relative Inlet Angle. Tf a stack of long and narrow thin strips 
is twisted to form a spiral as shown in Fig. 19, a blade consisting 
of radial elements is formed. For a blade formed in this manner, 
the tangent of the inlet camber angle varies linearly with the 
distance from the center line of rotation. The camber angle 
referred to is that made by an axial line and the blade-camber line 
both of which lie on a cylindrical surface concentric about the 
center line of rotation. At the inlet of a rotating impeller for 
which the inlet-air velocity is constant from hub to shroud the 
tangent of the angle of approach relative to the rotating impeller 
also varies linearly with r; therefore, for very thin blades, the de- 
sign for zero relative inlet angle from hub to shroud reduces to the 
problem of at*aining constant axial velocity from hub to shroud 
in the inlet annulus. 

For thick blades at inlet and for blades which vary in thickness 
from hub to shroud the effect of flow blockage must be taken into 
account. Stanitz (10) has made theoretical calculations to deter- 
mine the effect of blade thickness and taper on the inlet-flow 
conditions for an axial inlet. Fig. 20 which was taken from ref- 
erence (10) shows the effect of both thickness and blade taper on 
the inlet-flow direction. €, the deviation angle (equal to 8, — 8), 
is plotted against radius r. Terms u, and £,, (inset, Fig. 20) are, 
respectively, the axial velocity and relative flow direction far up- 
stream in the inlet annulus. @ is the relative flow direction after 
deviation due to blade thickness and taper. The passage blockage 
in Fig. 20 varies from 40 per cent at the hub to 5 per cent at the 
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shroud (R = 1.0). Because of deviation angle, viscous effects, 
and sometimes distortion of the flow due to turning ahead of the 
inlet annulus, the determination of the blade angle at inlet for 
maximum over-all efficiency is often very difficult and must be 
determined experimentally; however, an awareness of the 
approximate size of the deviation angle is of great value in the 
initial design. 

Analysis. Analysis of flow through mixed-flow impellers even 
by the relatively simple stream-filament method requires a large 
amount of time (240 to 480 hr computing time). The velocity 
distribution from the flow analysis of reference (3) is given in Fig. 
21 and the performance results for this impeller from reference 
(16) are shown in Fig. 22. The velocity-contour lines in Fig. 21 
show a steep velocity gradient with low velocity along the hub 
from a point midway through the impeller to the outlet. An 
analysis of the flow in the blade-to-blade plane of this impeller 
showed a large eddy on the driving face of the blade at the hub. 
If experimentally the reversal of flow which accompanies the for- 
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mation of the eddy causes instability, a separation and rotating 
stall such as that discussed in reference (17) may occur. If the ro- 
tating stall does not result in surge or results in surge mild enough 
to allow operation at a lower weight flow, a second stall or surge 
point caused by too large a relative inlet angle will be reached. 
There are two surge points for some of the speeds of operation 
shown in Fig. 4 of reference (17) which may be the result of such 
an occurrence. 

For the impeller of Fig. 22, the unstable eddy apparently 
caused violent surge at speeds of 1400 and 1500 fps (16), whereas at 
the other speeds it merely caused a reduction in efficiency with 
decreasing weight flow. The eddy may be eliminated by in- 
creasing the number of blades; however, this increases the sur- 
face friction and raises the manufacturing costs. The eddy also 
may be eliminated by increasing the velocity level in the region 


where the eddy occurs. Increasing the velocity level appears to 
be the more desirable because it also decreases or eliminates ad- 
verse velocity gradients which lead to boundary-layer build-up 
and possible separation. However, any increase in relative 
velocity, especially at the outlet, must be considered carefully 
inasmuch as there is an ensuing increase in the amount of diffusion 
required and a reduction in the passage height at exit. 

For the impeller of Fig. 21 an increase in relative velocity at 
outlet, from 300 to 600 fps for the 1300-fps tip speed, would cause 
an increase of approximately 8 per cent in the absolute velocity 
into the diffuser and a decrease in blade height of approximately 
45 per cent. The effects of decreasing the blade height in the 
impeller or decreasing the distance between the walls of the diffu- 
ser are difficult to evaluate and are not well known. 

The addition of balsa, impeller C, to radial-flow impeller A of 
Fig. 14 which decreased the blade height by 28 per cent resulted 
in a reduction in efficiency at the tip speed of 700 fps of approxi- 
mately 0.01, Figs. 3 and 14. However, the blade aspect ratio at 
outlet (outlet blade height to tip radius) of impeller A before re- 
duction was only 50 per cent as great as the average for mixed- 
flow impellers and therefore does not represent an average case. 

Design. For a flow analysis by the method of reference (3) the 
complete geometry of the impeller which includes the hub, shroud, 
and blade shapes is known in detail prior to the analysis. If only 
the blade and hub shapes are prescribed and the shroud shape is 
allowed to vary, the method may be used for design (15) rather 
than analysis. The procedure is as follows: 

Several stations are established from inlet to outlet along the 
hub and the first streamline is drawn in by estimate forming a 
streamtube adjacent to the hub. A velocity distribution is as- 
signed along the hub and the equations of reference (3) are used to 
determine the velocity along the first streamline at normal lines 
drawn from the hub at each station. The average weight flow for 
the streamtube at each normal is then computed to check for con- 
tinuity. If continuity has not been achieved the streamline spac- 
ing is revised and the solution repeated until the weight flows are 
equal at all normal lines. A second streamline is drawn in and 
the procedure repeated using the first streamline with the com- 
puted velocity distribution along it in the same manner as was 
done at the hub for the first streamtube. 

When énough streamtubes have been computed to take care of 
the over-all design weight flow the final streamline defines the 
shroud shape for the impeller. The first streamtube may be 
started at the shroud or an intermediate position as well as at the 
hub. However, experience, so far, has shown that it is better to 
start with a smooth velocity distribution in the area where velocity 
changes have the greatest effect upon streamline spacing. This 
area is generally found to be near the hub where blade blockage is 
at a maximum. 

Application of Design Method. The procedure described in the 
foregoing was used to redesign the shroud of the impeller of Fig. 
21. A velocity distribution with very little deceleration along the 
hub was prescribed and the outlet velocity was increased. Ap- 
proximately 75 hr of computing time were required. The result- 
ing streamlines, velocity distribution, and shroud are shown in 
Fig. 23. The blade-shroud clearance space was included in the 
analysis but not in the design, therefore the design weight flow, Fig. 
23, is slightly lower than that for the analysis, Fig. 21. The pre- 
scribed velocity along the hub and the resulting velocity distribu- 
tion on the shroud are shown in Fig. 24 and compared with the 
velocity distribution obtained in the analysis. 

With the new configuration the deceleration rate is generally re- 
duced along the hub but remains approximately the same on the 
shroud. However, the path length for the decelerating flow on 
the shroud has been reduced. It is probable that with the higher 
over-all velocity level along the hub and elimination of the eddy 
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the weight-flow range at the speeds above 1300 fps will be 
greatly increased. The sharp rise in velocity on the shroud which 
resulted from the prescribed velocity distribution along the hub 
is an example of the unpredictable results of prescribing the 
velocity along any given path especially where the path-has a 
large amount of curvature as in this case. 

The velocity distribution from blade to blade was computed 
by the method outlined in reference (3) and a correction for slip 
factor was made by the method of reference (2). This correction 
for slip factor which was not included in the results presented in 
Fig. 23 did not alter the streamline spacing but did result in a 
slightly higher relative velocity at exit. because of the larger rela- 
tive tangential component. The velocity distribution for the 
streamtube nearest the shroud is shown in Fig. 25. 

The deceleration rate along the trailing face is approximately 
the same as that at mid-passage. The very large deceleration 
rate on the driving face is not expected to cause trouble inasmuch 
as all the experimental data from the internal instrumentation in- 
dicate that the boundary layer does not build up on the driving 
face. The small velocity difference from blade to blade from inlet 
to L equals 0.35 and the large difference thereafter is undesirable 
from the standpoint of blade-loading distribution. A redistribu- 
tion of camber may be needed. This condition could be cor- 
rected to some extent without changing the camber by adding, in 
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the middle of each passage, short blades which extend from L 
equals approximately 0.35 to the outlet. 

Calculations were made to determine the approximate relative 
inlet angles. The variation in deviation angle due to blade block- 
age was approximated from reference (10) and is shown in Fig. 
26. The upstream flow angle 8, minus the deviation angle ¢; 
gives the effective flow angle at inlet. The difference in 
the effective inlet-flow angle and the blade-inlet angle 8 gives the 
effective relative inlet angle. The effective relative inlet angle, 
also shown in Fig. 26, is negative; therefore the maximum ef- 
ficiency probably will occur at a lower weight flow than the de- 
sign weight flow of 8.384 lb per sec. 


CoNCLUSION 


In the design of an impeller it is desirable to obtain wide weight- 
flow range as well as high efficiency. Design flow conditions that 
are conducive to wide flow range such as low relative inlet angles, 
more nearly uniform flow conditions from hub to shroud, and 
blade loadings without eddy formations on the driving face of 
the blade may be approximated by methods reported herein. 
However, achievement of these conditions does not necessarily 
insure high efficiency. Boundary-layer build-ups along the hub 
and shroud surfaces bring about secondary flows and accumula- 
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tions of low-energy air. The resulting poor flow distribution 
causes mixing losses of high magnitudes in the diffuser, and con- 
sequently, low over-all efficiency. 

The regions of high loss which result from boundary-layer build- 
up and secondary flows may be investigated by instrumentation 
of the rotating passages. In addition, qualitative information 
about the loss distribution at the passage outlet may be obtained 
from hot-wire-anemometer surveys. Results obtained from both 
internal instrumentation and hot-wire-anemometer surveys have 
been presented to show the effects of boundary-layer build-up and 
secondary flows on the internal-flow picture. 

Theoretical analyses together with these experimental results 
indicate that in the design of impellers for high pressure ratio, 
optimum conditions cannot be achieved in all respects and com- 
promises must be made. For example, a reduction in blade load- 
ing brought about by increasing the number of blades may reduce 
the deceleration rate on the blade trailing face, but the resulting 
reduction in boundary-layer build-up may be more than offset by 
increased skin-friction losses. Decreasing the over-all decelera- 
tion rate through the impeller by increasing the outlet velocity 
may again reduce the boundary-layer build-up only to have any 
gains offset by increased losses caused by the resulting decrease 
in outlet blade height. These results indicate a need for further 
investigation to determine the effects of such parameters as blade 
loading, deceleration rates, and blade aspect ratio upon impeller 
losses and the distribution of these losses at the impeller exit. 
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Discussion 


G. O, Exus.* The author and the NACA are to be congratu- 
lated for having conducted a carefully detailed investigation of 
the internal-flow conditions in centrifugal impellers and related 
the detailed picture to phenomena commonly measured by more 
conventional experimental efforts. This work not only provides 
a pattern upon which future investigations can be based but the 
discussion of the results should stimulate additional interpreta- 
tions and constructive argument. The writer would appreciate 
having the author offer additional comment concerning the follow- 
ing points: 

The first concerns the critical, or noncritical, nature of the flow 
on the driving face near the impeller inlet. The author does not 
expect large decelerations in this region to cause trouble inasmuch 
as all experimental data from internal instrumentation indicate 
that the boundary layer does not build up on the driving face of 
the blade. This opinion is shared by many thoughtful investi- 
gators. Ritter, Johnsen, Ginsburg, et al., however, demonstrated 
in NACA ARR E5J03, ARR E5128, and TN 1313 that, at least 
for the configurations investigated, the efficiency is adversely 
affected by high loading (and therefore high deceleration rates on 
the driving face of the blade) near the impeller inlet. Also, as the 
author has demonstrated, the boundary layer is bled from the 
driving face and deposited somewhere near the trailing face by 
secondary flows. Thus, although the boundary layer is not 
likely to separate from the driving face, large decelerations which 
encourage boundary-layer growth in this region may increase the 
supply of low-energy fluid to the critical trailing-face region. It 
is suggested therefore that, pending further evidence, the veloci- 
ties on the driving face should receive the same careful attention 
as those on the trailing face. 

The second request for additional comment concerns the 
author’s acceptance of Stanitz’s conclusions regarding the effect 
of leading-edge thickness and taper. Referring to Dr. Stanitz’s 
work (reference 10 to the paper), it is noted that in the solutions 
presented, a discontinuity in velocity exists along the leading edge 
of the blade. The velocities just upstream were calculated 
neglecting the blockage influence of the blade thickness while 
thick blades were assumed just downstream from the inlet. 
Deviation angles are calculated based on the downstream values 
of axial velocity while no change is assumed to occur in the rela- 
tive tangential component of velecity. It can be reasonably 
argued that either the upstream calculated values of the tangen- 
tial component or an average should give values of the deviation 
angle more in agreement with actual flow. Unfortunately, the 
deviation angle is greatly affected by this choice and, in fact, 
may be completely changed in direction near the hub. 

Finally, considering Figs 7, 8, 9, and 10 and the corresponding 
discussion in the paper, it seems that the concept of separation 
becomes confusing when applied to mixed-flow-type turboma- 
chines. Even for potential flow the velocity along a line normal 
to a surface varies radically in direction as well as magnitude and 
the difference between a flow badly disrupted by secondary flows 
and separated flows is quite indistinct. 
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M.G. Ryan.‘ This paper is a very welcome addition to exist- 
ing literature in the centrifugal-compressor field. Particularly in- 
teresting are the discussions of secondary-flow phenomena. It is 
hoped that research on secondary flows will continue, 

In discussing clearance effects, the author explains the lower 
efficiency of the small-clearance impeller (0.035 in. clearance) by 
referring to the smoke tests of Hansen, Herzig, and Costello, 
reference (12) of the paper. He suggests that for this small 
clearance, the boundary layer on the shroud is no longer bled 
through the clearance space, but is seraped up onto the blade, 
thus causing larger losses. 

The authors of reference (12), on the other hand, reached the 
conclusion that, in a compressor, the scraping-up of the boundary 
layer had a beneficial effect on flow conditions along the shroud, 
because the scraped-up fluid forms a vortex which replaced the 
tip vortex and at the same time the low-energy fluid from the 
blade suction surface was pulled off onto the shroud. It is true 
that reference (12) includes no loss figures. On the other hand, 
it is well known that shrouding axial compressor rows has a some- 
what detrimental effect on performance, which would indicate 
that the losses due to a scraped-up vortex are slightly smaller than 
the tip losses encountered with a wall which is stationary relative 
to the blade (i.e., an attached shroud). Also, stationary cascade 
tests indicate that with a blade-tip clearance and stationary wall, 
losses are considerably higher than with zero clearance. These 
considerations throw considerable doubt on the author’s tentative 
conclusions regarding the reason for increased loss at small tip 
clearance. Would he care to comment? 


AuTHoR’s CLOSURE 
The author thanks Messrs. Ellis and Ryan for their comments. 
In the references cited by Mr. Ellis the experimental results did 
not permit clear-cut conclusions regarding loading effects. There 
were variations other than blade shape such as change in cross- 


sectional passage area from inlet to outlet and in the case of the 
impellers of NACA TN 1313 unstable eddies on the blade driving 
face severely reduced range and efficiency. Further, high loadiag 
does not necessarily imply large decelerations. This would de- 
pend upon the amount of diffusion desired in the impeller passage. 
If a large amount of diffusion is desired, then there must be large 
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local decelerations on either the driving face near the inlet or the 
trailing face near the outlet. It has been demonstrated in numer- 
ous cases that separation does not occur on the driving face 
(except for severe negative relative inlet angles) and it has also 
been demonstrated in the elbow tests of NACA TN 3015 that 
there were low-energy air accumulations on the suction surface 
even though there was accelerating flow along all surfaces. 
Therefore it is the opinion of the author that if it is necessary to 
accept local decelerations in the passage it is better to take them 
on the driving face where separation is not likely to occur. The 
idea here is to avoid separation. Of course decelerations should 
be eliminated where possible, 

The meaning of the comments regarding the work of Dr. 
Stanitz (10) is not clear enough to the author to allow comment 
other than that certainly there is a great need for more knowledge 
of the flow around the leading edges of blades both at design 
and off-design conditions. However, the work is considered by 
the author as an excellent guide in approximating the relative 
flow angle at inlet. 

The concept of separation is confusing in rotating machines if 
velocity alone is used in determination of separation point. 
However, a static pressure drop along with a sudden loss in total 
pressure gives a more positive indication. It is possible that some 
of the losses on the trailing face, Figs. 7, 8, 9, and 10, are 
brought about by separation on that face but the smoothness of 
the static-pressure profiles is a strong indication that this is not 
the case. 

With regard to Mr. Ryan’s discussion of clearance effects, the 
conditions under which experiments of reference (12) were 
run were quite different from those of the subject paper as re- 
gards Reynolds number, Mach number, attainable circulation, 
and geometric shape. Therefore the dominating factors were 
not the same in both cases. As a result each individual case 
must be viewed on its own merits. In the subject paper the com- 
parison is for varying amounts of clearance and not for shrouded 
versus unshrouded impellers. “he complexity of the problem is 
such that conclusion regarding the merits of shrouding or not 
shrouding could not be drawn from these results. This is demon- 
strated by the fact that shrouding of a single impeller appears 
to be detrimental at high speeds and beneficial at low speeds as 
shown in NACA ARR E5H23. 
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The conventional method of applying the five-hole 
spherical pitot probe to three-dimensional flow measure- 
ments consists of either adjusting the probe until its axis 
points in the flow direction, or yawing the probe until the 
meridian plane passing through the center orifice contains 
the flow angle, and then making use of two-dimensional 
calibration curves for the flow determination in this plane. 
Both methods require adjustment of the probe, which, in 
general, is quite difficult to accomplish if the probe is 
mounted upon a rotatingimpeller. To avoid this difficulty 
a five-hole, three-dimensional spherical pitot probe has 
been developed and calibrated to measure static pressure 
and the magnitude and direction of the velocity vector for 
any arbitrary flow angle without adjustment of the probe. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


w = free-stream velocity relative to probe 

= free-stream static pressure 

p = specific mass 

@ = conical angle formed by velocity and probe axis 

6 = dihedral angle between flow plane and meridian plane 

@ = conical angle formed by four symmetrical pressure holes 

and probe axis 

Y, = angle between velocity vector and any nth pressure hole 

k = pressure-recovery factor 


The subscripts 0, 1, 2, 3, 4 refer to the five pressure holes; the 
center hole has the subscript 0, and the holes bearing the sub- 
scripts 2, 0, 4 lie in the equatorial plane as shown in Fig. 2. 


INTRODUCTION 


Reliable experimental data for the flow field in rotating-blade 
cascades are scant mainly because of the lack of suitable flow- 
measuring instruments. For studying the flow phenomena in 
three-dimensional or mixed-flow rotating cascades, it is not only 
necessary to measure the static pressure and the flow velocity, but 
also the flow direction. In addition, the sensing probe must be 
sufficiently small to be capable of point measurement without ap- 
preciably affecting the flow in the passages because of its presence. 
Among the several types of pitot probes commonly used for 
measurement of flow direction, as well as flow velocity and static 
pressure, are the claw-type probe and the spherical probe.** The 
common method of obtaining flow direction by means of these 
probes is the null system. The probe is adjusted along two per- 
pendicular directions or planes, yaw and pitch, until the probe 
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axis points in the flow direction which is measured by protractor 
scales on the two planes. An alternative method consists of yaw- 
ing the probe until the meridian plane contains the flow angle, or 
pitch angle, and using two-dimensional calibration curves for the 
flow measurements.** 

Both methods require adjustment of the probe, which, in gen- 
eral, is quite difficult to accomplish if the probe is mounted on a 
rotating impeller. To avoid this difficulty, a five-hole spherical 
pitot probe with a head diameter of 0.190 in. was made and 
calibrated three-dimensionally to measure static pressure, ve- 
locity, and flow direction in the rotating cascades. 

The probe consists essentially of a tapered shaft with a 0.190- 
in-diam spherical sensing head at the end, as shown in Fig. 1. 
The other end of the shaft is welded at a right angle to a cross- 
piece which is to be mounted between the two shrouds of the 
blade cascade during tests. On the spherical surface are five pres- 
sure holes of 0.016 in. diam, one along the shaft axis and four 
located symmetrically on the meridional and equatorial planes. 
The meridian plane passes through the axes of the shaft and of the 
crosspiece. Each of the four symmetrically spaced holes lies on 
a sphere radius which makes an angle of 40 deg with the probe 
axis. The crosspiece being at a sufficient distance downstream 
from the probe head causes no appreciable flow disturbance at the 
pickup. In addition, the symmetry of the probe design results in 
calibration curves which are symmetric for opposite pressure 
holes. 

THEORETICAL CALIBRATION CURVES 

The energy equation between a point in the free stream and the 
nth hole on the sphere is given by 
2 


+= 
P, 2 


Solving this equation for the pressure at the nth hole yields 


w,? 
+ pi ows, [1] 


2 

The pressure-recovery factor k, = E _— (=) ] 

is a function of the Reynolds number and the orientation of the 
hole with respect to the stream y,. However, this factor be- 
comes independent of the Reynolds number for sufficiently high 
velocities, and is only a function of , which can be expressed in 
terms of the two angles ¢ and 6. By combining the equations 
for the pressure at each of the five holes, the following ratios may 
be obtained 
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5 “Three-Dimensional Flow Measuring Probe,” by R. L. Hundsted, 
Scientific Paper 1644, Westinghouse Research Laboratories, East 
Pittsburgh, Pa., February, 1952. 
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Relative velocity, W 


Dihedral angle vetween 
radial plane containing 
w and meridian plane 


z'-axis 


Five hypodermic needles of 0.016 I.D. * 


Probe axis 


Meridian plane of sphere 


y' - axis (parallel to crosspiece) 
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Each of these ratios may be determined experimentally by meas- 
uring the pressure differences between the corresponding holes on 
the pitot sphere for a known orientation of the probe with respect 
to the free-stream velocity vector. The two functions of Equa- 
tions [3] and [3a] implicitly give @ and 6, which determine the 
direction of the velocity, in terms of the ratio of 


— ke ky — 
ky — ks ko — ks 


These ratios have finite values if 6 is in the range 0 < 6 < 180°, 
Fig. 2. But in the range —180° < 6 < 0, the ratios become in- 
finite when the vector makes equal angles with holes 0 and 3. 
For this reason and also for the sake of symmetry, the graph of 
the two ratios defining flow direction and velocity is divided into 
two halves, 0 < 6 < 180°, and —180° <6< 0. For the first haif, 
the ratios given by Equations [3] and [3a] are used. For the 
second half, the ratios used are 


ky — ke _ 
Pa — 

= = 
ko ky Pi ) 
The theoretical determination of the foregoing ratios of the 
pressure-recovery factors may be based upon potential flow around 
a sphere. For this case, the velocity at any point on the sphere 
surface corresponding to a radial line forming an angle y, with 
the w-direction is given by the equation’ 


Xiald, 5) 


This means that the pressure-recovery factor at the nth hole for 
potential flow is given by 


7 “Theoretical Hydrodynamics,” by L. M. Milne-Thomson, The 
MacMillan Company, New York, N. Y., second edition, 1950. 
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and the ratio of the pressure-recovery factors is 
ki — ks 
ko — ks 


sin® +; -— sin® Yo 


cos* — cos? 
cos? Yo — cos? 


The ratios of the other pressure-recovery factors are given by 
similar expressions. 

The angle y, is related to ¢ and 6 by the equations of spherical 
trigonometry 


cos Yo = cos @ 


cos Y: = cos @ cos a + sin a sin sin 
cos = cos @ cos + sin acosdsing@ > ..... (8] 
cos ¥; = cos @ cos a — sin @ sin 6 sin d 
cos ‘Ys = cos @ cos a — sin a cos 6 sin @ 


Making use of these relations, we have the functions representing 
the theoretical ratios of the pressure-recovery factors 


(Xiss) 


2 sin 2a sin 6 sin 2¢ 
2 sin? a (cos? @ — sin? 6 sin? @) + sin 2q@ sin 6 sin 2¢ 


[9] 


2 sin 2a cos 6 sin 26 
2 sin? a (cos? @ — sin? sin? + sin 2a@ sin 6 sin 


. [9a] 


(Yas) = 


These ratios are plotted in Fig. 3. Because of perfect symmetry, 
only the first quadrant in which 6 ranges from zero to 90 deg is 
shown. 

The foregoing functions are used to determine the direction of 
the velocity. The magnitude of the velocity may be determined 
by applying the general pressure equation to the center hole and 
one of the other four holes, say, hole (3), which will give the equa- 
tion 


w? 
(ko — ke) 
From this the velocity is 


Equations [6] and [8] may be used to determine the theoretical 
relation of (ky — ks) to @ and 6 


9 
ko — ky = (oom "Yo — cos? 


= [sin? (cos? @ — sin? 6 sin? 
+ 2a sin sin . [11] 


The curves for determining the flow direction and velocity ob- 
tained by experimental calibration are shown in Fig. 4. The 
dotted curves are the constant ky — k; or ko — k, curves. The 
experimental curves in Fig. 4 are not very symmetrical because of 
the slight misalignment of the holes, especially the center hole (0) 
which was found to be off the axis about 2 deg toward hole (4). 
In general, Fig. 4 checks fairly well with the theoretical curves in 
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Fig. 3. The latter were computed on the assumptions of poten- 
tial flow and zero post effect. 

After the magnitude and direction of the velocity have been de- 
termined, the static pressure of the free stream is given directly by 
Equation [2] for the center hole 


The theoretical value of ky is given by Equation [6], where 70 is 
identical to the cone angle ¢ 
9 
ko = fain? [13] 
The theoretical curves for k) and the corresponding experi- 
mental calibration curves are shown in Fig 5. The deviation of 
the experimental curves from the theoretical one is mainly due to 
the misalignment of the center hole (0). 


CALIBRATION 

The spherical probe was calibrated in the test stand which is 
shown schematically in Fig. 6. The calibration fixture consists of 
two concentric rings in a gimbal mounting. The bottom ring is 
pivoted along its diameter in the table mounting, with the pivot 
axis perpendicular to the nozzle axis. The tilting angle is meas- 
ured with a protractor on the pivot axis and is equal to the cone 
angle @ between the velocity vector of the flow and the shaft axis 
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of the probe. The top ring rotates over the bottom ring which has 
protracted angular divisions to measure the dihedral angle 6. 
The probe is mounted on the top ring with its shaft axis coinciding 
with the ring axis and with the center of the spherical probe on the 
pivot axis of the bottom ring. By this arrangement the center of 
the sphere remains on the nozzle axis and fixed in position with 
any change of cone angle and dihedral angle. Thus the error 
caused by nonuniformity of nozzle air velocity with change of 
these angles is minimized. 


APPLICATION 

This spherical pitot probe was designed mainly for measuring 
the relative flow through rotating three-dimensional blade cas- 
cades. The relative flow through such cascades is steady provided 
the guide cascades in the upstream or downstream are remotely 
located. In such cases, the response speed of the pressure read- 
ings can be sacrificed in favor of small orifice holes and connecting 
tubings. Thus the size of the probe head can be reduced, and the 
errors due to differences in centrifugal heads of the holes at dif- 
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ferent radii from the axis of the rotating cascade are minimized. 
The probe can be mounted on the impeller without any pro- 
vision for yawing. The pressure readings are taken off from the 
impeller shaft through rotation seals. Viscous drag mercury seals 
were developed for this purpose and found to perform satisfac- 
torily. 
SuMMARY AND CONCLUSIONS 


The accurate three-dimensional mea urement of internal flow is 
necessary for further development in the field of mixed-flow sub- 
sonic turbomachinery. Steady-state measurements within a 


rotating-blade cascade may only be obtained by mounting the 
measuring instrument upon the rotating part. In general, flow- 
surveying probes must be yawed in at least one plane until pres- 
sure readings on two symmetrically positioned orifice openings are 
balanced. This yawing is difficult to accomplish on a rapidly ro- 
tating element. A spherical probe was chosen and calibrated for 
three-dimensional measurements without yawing. Satisfactory 
measurements were obtained in actual blade cascades by this 
method. The probe is quite sensitive to direction; in general, an 
accuracy of better than 1 deg for ¢ and 2 deg for 6 can be expected. 
The accuracy for the velocity and static pressure is estimated to 
be about 3 per cent. The inherent disadvantages of this type of 
probe are the limited operating range of Reynolds number (4 X 
10* to 1.5 X 10°) and the change of calibration when the probe 
is held close to the wall. 
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Discussion 


W. G. Cornet. Congratulations are due to the authors on 
an interesting and valuable paper. A probe which does not re- 
quire operational realignment is indeed useful for experimental 
investigations of turbomachinery. 

The authors minimize two important effects, which merit 
further attention: (a) The probe calibration wi’ be affected by 
the large stream velocity gradients which exist in high-perform- 
ance impellers; (b) the calibration will be a function of the level 
of stream Mach number. 


* Aerodynamics Engineer, Aircraft Gas Turbine Division, General 
Electric Company, Cincinnati, Ohio. Mem. ASME. 
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F. C. Scuwenk.’ The authors propose an interesting method 
for the measurement of flow inside mixed-flow rotating cascades. 
However, in the judgment of the writer, the authors did not dis- 
cuss some important aspects of the use of the pitot probe. 
Actually, much more information than is contained in this paper 
will be required before the three-dimensional pitot probe can be 
utilized. 

The first problem that comes to mind is posed by the large 
diameter of the crosspiece, Fig. 1 of the paper. The rotating 
cascade to be studied must be quite large to avoid choking in the 
passage in which the probe is to be located. 

Another question that might deserve some consideration is one 
of stresses in the long tapered shaft. Excessive stresses might 
occur for high rotational speeds when the tapered shaft is mounted 
nonradially with respect to the axis of the impeller. 

It is also expected that flow angles measured by this probe 
in a cascade will be in error if a static pressure gradient is present. 
Such an error can be reduced by reducing the size of the sphere at 
the expense of causing fabricating problems. 

There is also a question about the variation of probe calibra- 
tion with changes in approach Mach-number level. Mach number 
should affect the calibration, and the writer feels that use of this 
pitot probe for other than essentially incompressible flows may 
be difficult. 


F. S. Wernic.” The complete theoretical analysis and cali- 
bration of this 5-hole probe is to be commended. © Yet if the probe 
is not to be used in a quite large test vehicle, the problem remains 
of extending the calibration to a field where velocity gradients 
exist. The real difficulty then, because of the velocity gradient, 
would be that the corrections, in general, had to be different 
as to the causes of this gradient whether potential, as by curvature 
of the streamlines, or nonuniformity of energy, as in the shear 
flow of the boundary layer or of secondary flow. 


AvutHors’ CLOSURE 


The two major questions raised by all three discussers, Messrs. 
Cornell, Schwenk, and Weinig are: 


(a) The change of calibration with large velocity gradients. 


*§ Lewis Laboratory, National Advisory Committee for Aeronau- 
tics, Washington, D. C. 

Manager, Aerodynamics, 
General Electric Company, Cincinnati, Ohio. 


Aircraft Gas Turbine Division, 
Mem. ASME. 
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(b) The change of calibration with the Mach number level. 


These two points as mentioned in the paper are the inherent dis- 
advantages of this type of probe. The first effect, as pointed out 
by Mr. Schwenk, can be reduced by reducing the size of the sphere. 
It is believed that the probe diameter can be reduced to about 
0.13 in. using smaller hypodermic needles without introducing 
much manufacturing difficulty. The ratio of the probe head dia- 
meter to the neck size will become greater as the head diameter 
is reduced, and the calibration will deviate more and more from 
the theoretical calibration for the sphere. The use of a probe 
with the hemispherical head connected to the neck with the same 
diameter was suggested in several instances to reduce the probe 
size, but the accuracy and angular sensitivity of such a probe has 
never been investigated. 

In order to obtain high accuracy, the probe should be cali- 
brated for the particular range of Mach number to be measured. 
With Mach numbers up to 0.4, for which the probe was used, the 
calibration curves remained substantially constant. The authors 
will be much interested to obtain more information about the 
variation of calibration for higher Mach-number levels. 

The two other comments made by Mr. Schwenk regarding the 
stresses and deflection set up in the probe shaft under high centrifu- 
gal acceleration and the choking of the impeller passage by the 
crosspiece were considered by the authors during the design. 
Stress calculations showed that the probe as shown in Fig. 1 of 
the paper, made of heat-treated alloy steel, was safe up to an 
acceleration of about 5000 g, equivalent to operating a 24-in. 
diameter wheel at about 4000 rpm with the probe mounted on 
the periphery and shaft axis perpendicular to the impeller radius. 
A slight error is introduced in the static pressure by the deflection 
of the probe shaft, because of the variation of the centrifugal head 
of the air column in the pressure take-off conduits with radial 
position of the probe head. If the deflection is known, this can 
be readily compensated. 

In this particular application the flow measurements around 
the wheel periphery were made by one single probe, and in order 
to facilitate position adjustment, both in the circumferential 
direction and the axial direction, the probe crosspiece was made 
heavy enough to contain the positioning notches and the cotter 
key flat so that it could be fastened to the positioning disk at any 
of the circumferential and axial positions. If the probe was to be 
fixed in position between the impeller shrouds, the crosspiece 
could be made much smaller depending upon the span length 
between the shrouds. 
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The Combustion of Liquid-Fuel Spray 


By J. A. BOLT? ano T. A. BOYLE,* ANN ARBOR, MICH. 


This paper is concerned with the evaporation and com- 
bustion of liquid-fuel spray in the range of sizes predom- 
inantly used in aircraft gas-turbine combustors. Spray 
of uniform-size fuel drops of 70 to 130 microns diameter 
was produced by means of a spinning disk. Photographic 
techniques were developed to obtain an indication of the 
rate of change of diameter and the velocity of the burning 
drops, while moving freely in air. Rates of burning for 
several pure hydrocarbon fuels were determined. The 
experimental work emphasizes the complexity of the com- 
bustion of a fuel spray and the need for much additional 
work, 


INTRODUCTION 


URNING of liquid fuel is aided in many applications by the 
B use of various types of atomizing nozzles, whose function 

it is to increase the surface area of the fuel and, conse- 
quently, the rates of evaporation and burning. 

Our knowledge of the exact processes and rates of burning of 
liquid-fuel drops in furnaces and turbines is very meager. This 
is due to the complexity of the processes and the difficulties of 
measurement under the actual burner conditions. 

This lack of knowledge hampers application of rational methods 
to the design of combustors for gas turbines, “ When a rational 
analysis is attempted, many assumptions are necessary. This 
leads to error and makes the design of burners very difficult, 
As a result, these units are largely designed on the basis of past 
experience and trial-and-error development, involving a large 
amount of experimental burner testing. 

Therefore all fundamental information relating to the rates of 
combustion of fuel spray, and an evaluation of the variables 
which influence the process are of the greatest importance. 


Survey or Past Work 


Nearly all the experimental and analytical work relating to 
this problem has been carried out with single drops; this has 
involved flooded spheres which simulate liquid drops, or drops 
suspended from filaments. The drop sizes of principal interest 
for turbine burners lie in the range up to several hundred microns. 
The size of fuel drops dealt with in the previous experiments has 
been much larger than the size of interest for gas-turbine burners, 
thus necessitating extensive extrapolation. 

Spalding (1, 2)‘ outlines a theory for the combustion of liquid 
fuel based on the assumption that combustion occurs within a 
stagnant film adjacent to the liquid surface. The film surround- 
ing the drop is divided into two regions by a surface concentric 


1 Results of an investigation conducted at the Engineering Re- 
search Institute of the University of Michigan, under contract with 
Wright Air Development Center, Wright-Patterson Air Force Base. 

2 Professor of Mechanical Engineering, University of Michigan. 
Mem. ASME. 

* Assistant Professor of Mechanical Engineering, University of 
Michigan. Assoc. Mem. ASME. 

4 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Gas Turbine Power Division and presented at 
the Diamond Jubilee Semi-Annual Meeting, Boston, Mass., June 
19-23, 1955, of Tar Amertcan Society or MecHanicaL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, May 
10, 1955. Paper No. 55—SA-67. 


to that of the liquid. The chemical reaction is assumed to take 
place at the dividing surface. The fuel vapor passes by diffusion 
from the liquid surface to the burning surface, while the oxygen 
diffuses to this surface from the outer boundary of the stagnant 
film. A small portion of the heat of combustion is conducted 
inward to heat the liquid and provide the latent heat of vapori- 
zation of the fuel. The main portion of the heat of combustion 
is conducted outward toward the gas stream. This analysis 
indicates that the rate of combustion of a liquid fuel is greatly 
influenced by the phenomena of heat transfer, diffusion, and 
evaporation. Evaluation of these phenomena has been hindered 
by difficulties involved in the analysis of the gases and the 
measurement of the temperatures near the flame zone. Spalding 
was able to complete his analysis by making simplifying assump- 
tions for many of these factors. Experimental work was con- 
ducted employing flooded spheres of approximately 1'/, in. diam 
te support some of his theory. 

Godsave (3) ignited drops suspended on a vertical filament and 
photographed the burning drops with a motion-picture camera. 
He observed the rates of burning of various fuels and pure hy- 
drocarbons, and found that over the range of drop sizes investi- 
gated (1000 to 2000 microns), the burning drops decreased in 
size at a mass rate proportional to the first power of their diame- 
ter. The burning rate may be expressed by an evaporation 
constant, as defined by the following equation 


where 


D = drop diameter at any time, ¢ 
D, = drop diameter at t = 0 
\ = evaporation constant having the dimensions 
of length*?/time 
t = elapsed burning time 


He also obtained experimental evidence that the rate of com- 
bustion is chiefly dependent on the enthalpy of the liquid and on 
the latent heat of vaporization, rather than on properties such as 
the volatility of the fuel. Spalding (1, 2) also stated that the 
fuel properties having the predominant effect on the combustion 
rate are the heat of combustion, the latent heat of vaporization, 
and the specific heat of the vapor. Since these properties do not 
vary greatly for the usual hydrocarbon fuels, it is reasonable to 
expect that the combustion rates will be quite similar. Thus 
the difference in burning rates for gasoline and diesel fuel is due 
mainly to the difference in time required to reach equilibrium 
temperature. Spalding points out the importance of these con- 
clusions, since they indicate the futility of trying to accelerate 
combustion by means of additives. 


EXPERIMENTAL Merson SELEecrEeD 


This work was undertaken in an effort to avoid the following 
sources of experimental error: 


1 Complications arising from filament or wire suspension. 

2 An undesirable degree of extrapolation to obtain data for 
the drop size of principal interest. 

3 Indefiniteness resulting from dealing with a wide range of 
drop sizes. 

4 Use of an isolated drop instead of a drop under the in- 
fluence of its neighbors. 
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Sprnninc-Disk SpRAYER 


The need for a uniform-drop-size fuel spray ade- 
quate to sustain a combustion process was best met 
by spray from a spinning-disk sprayer. During the 
early stages of this work other means were tried, but 
the spinning disk was considered the most suitable. 
The work of May (4) and Walton and Prewett (5) 
had established the uniformity of spray from a spin- 


' GREP PATTERN ning disk; however, the work of Friedman (6) indi- 
cated that when these sprayers were loaded heavily, 
| NE. the uniformity of the spray diminished. For the 
AIR TURBINE work reported here the spray was considered uniform 
po Angad UY; when it exhibited a standard mean deviation of 5 
toa microns or less. However, as the spray burns, the 
ny range of sizes increases. 
-( Within the limits thus established, a spinning- 
- “4 disk sprayer supplied spray that was adequate in 
quantity and acceptably uniform in size. The satel- 
/ sig lite drops formed traveled 3 or 4 in. radially and 
STROBOTAG were carried upward. These satellite drops were not 
| | present in the region of the flame as long as the rate 
PHOTO-FLASH of fuel supply to the disk was kept relatively low. 
LAMP FOR F IMAGE Conditions representative of much of the work re- 
SECOND OROP Z) ported are as fellows: Fuel supply, 12 cc/min; disk 


diameter, 2 in.; disk speed, 8000 rpm; drop size 
entering flame, 90 microns. 

The disk was turned by an air turbine, mounted 
with its axis vertical. The disk was held in the collet 
chuck on the turbine shaft and supplied spray in the 
form of a horizontal sheet. Turbine control was ef- 
fected through a pressure regulator and the speed 


Fie. | Equrpment ror MAKING, BurRNING, AND PHOTOGRAPHING castle, was measured with a strobotac. 


Size Fue. Drops 


Fic. Test Stanp Wire Burning Fue. Spray 


The experimental procedure utilized an application of photo- 
graphic analysis to a uniform-drop-size spray as it was burned. 
This paper describes the development of a method for the prob- 
lem, and reviews the results which have been obtained to date. 
Some aspects of it constitute only a progress report, since the 
investigation is continuing. 

The equipment used for most of these tests is illustrated in 
Figs. 1 and 2. 


Drops formed at the edge of the disk traveled in 

a straight, virtually horizontal path for 6 or 8 in.; 

then, as their outward velocity was reduced, they dropped to the 
surface of the stand on which the turbine was mounted. A bunsen 
flame, moved through the region in which the drop velocity was 
sufficiently reduced, initiated a sustained flame in the form of a 
ring around the disk. A portion of the flame was then photo- 
graphed, and the size and velocity of drops appearing on the 
photographs were determined. 


Puorocrapuic Spray ANALYsIS 


The basic arrangement of equipment used to photograph the 
burning spray was patterned after that of York and Stubbs (7). 
A General Electric photolight was directed through the region of 
spray to be photographed. The transmitted light yielded a 
silhouette photograph of the drops within the camera field at 
the instant the light was flashed. The intensity of the flash 
was controlled by the location of the light and of the ground- 
glass diffusing screen. 

For determining velocities, two photolights were used, see 
Fig. 1. They supplied light to a half-silvered mirror and then 
through the spray to the camera. The second photolight was 
fired at a known interval after the first so that knowledge of the 
distance between the two images of a drop would permit deter- 
mining its velocity. An alternative method utilized a single 
photolight powered in sequence from six capacitors, which pro- 
duced six flashes in rapid sequence. With this arrangement, an 
ordinary six-eylinder automobile-engine ignition-unit assembly 
was used, being turned at approximately 1700 rpm. The pri- 
mary circuit-breaker points of the ignition unit were used to time 
the trigger circuit of the photolight, and the secondary distrib- 
utor system was used to connect each of the six 2-microfarad 
condensers in sequence to the photolight electrodes. 
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Photographs were taken with the camera axis either vertical or 
horizontal. The orientation of camera and lights to the spinning 
disk for each scheme is shown in Figs. 3 and 4. 

Photographs taken with the apparatus arrangement shown in 
Fig. 3 (orientation A) will be referred to as A photographs. 
With this arrangement the plane of focus of the camera can be 
approximately coincident with the plane of spray supplied to the 
flame. The A photographs taken without flame present re- 
vealed many drops, and it was through a considerable number of 
these photographs that the capability of the disk sprayer was 
confirmed. More than 300 drop images have appeared on some of 
the 4 X 5-in. negatives. Inasmuch as the camera magnification 


Fic. Orrentation A or Sprnnine Disk anv With 
Camera Axis VERTICAL 


HALF SILVERED 
___MIRROR 


MASKING 
SHIELD 


Fic. 4 Onrentation B or Spinning Disk anp WitTH 
Camera Axts 
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was 3, and the Jones and Lamson comparator used for examining 
the negatives provided an additional magnification of 10, the 
drop images that were measured were 30 times actual size. Care- 
ful examination of negatives showing about 300 drop images 
indicated that over 90 per cent of the drop diameters were within 
a 5-micron range. To obtain this degree of uniformity of drops. 
the balance of the disk and air turbine and the quality of the 
turbine bearings must be excellent. 


Compustion or Untrorm Spray 


After establishing the limits of uniformity of the spray, a 
series of A photographs was taken through a flame supplied by 
the uniform spray. The plane of focus was located in the lower 
part of the flame. In general, these photographs, Figs. 5 and 6, 
showed spray of the original size toward the entering side of the 
field. The spray then showed a quite regular reduction of size 
as the fuel drops proceeded to traverse the 1 or 1'/2 in. through 
the flame. The drops could thus be observed in successive 
regions where the mean diameter was reduced from 90 to 100 
microns down to 40 to 60 microns. Heated air supplied from 
below for combustion permitted burning a somewhat larger 
drop size and produced a more stable flame. The conditions 
represented in Fig. 5 are original size, 130 microns; original 
velocity, approximately 2 fps; minimum-size drop visible, 40 
microns; minimum velocity, about 0.5 fps. When examining 
Figs. 5 and 6, it must be remembered that the original negative 
provided much clearer images of the drops than the printed 
photograph shown. 

Concurrent work was carried out which resulted in a num- 
ber of B photographs, as shown in Fig. 7. In these the number 
of drops was considerably reduced; however, the location of the 
drops in the vertical plane within the flame could be deier- 
mined. 

Merson or EvaLuatTiIon 


Because of the larger number of drop images obtainable on 
one negative, the A photographs served as the principal source 
of data. The negatives were placed within a transparent plastic 
shield and viewed with a comparator. The shield carried a grid 
of lines which appeared, together with the photographic image, 
on the comparator screen. The spaces between lines were 
numbered, and these served as designation for the several zones 
into which the photograph was divided. This is illustrated for a 
typical negative in Fig. 8. Within the actual flame the distance 
represented by one of these zones was 0.083 in. measured along 
the line of travel of the drops. On the comparator screen the 
zone appeared to be 2'/2 in. in width. Drops within these zones 
were counted and measured, and the distance between the two 
images of each drop was determined. This information, together 
with the knowledge of the time duration between flashes, yielded 
the velocity of each drop. 

A mean diameter and mean velocity were determined for the 
drops appearing in each zone. These mean characteristics were 
ascribed to the spray appearing in the successive zones. The 
time needed for the drops to proceed to a particular zone, and 
thus experience a reduction in mean drop size, was then obtained 
by summing up the times necessary to traverse the intervening 
zones at the observed mean velocities. Data from several 
negatives were combined by considering only those zones in 
which the size was observed to change, designating as zero the 
last zones in which original-size drops appeared. 


Resvutts 


The experimental work described made possible the deter- 
mination of the average time required to burn representative 
drops of various liquid fuels in an actual spray. These times 
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Fic.5 Typrca, View or Burnine Kerosene Drops, 130 Microns 
Ortarnat Size, A 


Fie. 6 View or BurNninG Kerosene Drops, 100 Microns 
Size 


were based on observations made as the drops were reduced from 
100 or 130 microns original diameter to about 50 microns. 

It was noted that there is no single burning rate for all the 
drops in a given spray, but rather that their burning rates vary 
over a wide range. This, of course, is the result of the different 
conditions of burning for each drop. The term “burning rate’ 
may be misleading, since it implies that the droplet is intimately 
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associated with the flame. The actual process involves an evap- 
oration followed by the burning of the vapor. The vapor may 
burn at some distance from the droplet that was its source, and 
this resulting flame and the drop will almost certainly not be 
concentric. The evaporation is dependent principally on the 
local temperature, vapor concentration, and fuel properties, 
while the burning depends on such additional factors as con- 
centration of oxygen and the products of combustion. The 
action of combustion notably increases convection currents and 
turbulence and obviously adds to the complexity of the situation. 

Plots of the averaged data are shown in Fig. 9. These values 
for the four fuels shown represent data from many photographs 
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and are average rates for the entire process. The plotted curves 
substantiate the theory that drop diameter squared varies lin- 
early with time. 


DIAMETER® x 10° MICRONS* 
™N 


6 8 10 
TIME - MILLISECONDS 
Fie. 9 Burnie Rates or Spray 


The slope of these lines is the constant A for the par- 
ticular fuel, as previously defined. Given a value of A for a 
particular fuel, the time for evaporation and burning of a given- 
size drop readily can be obtained from the equation 


D? = Dy? — XM 


for which the symbols have been defined earlier. 
These values of A, together with the corresponding life of a 
drop of 100 microns original diameter, are shown in Table 1. 


TABLE 1 RATE OF COMBUSTION OF FOUR LIQUID FUELS 


Time to evaporate 


Fuel A(em!/sec) 


Cyclohexane 

n-Propy! alcohol 
n-Heptane 


The values of burning rates obtained are approximately one 
half those reported by Godsave (3) and Kobayasi (8) for much 
larger drops of 700 to 2000 microns original diameter, burning in 
still air while held on a silica filament approximately 200 microns 
(0.2 mm) diam. The discrepancy in values suggests that the 
phenomena associated with a burning fuel spray of very small 
drop size may be more nearly similar te drop evaporation in a hot 
atmosphere than to burning of a single large fuel drop surrounded 
by flame from its own vapor. For example, the burning rate of 
n-heptane (see Fig. 9) corresponds to the value of Kobayasi (9) 
for n-heptane drops evaporating in an atmosphere of 530 C. 

The photographs serving as the basis for the foregoing work 
were taken with the axis of the camera vertical (orientation A, 
Fig. 3), the region of focus being about 0.6 mm in depth and 
located close to the bottom of the flame. Any drift of small drops 
up out of the zone of focus of the camera would result in an ap- 
parent increase of the mean drop diameter remaining in focus in 
each succeeding zone and, therefore, a deceptively low value of 
\ with a correspondingly long drop life. 

To check this, series of photographs were taken at right angles 
to those mentioned (orientation B, Fig. 4). The drops coming 
from part of the spinning disk were shielded, and the camera 
was located in the shielded space with its axis tangential to the 
group of drops that was burning. When viewed in this manner, 
the flame presented a roughly triangular outline and revealed 
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the drop images concentrated along the lower boundary of the 
flame, Fig. 7. 

Series of these photographs were analyzed for the purpose of 
checking the values presented in the foregoing. These showed 
a much smaller number of drops per photograph, but gave ap- 
proximately the same result. 

Motion pictures taken at a rate up to 3000 frames per second 
also revealed quite clearly the motion and decrease in size of the 
drops throughout most of their combustion cycle. This tech- 
nique is being developed further, and it is expected that it will 
yield significant information. 

It is interesting to note that as the spray proceeded through 
the flame the size uniformity diminished rapidly. Fig. 10 rep- 
resents the range and distribution of drop size appearing in suc- 
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cessive zones throughout the flame. As the spray proceeds 
through a distance of a little over 1 in. (13 zones), the mean di- 
ameter of the drops is reduced from 94 to 61 microns. At the 
same time, the range of sizes in representative zones increased 
considerably, and the standard mean deviation showed a corre- 
sponding increase from 2.9 to 13.4 microns. 


CONCLUSIONS 


1 A successful photographic technique has been developed for 
observing the burning rates of small fuel drops in free flight. 

2 The data support the idea that there is a linear relationship 
between the drop diameter squared and time for burning. 

3 The action of combustion creates a high degree of turbu- 
lence. 

4 There isa very large variety of circumstances of the burning 
process, causing drops to vaporize at different rates; an impor- 
tant factor in the tests reported was the drop position relative to 
the principal flame zone. 

5 The uniformity of the drop diameter of a spray diminishes 
rapidly as burning proceeds. 

6 The combustion of a fuel spray is a very complex process, 
requiring much more theoretical and experimental work. 
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Discussion 


H. R. Heretz.§ This paper presents an interesting approach 
to the study of combustion of liquid fuels dispersed as droplets. 
Atomization of oils and tars and combustion of the spray is one 
of the principal modes of utilization of liquid fuels, but un- 
fortunately, in most aspects it is still an empirical process. As 
higher and higher heat-release rates are demanded in various 
applications of the art, however, the need for a fundamental 
understanding of the process becomes more imperative. 

The techniques outlined by the authors appear to be one means 
for obtaining this fundamental information. Use of high-speed 
motion pictures seems to be a particularly valuable method 
for studying the mechanisms involved. Use of other methods for 
photographing the droplets in the flame, specifically the 
“schlieren” arrangement, is suggested as a technique for obtaining 
additional data. 

Confirmation of the equation proposed by Godsave relating 
burning rate to an evaporation constant is interesting, particu- 
larly in view of the difference in order of magnitude of the sizes 
of droplets studied. The authors suggest that the differences 
between the values of burning rates obtained in this investigation 
and in other studies may indicate different evaporation or com- 
bustion mechanisms. It is also possible that the evaporation 
constant \ is a function of vapor pressure as well as of other 
physical properties of the system and, as a consequence, varies 
with droplet size. The range of droplet sizes studied is small 
(less than an order of magnitude) and an extension of the study 
to establish the constancy of \ seems to be in order. 

Although investigations with sprays of uniformly sized drop- 
lets is desirable to establish mechanisms, the sprays obtained in 
practice are far from uniform with respect to droplet size. A 
study of nonuniform sprays should be made at some time to 
determine whether interaction occurs in the simultaneous burn- 
ing of droplets with diameters differing by an order of magnitude. 
Information obtained in such a study might explain certain 
phenomena that are encountered in the field (such as the meta- 
stable blue-flame combustion occasionally observed with pressure 
atomizing burners) and disclose means for utilizing desirable 
processes and suppressing the undesirable ones. 


5 Shell Oil Company, Sewaren, N. J. 
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J. M. Prvcuer.’ It appears that the authors of this paper 
have made two major contributions to the study of the complex 
processes involved in the combustion of a fuel spray. First, 
they have made great strides in the development of equipment 
suitable for accurate quantitative measurements of the burning 
rates of droplets under conditions similar to those encountered in 
practice. Data of this type have considerably more practical 
value than data for the burning rates of large simulated drops 
suspended from filaments. 

Also, they have obtained a limited amount of reliable data 
on four liquid fuels. It is hoped that more extensive data will 
be forthcoming in the near future. 

The marked difference in their values of burning rates, as com- 
pared with data reported by Godsave and Kobayasi, is sig- 
nificant, and probably reflects the importance of interactions with 
adjacent drops. Absorption by the drop of radiant heat from 
the large flame produced by the burning of many drops may 
also account for the difference. 

Based on experience with disk atomization at Battelle, it is 
suggested that the eccentricity of the rotating disk be reduced to a 
minimum by careful balancing. The eccentricity of our specially 
selected air turbine was reduced from 120 to 6 microinches by 
careful balancing of the combined shaft and disk. 


A. A. Putnam.’ The authors are to be congratulated on a 
fine piece of work. The technique they have developed will be 
of great value to other workers in this field. Their finding of a 
difference of a factor of 2 between single-droplet and multiple- 
droplet combustion rates indicates that far more work of this 
type is needed before we fully understand the combustion of liquid 
fuels. 

The writer would like to bring to the authors’ attention a 
recent article by Tanasawa.* This report analyzes a similar set 
of data, but gives more attention to the statistical representation 
of the data. The authors’ comments on the relation of this paper 
to their work would be of value. 


Avutuors’ CLosuRE 


Mr. Heiple’s comments and suggestions are appreciated. 
We agree that an extension of the study to establish the con- 
stancy of A over a greater range of drop sizes is desirable, and 
this was one of our original objectives. However, difficulties 
relating to formation of uniform drops as well as their combustion 
over a wider range of sizes with the equipment used imposed 
limitations. We also undertook application of schlieren tech- 
niques but experienced difficulties in obtaining satisfactory 
focus because of the shape and irregular movement of the flame. 

We also agree with Mr. Heiple that further development of 
the high-speed photographic technique is desirable, and as 
stated in the paper, we expect to do this. When this paper was 
presented a 16-mm film of five minutes’ duration was shown of burn- 
ing fuel spray taken at 3000 frames per second, with several 
arrangements of back and side lighting. This film aroused con- 
siderable interest. Additional work is needed to be more cer- 
tain of the exact optical relationship between the actual drop 
size and the size of the images seen on the film. More than 3000 
frames per second and the use of 35 mm in place of 16-mm film 
would also be desirable. 

We concur with Mr. Pilcher concerning the need for careful 


* Assistant Chief, Combustion and Applied Physics Division, 
Eattelle Memorial Institute, Columbus, Ohio. Mem. ASME. 

7 Assistant Division Chief, Battelle Memorial Institute, Columbus, 
Ohio. Mem. ASME. 

’“‘On the Combustion Rate of a Group of Fuel Particles Injected 
Through a Swirl Nozzle,’’ by Yasusi Tanasawa in “The Technology 
Reports of the Tohoku University,"’ Japan, vol. 18, 1954. 
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balancing of the atomizing disk. To check this, periodic checks 
were made on the uniformity of the spray produced. In each 
instance of poor spray the turbine bearings were replaced and 
this maintenance resulted in spray within the limits specified. 

The Japanese paper,* as stated by Mr. Putnam, is pre- 
dominantly a statistical representation of the size distribution 
from swirl nozzles, followed with developed equations which 
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represent the burning rate of nonuniform sprays. A statistical 
approach appears to be essential when dealing with a nonuniform 
spray. Further, it is extremely difficult to specify the con- 
ditions around an individual drop of even a uniform size burn- 
ing spray; therefore a reporting of statistical variation of evapora- 
tion or burning rate for given average conditions would also be 
desirable for uniform sprays. 
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The Aerothermopressor—A Device for 
Improving the Performance of a 


Gas-Turbine Power Plant 


By A. H. SHAPTIRO,' K. R. WADLEIGH,? B. D. GAVRIL,' anv A. A. FOWLE,* CAMBRIDGE, MASS. 


Theoretical and experimental investigations of a novel 
gas-dynamics device having no moving parts yet perform- 
ing the function of a compressor, are described. This de- 
vice, called the ““Aerothermopressor,” exploits the possibil- 
ity of raising the total pressure of a high-speed gas stream 
through cooling of the gas. When placed at the exhaust of 
a gas turbine, the Aerothermopressor will reduce the ex- 
haust pressure, thereby improving both fuel economy and 
power capacity per unit of air flow. Basic elements of the 
apparatus comprise a nozzle which accelerates hot gas into 
an evaporation section; a water-injection system which 
delivers finely atomized water into the high-speed stream; 
an evaporation section in which the gas is cooled and most 
of the water evaporated; and, finally, a diffuser in which 
the gas stream is decelerated and the static pressure in- 
creased. 

Although the Aerothermopressor is simple in structural 
arrangement, the physical processes occurring within 
it are exceedingly complex in their details. The simul- 
taneous effects on the gas stream of droplet drag, evapora- 
tive cooling, area variation, and wall friction lead to many 
regimes of operation, including the hitherto unknown 
passage from subsonic to supersonic speeds in a constant- 
area duct. Theoretical calculations of a one-dimensional 
nature, involving for the gas stream the equations of con- 
tinuity, momentum, and energy, and for the liquid-drop- 
let cloud the equations of motion, heat transfer, and mass 
transfer, have been carried out on a high-speed, electronic 
digital computer. The theory reproduces all the behavior 
patterns of experimental units and is in generally good 
quantitative agreement with the experimental data. 

The results of experiments on a small-scale, constant- 
area unit of 2.13 in. diam are presented and compared with 
theoretical calculations. The experiments and theory 
both show that a net stagnation rise is possible only with 
gas flows greater than about 2 lb/sec; below this value the 
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detrimental effects of wall friction completely absorb the 
gains due to cooling. In the range of 25 lb/sec a net stag- 
nation pressure rise of about 10 per cent seems assured, 
while 20 per cent seems possible. 

Early tests on a recently completed medium-scale unit 
of 25 Ib/sec capacity have already demonstrated a net over- 
all rise in stagnation pressure. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


cross-sectional area of duct 

speed of sound in gas phase 

specific heat at constant pressure of gas phase 

specific heat of water in droplet 

mean value of c, between 1 and 2 

drag coefficient of droplet 

volume-surface mean-droplet diameter 

value of d immediately after atomization 

value of dy given by Nukiyama and Tanasawa formula 
(4 

duct diameter 

diffusivity of water vapor into air 

dpo/ 

skin-friction coefficient of pipe 

see Equation [8b] 

specific enthalpy of air 

specific enthalpy of liquid water in droplet 

specific enthalpy of water vapor 

film coefficient of mass transfer (Equation [42]) 

film coefficient of heat transfer (Equation [45a}) 

stagnation enthalpy of gas phase 

stagnation enthalpy of air 

stagnation enthalpy of water vapor 

ratio of specific heats for gas phase 

length of evaporation section 

latent heat of water vapor at temperature 7’, 

Mach number of gas phase, V /c 

Nusselt number for mass transfer, h pd/D 

Nusselt number for heat transfer, hrd/x 

static pressure of gas phase 

stagnation pressure of gas phase 

stagnation of pressure of mixture (Equation [28]) 

Prandtl number, c,u/« 

heat added per unit mass of gas 

gas constant of gas phase 

gas constant of air 

gas constant of water vapor 

universal gas constant 

relative Reynolds number of droplet, (pd|V — V,|)/u 

Schmidt number, u/pD 

t = time 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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absolute temperature of gas phase 
temperature of droplet 
stagnation temperature of gas phase 
gas velocity 
droplet velocity 
mass rate of gas flow 
mass rate of air flow 
mass rate of water flow 
mass rate of water injected 
molecular weight of gas phase 
molecular weight of air 
molecular weight of water vapor 
fraction evaporated, w/Q 
V,/V 
see Equation [13] 
longitudinal distance from inlet plane 
see Equation [58] 
(see Equation [26]) 
see Table 3 
diffuser loss coefficient (see Eq. [55]) 
compressor efficiency 
turbine efficiency 
mixture stagnation temperature (see Equation [26]) 
thermal conductivity of gas phase 
viscosity of gas phase 
mass density of gas phase 
mass density of water in droplet 
spatial mass density of saturated water vapor at drop- 
let surface 
spatial mass density of water vapor far from droplet 
surface 
= shear stress at pipe wall 
= specific humidity of gas phase, lb of water per lb of air 
Q. = initial water-air ratio, w/w, 
Subscripts 
1 = at inlet of evaporation section 
= at exit of evaporation section 
at exit of diffuser 
air 
water 
water vapor 


Na Mew 


1 INTRODUCTION 


1.1 Object 

The purpose of this paper is to present both an introduction 
and a progress report on a novel aerothermodynamic device which 
performs the function of a compressor but which requires only an 
extremely simple mechanical structure having no moving parts. 
Basically, the Aerothermopressor is a duct within which atomized 
water evaporates into a high-speed stream of high-temperature 
gas, thereby inducing a rise in isentropic stagnation pressure of the 
gas stream. One of the most attractive applications of the Aero- 
thermopressor is as an auxiliary for improving the performance 
of a gas-turbine plant. 

The plan of the paper is (a) to develop the basic ideas and the 
theory of the Aerothermopressor, () to illustrate its application 
to the gas-turbine plant, (c) to discuss the factors entering into 
the design of an Aerothermopressor and the considerations for 
handling them, (d) to present the theoretical and experimental 
results thus far obtained, and (e) to evaluate the future prospects 
of the Aerothermopressor and name the crucial problems which it 
faces. 


1.2 Basic Concept and Preliminary Theory of Aerothermopressor 
A glance at the history of typical inventions shows that almost 


without exception the theory of a device follows the conception of 
its mechanical arrangement. The Aerothermopressor seems to be 
one of those rare instances wherein a theoretical analysis re- 
vealed the practical possibilities; in fact, the mode of operation of 
the Aerothermopressor is so far removed from that intuitive 
sense which usually underlies invention, that one can hardly 
imagine its having been rationally conceived prior to the theoreti- 
cal advances in gas dynamies of the past decade. 


Fie. 1 One-Dimensional Process on Wuicu Equa- 
TION [1] Is Basep 


Preliminary Analysis. The formula which motivated the de- 
velopments reported here, presented by Shapiro and Hawthorne 
(1) in 1947, indieates how the isentropic stagnation pressure of a 
gas stream, Fig. 1, is affected by the various external influences 
which may alter the state of the stream 
dpo kM? d To 


dz dw 


This equation, which is derived from the continuity, momentum, 
and energy equations for a perfect gas, is the result of a one-di- 
mensional analysis of a simple model in which the external in- 
fluences considered include changes in the stagnation tempera- 
ture, pipe-wall friction, and the stepwise injection and evapora- 
tion of liquid with a concomitant change in molecular weight of 
the gas phase. The quantities appearing in this one-dimensional 
analysis may be thought of as representing certain average 
properties of the actual duct flow. The local stagnation pressure 
po is the pressure which the stream would reach if it were isen- 
tropically decelerated to rest in steady flow; similarly, the local 
stagnation temperature 7’) is the absolute temperature which the 
stream would reach if it were adiabatically decelerated to rest in 
steady flow. The symbol k denotes the ratio of specific heats; 
M, the local Mach number; f, the pipe-wall skin-friction co- 
efficient; D, the local hydraulic diameter of the duct; z, longitu- 
dinal distance along the duct; w, the local mass rate of flow of the 
gas phase; W, the local molecular weight of the gas phase; and y, 
the ratio of forward component of liquid-injection velocity to 
gas velocity. In each infinitesimal interval dz, the mass dw of 
liquid is assumed to be injected into the gas per unit time, and to 
be completely evaporated and mixed at the end of the interval. 
What Equation [1] shows clearly is that the stagnation pressure 


: 
= 
618 
dw 
Me 
dw 
: 
one 
: 
| 
F 
Fa 


tends to be reduced by wall friction, by the aerodynamic drag 
associated with the injection of liquid (assuming y = V,/V < 1), 
and by a reduction in molecular weight. Changes in cross-sec- 
tional area do not in themselves alter the local rate of change of 
stagnation pressure. Most significant for our purpose, however, 
is the observation that a reduction in stagnation temperature (i.e., 
cooling of the gas flow) tends to increase the stagnation pressure. 
Moreover, Equation [1] indicates that the effects noted are the 
result of a dynamic process, as evidenced by the proportionality 
of the stagnation-pressure change to the square of the Mach num- 
ber, and that they may not be produced by thermodynamic 
changes in a static system. To obtain significant changes in po, 
therefore, it is evident, even from this preliminary analysis, that 
operation at high subsonic speeds or supersonic speeds may be 
necessary. 

The only possibility for increasing the stagnation pressure is 
through a process in which the decrease in stagnation temperature 
can be accomplished in such a way that the adverse effects seen 
in Equation [1] are outweighed. Two practical possibilities come 
to mind; i.e., the first involves the use of ordinary heat ex- 
changers, and the second involves the evaporation of a volatile 
liquid into the air stream. 

Futility of Heat Exchangers. For an ordinary heat exchanger in 
which the air flows through a tube having cooled walls, Equation 
{1] is simplified to the form 


dps kM? dz 


Detailed analysis of this Equation [1], employing Reynolds 
analogy between friction and heat transfer, shows that the stag- 
nation pressure loss produced by wall friction always exceeds the 
stagnation pressure rise attainable by cooling. Consequently 
heat exchangers cannot accomplish the desired result. 
Evaporative Cooling. In order to determine whether evaporative 
cooling offers any prospects whatsoever, the analysis will for this 
purpose be simplified in a favorable way by assuming that the 
frictional term of Equation [1] is negligible compared with the 
other terms, and, conservatively, that the liquid is injected with 
negligible forward velocity. Then Equation [1] may be written 
dpo +. kM? dw 
The energy equation may be written approximately, ignoring the 
kinetic-energy increase of the injected fluid, by equating the de- 
crease of stagnation enthalpy of the gas stream to the enthalpy 
rise of the evaporated liquid 


—we fT, — [4] 


where ¢, is the specific heat at constant pressure of the gas phase, 
h, is the enthalpy of the injected liquid after it has been evaporated 
and brought to thermal equilibrium with the gas, and h, is the 
enthalpy of the injected liquid. 

For the change in molecular weight, we find, from the definition 
of molecular weight for a gas mixture, the formula 


dw W \ dw 


where W, is the molecular weight of the evaporated liquid. 
Substituting Equations [4] and [5] into Equation [3], we ob- 
tain 
dpe 
Po 2 W, 
From this relation it may be seen that the criterion for a rise in 
stagnation pressure is that 
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h,— hy Ww 
k—1 WwW, 
c,T (: + 


Now, other things being the same, liquids with large latent 
heats are most likely to meet the criterion of Equation [7], inas- 
much as (h, — h;) is of the order of magnitude of the latent heat. 
Hence water seems to be the desirable choice for the Aerothermo- 
pressor because, apart from obvious economic reasons, it has a 
larger latent heat than almost any other fluid. To gain some con- 
cept of orders of magnitude, Table 1 sets out approximate values 
of the left-hand side of Equation [7] for evaporation of liquid water 
into air. 


TABLE 1 VALUES IN EQUATION [7] 

To(deg R) M=0 M=2 M=3 
500...... 7.4 7.4 ws 6.8 6.8 
1000...... 4.4 4.3 4.0 3.7 3.6 
2000...... 2.9 2.7 2.4 2.1 2.1 


Comparing the figures in Table 1 with the criterion of Expres- 
sion [7], it may be concluded that there is indeed a possibility for 
increasing the stagnation pressure by evaporating water into a 
high-speed stream of air, and that this possibility exists over a 
wide range of stagnation temperature and Mach number. 

In interpreting Table 1 it is well to recall (a) that water can be 
evaporated into the air only so long as the latter is not saturated 
with water vapor, and (b) that the amount of evaporation which 
can be effected per unit length of duct depends on the driving tem- 
perature difference essential for heat transfer between the gas and 
the liquid. These considerations, when combined with the values 
of Table 1 and the form of Equation [1] (including the wall-friction 
term), demonstrate that the maximum rise in stagnation pressure 
will be obtained when the stagnation temperature is neither ex- 
cessively high nor excessively low, and with Mach numbers which 
are neither excessively large nor excessively small. 


1.3 Application of Aerothermopressor to Gas-Turbine Plant 


Of the various applications of the Aerothermopressor which 
have been considered, its use in improving both the performance 
and the characteristics of a gas-turbine plant seems to be one of 
the most promising as well as one of reasonably immediate ap- 
plication, 

Cycle Arrangements, The most obvious place for the Aero- 
thermopressor is at the exhaust of the power turbine in the simple 
gas-turbine cycle, Fig. 2(a), where the Aerothermopressor is sup- 
plied (at no expense, as it were) with a stream of hot air at suf- 
ficiently high temperature to make significant increases in stagna- 
tion pressure possible. If the Aerothermopressor produces a rise 
in stagnation pressure and also discharges to the atmosphere, it 
follows that the stagnation pressure at the turbine exit will be re- 
duced below atmospheric, thus making the Aerothermopressor 
analogous to the condenser in a steam power plant. 

A second eycle arrangement is shown in Fig. 2(6). Here more 
fuel is burned per unit of air flow than in the cycle of Fig. 2(a), the 
compensating advantages being that the pressure at the turbine 
inlet is increased while at the same time the mass rate of flow 
through the turbine is augmented. Nothing stands in the way of 
installing a second Aerothermopressor at the turbine exhaust, as 
suggested by the dashed lines of Fig. 2(b), thus compounding the 
improvements in performance. 

Effects on Performance. In Figs. 3(b) and 3(c) are shown the 
results of cycle calculations for the simple cycle of Figs. 2(a) and 
3(a), illustrating the advantages mentioned previously. 

It ay be seen that the reduction of back pressure betters the 
performance and the characteristics of the gas-turbine plant in a 
number of ways: (a) The specific fuel consumption is reduced; 
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Exhoust to 
Atmosphere 


(b) the specific air consumption is decreased, i.e., the power 
capacity of a given size of machine is increased; (c) the optimum 
compressor ratio is reduced in inverse proportion to the square 
root of the pressure ratio across the Aerothermopressor; and (d) 
the net work ratio is increased, thus making the plant performance 
less sensitive to such design variables as turbine-inlet tempera- 
ture and compressor and turbine efficiencies and, consequently, 
permitting acceptable performance with less stringent specifica- 
tions on these variables than would otherwise be possible. 

With a high turbine-inlet temperature and with high values of 
turbine and compressor efficiencies, Fig. 3(b), the percentage im 
provements in fuel economy and in power capacity are ap- 
proximately equal to the percentage rise in stagnation pressure 
across the Aerothermopressor. For example, with a compressor 
pressure ratio of 4, a stagnation pressure ratio across the Aero- 
thermopressor of 1.2 produces a reduction in specific fuel con- 
sumption and specific air consumption of 20 per cent. 

With a low turbine-inlet temperature and low component 
efficiencies, Fig. 3(c), the improvements in performance are even 
more marked, and may well change the situation frorm one of 
marginal net power output to one of reasonably aeceptable per- 
formance. 

Comparison of Aerothermopressor With Regenerator. In the 
embodiment of Figs. 2(a) and 3(a), the Aerothermopressor must 
complete with the regenerator, the latter being the conventional 
scheme for utilizing the energy in the high-temperature exhaust 
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Fic. 3 Errect or AEROTHERMOPRESSOR ON PERFORMANCE OF Gas- 
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gas. At this writing it does not seem that the Aerothermopressor 
can match the improvement in fuel economy accessible to the re- 
generator. On the other hand, the Aerothermopressor brings 
about a reduction in specific air consumption (i.e., a rise in power 
capacity) of magnitude equal to the reduction in specific fuel 
consumption, whereas the regenerator, by virtue of its frictional 
pressure drop, produces a slight loss in power capacity. What 
may be even more important in many practical applications is 
that an effective regenerator robs the gas-turbine plant of the 
compactness and lightness which often is the outstanding claim 
of the gas turbine over rival prime movers. As will be seen, the 
Aerothermopressor is sufficiently small and light as not to be at a 
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TABLE 2 THERMODYNAMIC LIMITS OF PERFORMANCE 


— Inlet conditions-—— —Outlet conditions 

——— Water——- 2 (air saturated) 
Ta, Pe, Tw, Pe. Water/air rs, Pf 

deg F psia deg F psia ratio deg F psia Pi/ Pe 
740 10.0 60 14.7 0.128 166 32.0 3.2 
740 14.7 60 14.7 0.125 180 45.0 3.1 
1040 10.0 60 14.7 0.185 214 67.0 6.7 
1040 12.0 60 i4.7 0.183 222 78.6 6.6 
1040 14.7 60 14.7 0.181 230 92.3 6.3 
1340 10.0 60 14.7 0.241 267 142.5 14.3 
1340 14.7 60 14.7 0.234 284 190.1 12.9 
1040 14.7 60 4.7 0.181 230 92.3 6.3 
1040 14.7 100 14.7 0.187 230 89.8 6.1 
1040 14.7 60 4.7 0.181 230 92.3 6:3 
1040 14.7 60 3000 0.182 231 93.6 6.4 


disadvantage in this respect, except perhaps for automotive ap- 
plications. A final compensating advantage of the Aerothermo- 
pressor is that it is structurally simple and not subject to the 
serious problems of fouling and corrosion which blight the status 
of the regenerator. 


1.4 Effect of Size on Aerothermopressor Performance 


So important is the scale effect in the Aerothermopressor that 
it seems desirable to conclude this introduction with an explana- 
tion of this phenomenon before proceeding to more detailed con- 
siderations. 

For given gas properties at the beginning of the evaporation 
section and a given initial droplet cloud, the necessary length of 
the evaporation section is roughly established by the residence 
time required for the droplets substantially to be evaporated. If 
the gas and water flows are quadrupled, for example, the cross- 
sectional area of the duct will also be quadrupled, but such gas 
properties as velocity, pressure, temperature, etc., will at cor- 
responding sections be nearly the same as before. Accordingly, 
the required residence time and the required length will also be 
unchanged, but the length-diameter ratio of the duct will be only 
half as large as in the first instance. Since the stagnation pressure 
loss associated with pipe friction is roughly proportional to the 
length-diameter ratio, Equation [1], the net rise in stagnation 
pressure will be greater for the case with the larger air flow. This 
influence of air flow on the relative prominence of frictional ef- 
fects is furthermore magnified because the net rise in stagnation 
pressure of Equation [1] turns out to be a comparatively small 
difference between comparatively large quantities. 

What all this amounts to is that below a certain scale of air 
flow the Aerothermopressor is doomed to failure; there is a 
critical size for which the Aerothermopressor will be on the verge 
of producing a rise in stagnation pressure; and above this critical 
size (which, according to our present knowledge, is in the diameter 
range of 2 to 3 in.) the attainable stagnation-pressure rise mounts 
rapidly as the scale of air flow is increased. 


2 TxHeory or AEROTHERMOPRESSOR 
2.1 Thermodynamic Limit of Performance 


One of the first questions that comes to mind in evaluating a 
new device like the Aerothermopressor is, what is the maximum 
performance of which it is theoretically capable? This may be 
answered on purely thermodynamic grounds by considering a 
steady-flow process in which the streams of inlet air and inlet 
water are brought together in a hypothetical apparatus having no 
thermodynamic irreversibilities, and producing an exit stream of 
air saturated with water vapor. Asin the actual Aerothermopres- 
sor, it is assumed that the reversible apparatus does not exchange 
heat or work with the surroundings. 

The analysis, for given initial properties of air and water re- 
quires that (a) the stagnation enthalpy increase for the water 
equal the corresponding decrease for the air, (b) the entropy rise of 


the water equal the corresponding decrease for the air, and (c) the 
exit stream be saturated. Pertinent results of the calculations* 
are shown in Table 2 for a variety of inlet. conditions. 

The over-all stagnation-pressure ratio of the gas stream (shown 
in the last column) is seen to depend primarily on the inlet stag- 
nation temperature of the air. Variations in the inlet air pressure, 
inlet water pressure, and inlet water temperature exert relatively 
small influence on the over-all stagnation-pressure ratio, 

So attractive are the figures in the last column of Table 2 that 

a word of caution is necessary lest they be given too much weight. 
More detailed investigation discloses that it does not seem possi- 
ble in a real Aerothermopressor even to approach the reversible 
mixing of air and water upon which Table 2 is predicated. The 
main sources of irreversibility in the Aerothermopressor are (a) 
wall friction, (b) aerodynamic drag on the accelerating droplets, 
(c) heat transfer from the air to the droplets across a finite tem- 
perature difference, and (d) mass transfer of water vapor from the 
droplets to the air stream across a finite difference in partial pres- 
sure. As later discussions of the detailed mechanisms of the Aero- 
thermopressor will show, there seems to be no means by which a 
device having the general character of the Aerothermopressor can 
simultaneously reduce all these irreversibilities to small propor- 
tions, 
A corollary of these remarks is that the last column of Table 2, 
while giving absolute thermodynamic limits, does not give a 
realistic view of what the actual ceiling to Aerothermopressor per- 
formance might be. Thus we are presently in the irritating status 
of not really knowing what is the best performance which might be 
reasonably expected of the Aerothermopressor, and it appears that 
detailed calculations like those of Section 2.7 may be necessary 
for its prediction. 

Still a further corollary is that the effects of inlet air and water 
temperature and of inlet pressure shown in Table 2 are probably 
not representative of their effects in an actual Aerothermopres- 
sor. Inasmuch as irreversibilities play such a strong role in the 
Aerothermopressor, the influence of the afore-mentioned proper- 
ties might be realized most forcefully through their effects on the 
irreversibilities, and this of course is an aspect totally absent from 
the analysis underlying Table 2. 


2.2 One-Dimensional Analysis of Aerothermopressor 


Because wall friction dictates a small length-diameter ratio for 
the Aerothermopressor, the continuously distributed injection and 
evaporation suggested by Fig. 1 does not represent a good design. 
In order to approximate maximum droplet residence times, it 
seems desirable for most of the water to be injected near the be- 
ginning of the evaporation section, as suggested in Fig. 2(a). For 
a real Aerothermopressor, therefore, Equations [6] and [7] do not 
adequately represent what occurs, even though they are surely 


* The analysis and calculations were made by Mr. Alve Erickson, 
Instructor in Mechanical Engineering, Massachusetts Institute of 
Technology. 
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indicative of the true state of affairs inasmuch as the analysis on 
which they are based does, in fact, take account (albeit according 
to a somewhat distorted model) of the principal physical phe- 
nomena. 

Definition of One-Dimensional Model. In order to obtain a bet- 
ter insight into the details of the Aerothermopressor process, how- 
ever, and also to provide a more precise theory for numerical calcu- 
lations, it is necessary to develop an analysis which is in better 
accord with the true events. In the model we now adopt, the flow 
is treated as one-dimensional (i.e., no radial variations in any 
properties of either the gas stream or the droplet cloud, ) and the 
droplets are assumed to be of uniform size. Since atomization 
occurs very quickly, it is further assumed that at the inlet plane 
of the evaporation section, spherical droplets of equal size are 
uniformly distributed over the cross section and have the velocity 
and temperature with which they left the injection nozzles. 

At any section of cross-sectional area A, the gas flows at the 
mass rate w and has a certain velocity V, pressure p, temperature 
7, and composition w. Simultaneously, the droplet cloud has a 
certain droplet diameter d and its own mass rate of flow w;,, ve- 
locity V,, and temperature 7',. A distance dz further downstream, 
the afore-mentioned properties of both the gas stream and droplet 
cloud have been altered in consequence of the combined effects of 
wall friction, change in cross-sectional area, droplet drag, heat 
transfer, and evaporation; the latter three phenomena result re- 
spectively from the differences between the two phases in velocity, 
temperature, and partial pressure of the water vapor. 

Influence Coefficients. For the infinitesimal interval dz, Fig. 4(a), 
the analysis is based upon a simultaneous solution of the following 
equations written in differential form: (a) The governing equa- 
tions representing conservation of mass, the momentum theorem, 
and the first law of thermodynamics, (b) the equation of state of 
a perfect-gas mixture having variable specific heat and obeying 
the Gibbs-Dalton law of partial pressures and enthalpies, and (c) 
the definitions of Mach number, gas-phase stagnation tempera- 
ture and pressure, and mixture stagnation temperature and pres- 
sure. Details of the analysis are given in Appendix A, and the 
results are summarized by the system of influence coefficients pre- 
sented in Table 3. The influence coefficients are simply the co- 
efficients in the algebraic relations connecting the variables of the 
left-hand column with the variables of the top row. For example 
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Behavior of Stream Properties Under Influence of Area Change— 
Heat Transfer, Evaporation, Wall Friction, and Droplet Accelera- 
tion. Apart from their utility for numerical calculations, the in- 
fluence coefficients of Table 3 reveal clearly how the stream be- 
haves under the action of area change, friction, and soon. A dis- 
cussion of these influence coefficients at this point will help later 
to explain the complex and varied behavior patterns exhibited by 
the Aerothermopressor as well as point the way to rules for de- 
sign. 

Detailed investigation of orders of magnitude shows that of the 
variables at the top of Table 3, those which predominate in the 
actual Aerothermopressor process are the terms involving area 
change (dA/A), evaporation (dw/w), wall friction (4fdz/D), and 
droplet acceleration (wdV,/wV). How these effects tend to 
change the stream properties is summarized in Table 4. Although 
the table is self-explanatory, some additional remarks will empha- 
size the most important results. 
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Area Change. This has no direct effect on any of the local 
rates of change of the stagnation properties. Its greatest im- 
portance is that it gives the designer some control over the Mach 
number and the temperature of the stream. 

Heat Transfer and Changes in Liquid Temperature. The term 
in dQ represents external heat exchange between the two-phase 
stream and the duct wall; while the term in dh, represents tbe ex- 
cess of all the heat received by the droplet cloud over the enthalpy 
rise of the evaporated liquid. Net energy extraction from the gas 
stream either through a negative value of dQ or through a positive 
value of dh, tends to produce a gain in stagnation pressure, a re- 
duction in stagnation temperature, and a change in Mach number 
away from unity (M decreases at subsonic speeds, but increases 
at supersonic speeds). 

Evaporation. The terms involving dw/w represent several 
phenomena: (a) The energy exchange associated with the en- 
thalpy increase of the evaporated liquid, (b) the energy exchange 
associated with changes in kinetic energy of the evaporated liquid 
as its velocity changes from that of the liquid to that of the gas, 
and (c) the momentum exchange associated with the acceleration 
of the evaporated liquid. For most intervals of the Aerothermo- 
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TABLE 3 INFLUENCE COEFFICIENTS 


- (1 + y?~ 


8 a a a a 


Definitions: 


To/T 81+ 


pressor process the first two effects (embodied in the term #) 
are by far the most important, and therefore Table 4 shows the 
effects due to the 8-term alone. With this assumption, the cri- 
terion for a rise in po is that 8 > 2(1 — y), which indicates that the 
stream is more apt to rise in stagnation pressure after the droplet 
cloud has been accelerated than in the period immediately follow- 
ing injection. 

‘all Friction. Of all the independent variables in Table 3, the 
wall friction term 47 dz/D is the only one which cannot assume 
negative values—that is, the term dz is by definition always posi- 
tive, and the friction coefficient, according to the second law of 
thermodynamics, may never be negative. Consequently, both 
stagnation pressures are reduced with any increase in length, thus 
pointing to the prime requirement of accomplishing the evapora- 
tion in the minimum possible distance. 

Changes in Liquid Velocity. The term in dV, must be inter- 
preted with the necessary condition that the liquid is accelerated 
only while it is traveling more slowly than the gas (y < 1), and is 


: The table summorizes the algebraic relations between the 
voriobles of the left-hand column ond the voriables of the 
top row, ond is to be interpreted in the manner, 


ete. 


decelerated only while traveling more rapidly (y > 1). It repre- 
sents two physical phenomena: (a) The drag (or thrust, as the 
case may be) of the liquid droplets on the gas stream, and (b) the 
work done by the gas on the liquid when the latter is accelerated. 
By virtue of its manner of definition, the mixture stagnation tem- 
perature 4 is unaffected directly by changes in liquid velocity, 
whereas the gas stagnation temperature 7° reflects the work effect, 
liquid acceleration reducing 7 and deceleration increasing 7. 
Liquid drag always decreases the gas stagnation pressure po; 
liquid thrust (negative dV,) usually, but not always, increases po 
(the exception being when y is quite large compared with unity). 
Of particular interest is the fact that the mixture stagnation pres- 
sure P, is altered by changes in liquid velocity only when y is dif- 
ferent from unity, Strangely enough, both liquid drag and liquid 
thrust decrease Py. This isso because changes in P, are the result 
of the irreversibilities in the acceleration or deceleration process, 
and the irreversibility reduces P, whether the aerodynamic force 
is occasioned by the droplets moving faster than the gas or vice 
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TABLE 4 BEHAVIOR OF STREAM PROPERTIES UNDER INFLUENCE OF AREA CHANGE, 
EVAPORATION, WALL FRICTION, AND DROPLET DRAG 


Area 
ncrea 
produces 


(a) 


Wall 
friction 
produces 


Liquid 


accelera}4 n 
produces 


(ce) 


subsonic decrease 


supersonic 


Mach Number ,M 


increase (e) 
decrease 


increase 


(h) 


increase decrease 


subsonic 
supersonic 


Gas Velocity,V 


(e) 
(e) 


increase 


increase 
decrease 


subsonic 
supersonic 


Pressure, p 


decrease {e) 
increase (e) 


(h) 


decrease 


Temperature, T 


(e) 
(e) 


decrease 


increase increase 


Gas Stagnation 
Tempereture, T, 


(f) 
(f) 


decrease 
decrease 


decrease 
decrease 


Mixture Stagna- | subsonic 
tion Temperature 


supersonic 


decrease nil (g) 


decrease nil 


Gas Stagnation 
supersonic 


Pressure, Po 


(h) 
(h) 


(e) 
(e) 


increase decrease decrease 


increase decrease decrease 


Mixture Stagna- 


tion Pressure subsonic 


supersonic 


(h) 
(h) 


(ge) 
(g) 


increase decrease 


increase decrease 


Notes: 


(h) Based on 


only, and generally correct 


(a) Opposite effects for area decrease. 

(b) Opposite effects for condensation. 

(c) Opposite effects are impossible. 

(d) When y< 1, dV when y>1, dv, <O 
(e) Dependent upon magnitude of y for liquid 
(f) Opposite effect for liquid deceleration. 
(g) Same effect for liquid deceleration. 


deceleration. 
for 


in excess of 


two; otherwise effects are indeterminate. 


versa. When the acceleration or deceleration is brought about so 
slowly that the droplets follow closely the speed of the gas stream 
(y tending toward unity), the aceeleration or deceleration tends 
to occur reversibly, and the loss in Py approaches zero. 

Molecular Weight. As indicated by Equation [5], the term 
dW /W is controlled by the evaporation term dw/w and by the 
composition of the gas phase together with the molecular weights 
of air and water vapor. The evaporation of water (molecular 
weight 18) into air (molecular weight 29) reduces the molecu- 
lar weight of the gas phase. With dW/W negative, Table 3 shows 
that the change in molecular weight induced by evaporation tends 
to decrease the stagnation temperatures and pressures and to drive 
the Mach number toward unity. 

Specific Heat. Since k for water vapor is about 1.3 as com- 
pared witb about 1.4 for air, evaporation yields negative values of 
dk/k. This in turn tends to increase the Mach number, decrease 
the stagnation temperatures, and increase the stagnation pres- 
sures. 

Subsonic Versus Supersonic Speeds. Examination of Tables 
3 and 4 shows that, almost without exception, the effects of heat 
transfer, wall friction, etc., on the Mach number, gas velocity, 
pressure, and temperature are of opposite signs at subsonic and 
supersonic speeds. This is a well-known phenomenon of gas dy- 
namics, but it is of particular interest and importance here be- 


cause the multiplicity of phenomena occurring simultaneously in 
the Aerothermopressor may, by any of several combinations, 
bring about either choking or continuous transition through the 
speed of sound (3). More will be said about this later. 
Regarding the four stagnation properties, on the other hand, the 
effects observed at supersonic speeds are the same as those at 


subsonic speeds. 
2.3 Description of Aerothermopressor Behavior 


With the help of the concepts developed in the preceding sec- 
tion, it is now possible to explain the many types of flow patterns 
exhibited by the Aerothermopressor. 

For simplicity, we begin with an Aerothermopressor having a 
long constant-area evaporation section and with a subsonic Mach 
number at the plane of water injection, Fig. 5. In the entry 
plane the gas flows at high velocity and temperature, and the 
liquid is injected at low velocity and temperature. The most im- 
portant phenomena are those of droplet drag, evaporation, and 
wall friction. Although these three effects of course occur simul- 
taneously, each is predominant over some portion of the process. 
An appreciation of this fact is essential for a qualitative under- 
standing of the Aerothermopressor operation. 

Regime I—Droplet Drag Predominant. During the droplet ac- 
celeration period which accompanies and follows atomization, wall 
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Fic. 5 Scuematic REPRESENTATION OF BEHAVIOR OF SUBSONIC, 
ConstTaNnt-AREA AEROTHERMOPRESSOR 


friction is comparatively negligible because the large velocity dif- 
ference produces huge accelerations and excellent conditions for 
heat transfer to the droplet cloud. Although the effects of heat 
transfer and evaporation are enormous, they are, nevertheless, out- 
weighed by the effects of droplet drag. We may therefore speak 
of Regime I as the zone in which drag is so predominant that it 
controls the qualitative behavior of the stream. According to 
Table 4, therefore, the Mach number increases, the static pressure 
decreases, the stagnation pressures decrease, the gas velocity in- 
creases, and the static and stagnation temperatures decrease. 

At first the velocity and temperature differences between the 
gas and liquid are so great that they produce enormous rates of 
evaporation, droplet-velocity increase, gas-temperature decrease, 
and liquid-temperature increase. These high rates, however, 
diminish the driving velocity and temperature differentials, with 
the consequence that the afore-mentioned rates decrease as the 
process proceeds. 

In the case of liquid temperature, an increase is reflected in a 
greatly magnified evaporation rate, which in turn tends to cool the 
droplet (the vapor pressure varies approximately as the fifteenth 
power of the absolute temperature in the applicable range). 
Therefore the droplets rapidly tend to approach the wet-bulb 
temperature of the gas stream, in which state the heat received 
from the gas is equal to the enthalpy rise of the evapcrated ma- 
terial. The local wet-bulb temperature does not vary much, and 
so the droplets remain at nearly constant temperature (in the 
neighborhood of 150 F) for virtually the entire process. 
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Regime 11—Droplet Evaporation Predominant. As the velocity 
difference between gas and liquid decreases (y tending toward 
unity), the effects of droplet drag decay much more rapidly than 
the effects of evaporation, the latter being substantial even for 
zero velocity difference. A point is reached, therefore, where the 
evaporative phenomena counterbalance the drag phenomena, and 
there ensues a zone in which evaporation predominates and con- 
trols the behavior of the stream. 

Table 4 shows that in Regime II the Mach number decreases, 
the static and stagnation pressures increase, the gas velocity de- 
creases, and the stagnation and static temperatures decrease. 

An unexpected result is induced by the gas deceleration in 
Regime II. At some point in the vicinity of the, transition from 
Regime I to Regime II, the gas velocity is diminished to the pre- 
viously increased droplet velocity. While the gas further de- 
celerates because of evaporation, the liquid tends to retain its 
momentum, and thus the liquid soon finds itself traveling more 
rapidly than the gas and consequently being decelerated. For 
most of Regime IT the liquid velocity is slightly greater than the 
gas velocity, with the velocity spread being constantly nar- 
rowed. Correspondingly, the momentum and energy returned to 
the gas stream induces changes in gas-stream properties opposite 
to those experienced in Regime I. For example, the negative drag 
in Regime II assists in the recovery of the stagnation pressure 
lost in Regime I. It should be noted that these effects are propor- 
tional to the mass of liquid involved, which steadily decreases as 
evaporation proceeds. Hence less is returned to the stream in 
Regime IT than taken from it in Regime I. 

Regime III—Wall Friction Predominant. In the course of Re- 
gime II, the evaporation rate becomes ever smaller as the surface 
area of the droplets decreases and as the velocity and temperature 
differences promoting heat transfer are eaten away. Ultimately 
a stage is reached where pipe friction, which hitherto has lurked 
in the background as a weak contender, takes over by default. 

In Regime III, where wall friction is controlling, Table 4 indi- 
cates that the Mach number and gas velocity once again rise, and 
the static and stagnation pressures fall. 

Little need be said about Regime III except that it has no place 
in a well-designed Aerothermopressor. Nothing is to be gained, 
and much can be lost, by allowing the evaporation section to be 
so long that evaporative cooling is outweighed by pipe friction. 
The stream should be allowed to enter a decelerating diffuser some 
distance before the transition from Regime IT to Regime TIT. 

Transition Through Speed of Sound. As observed in Fig. 5 and 
Table 4, the predominance of drag in Regime I drives the Mach 
number toward unity, while the predominance of evaporative 
cooling in Regime II drives the Mach number away from unity. 
This permits a continuous transition through Mach number unity 
at the crossover point where droplet drag and evaporative cooling 
nullify each other (3); what happens is analogous to the passage 
through the speed of sound in an isentropic Laval nozzle, wherein 
the tendencies of the contracting section to force the Mach num- 
ber toward unity and of the diverging section to force it away from 
unity are exactly nullified at the geometric throat. 

The longitudinal Mach-number distributions are shown in Fig. 
6(a) for a subsonic entry. For a low initial Mach number, M 
rises from a to b (drag controlling), then decreases (evaporation 
controlling). An increase of initial Mach number from a to ¢ in- 
creases from b to d the Mach number at which evaporation be- 
gins to control over drag. There is a unique initial Mach number 
(depending of course on such parameters as initial stagnation tem- 
perature, water-air ratio, etc.), called the “critical Mach number,” 
for which the crossover point occurs exactly at Mach number 
unity. This condition yields curve e-f, downstream of which the 
Mach number may either ascend into the supersonic region or 
descend into the subsonic region, for either event satisfies the 
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requirement of Table 4 that, in the region where evaporation con- 
trols, the Mach number proceed away from unity. Whether the 
flow follows the subsonic curve f-g or the supersonic curve f-h de- 
pends on the back pressure of the system, just as in the case of the 
Laval nozzle. Thus, contrary to widely held belief, it is possible 
for a flow to pass from subsonic velocity to supersonic velocity in 
a duct of constant area. 

Mathematically, the transition through point f may be in- 
terpreted in terms of the algebraic relation for dM*/M? repre- 
sented by the first line of influence coefficients of Table 3. For 
our present purpose we may write this as 


an? 


where 


(1 + kM®) (2 w, dh, 
4+ 


in which, for a given case, G is a function of z alone inasmuch as 
all the stream properties, M, 7’, p, ete., and their derivatives, 
dM/dz, dT /dz, etc. . . . are functions of z alone. 

From what has been said before, the sign of G depends on 
whether drag or evaporation is controlling. The sign of dM?/M?, 
however, depends not only on the sign of G, but also upon whether 
the flow is subsonic or supersonic, as summarized in Table 5. 


TABLE 5 SIGN OF dM?*/dz 


+ @ 
0 indeterminate 
(evaporation controls) - «= 


For subsonic flow, Table 5 clearly shows a maximum in the 
curves M(z) at the point where G = 0 (i.e., evaporation and drag 
evenly balanced), a rising Mach number in Regime I, and a falling 
Mach number in Regime II. What is of additional interest is 
that dM?*/dz is of the indeterminate form 0/0 when G@ passes 
through zero as M becomes unity; it is this mathematical singu- 
larity which permits passage through Mach number unity. The 
slope of the Mach number curve at point f may be found by ap- 
plying L’Hospital’s rule to Equation [8a], from which it is found 
(3) that 


(2), (2), 


Thus, when M = 1 and G = 0, the flow may be continued only if 
G is decreasing, and in that case there are two solutions having 
slopes of equal magnitude but opposite sign, one proceeding to 
supersonic speed and the other to subsonic. 

The critical curve e-f-g and e-f-h is a singular curve in the family 
of solutions of Equation [8a], and the point f is known as a saddle 
point singularity. 

Choking. Referring again to Fig. 6(a), an increase of initial 
Mach number from e to j causes the Mach number to reach unity 
while drag is still controlling (i.e., with @ still positive). Under 
these conditions it is impossible for the solution to be continued 
(3), and we say that the flow is choked. In practice, the flow 
represented by the curve j-k is possible only if the duct area is in- 
creased at k or earlier. If the duct continues at constant area, a 
steady flow with initial Mach number j may not be realized, and 
the highest initial Mach number which is possible is that at e, 
hence the term critical Mach number. 

Shock Waves. When the flow becomes supersonic on the branch 
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f-h of Fig. 6(a), still another feature in the form of normal shocks 
may add to the variety of possible flow patterns. These take the 
flow from supersonic speed to subsonic speed, after which the 
Mach number decreases according to Table 5. Thus, depending 
on the back pressure, such Mach-number distributions as e-f-h-l-m 
or e-f-n-p-q may be observed. 

Supersonic Entry. All the discussion relating to Figs. 5 and 
6(a) refer to a subsonic initial Mach number. For a supersonic 
Mach number at the plane of injection the situation is analogous; 
there will be the same three predominating regimes already de- 
scribed, but the directions of change will in many instances be 
different. A descriptive picture of the flow may, however, be 
constructed from Tables 4 and 5, and Fig. 6(6) shows some of 
the Mach-number distributions which may arise. 


2.4 Self-Frustrating Tendency of Constant-Area Aerothermo- 
pressor 


Perceptive readers may have already noticed in Fig. 6(a) a 
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neurotic inclination of the constant-area Aerothermopressor 
toward either self-emasculation or suicide. 

Referring to Equation [1], or to the last two lines of influence 
coefficients of Table 3, it is seen that the fractional gain in stagna- 
tion pressure is mathematically represented by the product of 
M? and an expression representing the net difference between the 
adverse effects of drag and wail friction and the favorable effectr 
of evaporative cooling, an expression which for brevity we now 
call E (precisely, E = dpo/poM*). The term £ is positive when 
evaporative cooling is predominant, i.e., when the stagnation 
pressure is rising. Now E£ is influenced rather strongly by the 
local Mach number because the rate of evaporation is controlled 
by heat transfer, and the latter in turn depends on the difference 
between the static temperatures of the gas and the liquid. Thus, 
other things being equal, Z is a maximum at Mach number zero, 
and decreases with increasing Mach number until it becomes nega- 
tive, at which condition the stagnation pressure decreases. 

The product M2, which is a measure of the fractional change 
in stagnation pressure, therefore starts at zero for zero Mach 
number, then increases as M increases, and, after passing through 
a maximum, decreases until it finally becomes negative at a suf- 
ficiently high Mach number, see Fig. 7(a). 

Subsonic Impotence. In all the subsonic curves of Fig. 6(a), the 
predominance of evaporative cooling causes the Mach number to 
decrease in Regime II. By tending to restrain the gas tempera- 
ture from decreasing, this Mach-number reduction in turn is 
favorable for maintaining high rates of evaporation, and thus the 
tendency toward decrease in Mach number is further enhanced. 
The net result is that evaporative cooling is strongly ascendant 
over drag and wall friction. Though this may seem desirable, it 
is of little avail, since the potency of the process is vitiated by the 
low Mach number which the high value of EZ produces, and the 
gains realizable from evaporative cooling are to a degree forfeited. 

In brief, the process is self-defeating because at the very 
moment when evaporative cooling stands at the center of the 
stage ready to produce large gains in stagnation pressure, it finds 
itself with equal fervor reducing the Mach number to the point 
where what should be a shout is only a whisper! 

Supersonic Suicide. Suppose now that the flow has achieved 
the supersonic curve e-f-h-n of Fig. 6(a). Having arrived in 
Regime II, evaporative cooling pushes the flow to higher and 
higher Mach numbers, both effects inducing a rapid drop in the 
gas temperature. As a consequence, the evaporation rate is seri- 
ously reduced. Ultimately, the rate of evaporation is reduced to 
such a negligible amount that the stream would scarcely change 
state any further except for the effects of wall friction which are 
now predominant. To be sure, the decelerating influence of wall 
friction permits a slight revival in the rate of evaporation, but 
this only produces a battle of attrition in which evaporation occurs 
only in so far as the changes brought about by wall friction permit 
it to, and no net gain is possible. 

The suicidal tendency is now revealed: At supersonic speeds, 
the predominance of evaporative cooling increases the Mach 
number, paving the way for wall friction to become predominant 
and thus negating the benefits of further evaporation. 

Importance of Mach-Number Control. What may the designer, 
acting in the role of psychiatrist, do to assure a more healthy be- 
havior of the Aerothermopressor, with the aim of extracting the 
maximum possible rise in stagnation pressure? He may, in fact, 
do a great deal, by controlling the Mach-number distribution 
either through the medium of changes in cross-sectional area of 
the evaporation section or through the introduction of additional 
water at downstream stations. The former possibility is dis- 
cussed below. 

In subsonic flow, a decrease in area is at first required to pre- 
vent the Mach number from falling too rapidly. At supersonic 


speeds the area must also be diminished in order to prevent the 
Mach number from becoming too high. In either case, however, 
as the process proceeds, a point is reached at which it is desirable 
to have a falling Mach number in order to maintain the evapora- 
tion rate, and this ultimately dictates an increase in area at some 
subsonic speed. Thus the evaporation section merges con- 
tinuously with the diffuser, and there is no real line of demarca- 
tion between the two. 

From this discussion emerges the significance of area control as 
a means for achieving maximum performance. More is said on 
this important subject in Sections 2.5 and 2.6. 

Mach-number control by additional water injection depends on 
the fact that immediately after injection the drag of the additional 
water tends to predominate, and this provides a means whereby 
the Mach number may be pushed toward unity. 


24 Selecting Best Area Variation in Evaporation Section 


The discussion in the preceding section may be given an ap- 
proximate analytical form which provides a design method for 
selecting a variation in cross-sectional area which is at least in the 
neighborhood of that for optimum performance. 

Detailed calculations of the type shown in Section 2.7 indicate 
that the total distance occupied by Regime I is only a few inches, 
and that only a small fraction of the evaporation occurs during 
this period. In Regime II, where most of the evaporation occurs, 
the droplets have a speed very near that of the gas stream (i.e., 
y 21), and the liquid temperature is nearly constant at a value 
differing little from the local wet-bulb temperature. By assuming 
that y = 1, and that the liquid temperature is constant and equal 
to an average value of the wet-bulb temperature, Equation [38] 
expressing the fractional rise in stagnation pressure per unit of 
humidity increase, (1/P.)(dPo/dw) may be derived, as shown in 
Appendix B. 

Design Procedure for Regime II. As explained in Appendix B. 
the choice of the parameters 7'9,, Qo, do, Nu, and f/D permits the 
construction of the curves such as shown in Fig. 7(a). For each 
value of «, the curves show clearly the insignificant gains achieva- 
ble at low Mach numbers, and the rapidly deteriorating per- 
formance at excessively high Mach numbers. 

To appreciate Fig. 7(a), we first ask, what is the criterion for 
best performance? The answer is simply that the net stagnation 
pressure rise of the entire process be a maximum. Now this does 
not necessarily require that the most stagnation pressure rise be 
realized for each increment evaporated, for a sacrifice at an early 
stage may augment the potentialities at a later stage. Conse- 
quently, the maximization of the over-all stagnation-pressure rise 
is no simple matter, transcending by far in difficulty the conven- 
tional variational problem of the calculus. Dealing with this in 
its full complexity necessarily hinges on the numerical integrations 
discussed in Section 2.7. With the present simplified design pro- 
cedure, there is no better choice than to make the plausible as- 
sumption that a design which maximizes the stagnation pressure 
rise for each interval of evaporation will, in fact, also approximate 
the design which gives maximum over-all rise in stagnation pres- 
sure, 

The foregoing statement is equivalent to saying that the dashed 
line, labelled “‘design curve” in Fig. 7(a), passing through the 
maximum points of the curves of constant w, yields at least a first 
approximation to the best Aerothermopressor design in Regime 
II. Transferring each point of the design curve to Fig. 7(6), we 
obtain the solid line representing the optimum variation of M with 
w. The solid curve of Fig. 7(c) is determined by plotting the 
value of dP,/Pedw at each point of the design curve against the 
corresponding value of w; this curve represents the maximum 
fractional rise in stagnation pressure per unit of evaporation. By 
integrating the area under the curve of Fig. 7(c), the change in 
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stagnation pressure associated with a given amount of evaporation 
may then be computed. From the equation of continuity it is 
then possible to calculate the cross-sectional area for each value 
of w. Then, using Equation [37], the longitudinal co-ordinate of 
each point may be determined by numerical integration, thus 
establishing the shape of this portion of the Aerothermopressor. 

The method described is found to lead to the result that the 
Mach number must be decreased as the evaporation proceeds. 
This generally dictates a reduction in cross-sectional area in the 
early part of Regime II, followed by an increase in the later part. 

Effects of Initial Parameters on Best Design. Figs. 7(b) and 7(c) 
illustrate with dashed lines the comparative positions of the 
design curves which result from Fig. 7(a) for different values 
of the initial parameters more favorable to effective operation. 
Such more effective operation comes from higher values of T, and 
Nu, and from lower values of dy and f/D. 

Under these circumstances the curves of constant w in Fig. 7(a) 
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(a) Typical curves of fractional rate of change of mixture stagna- 
tion pressure with specific humidity as a function of Mach number, 
with local specific humidity as a parameter, and for constant values of 
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(b) Optimum curve of Mach number versus humidity, correspond- 
ing to désign curve of Fig. 7(a). Dashed curve, shows comparative 
position of optimum curve for more favorable values of parameters 
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are displaced upward and to the right. This in turn moves the 
corresponding design curves of Figs. 7(b) and 7(c) upward. 
Thus, with more favorable initial parameters, the level of operat- 
ing Mach numbers is higher, and greater increases in stagnation 
pressure per unit of evaporation may be achieved. 

Evaluation of Simplified Design Procedure. The principal defect 
of the method outlined in the foregoing is that it is incapable of re- 
vealing the correct Nusselt number to be used at each stage. To 
determine Nu requires an evaluation of the velocity difference be- 
tween the phases, and this can be found only from a consideration 
of the entire past history of the process. The dP»/Podw analysis 
gives recognition only to the present state of affairs, and does not 
look to the past or to the future. During the course of the proc- 
ess, the value of Nu changes continuously, and a series of charts 
like that of Fig. 7(a), each with a different value of Nu, would be 
really necessary for establishing the best design (assuming that 
Nu were known at each point). This limitation is more important 
than it might at first seem to be, because the comparatively small 
difference between the total beneficial effects of evaporative cool- 
ing and the total detrimental actions of drag makes a change in Nu 
from, say, 2 to 4, most significant in reorientating the optimum 
variation of M with w. 
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What all this means is that thedP»/Pydw method cannot give the 
Aerothermopressor the advantages which might acerue from con- 
trol of the Nuaselt number. For example, by choosing what might 
appear to be a comparatively unfavorable Mach-number distribu- 
tion at one stage, the ensuing acceleration or deceleration of the 
stream might be used to establish large velocity differences and 
correspondingly large Nusselt numbers, with the consequence 
that increased gains in stagnation pressure realized at a later 
stage might more than compensate for the mediocre performance 
accepted at the earlier stage. 

Thus the dP)/Podw analysis advises the Aerothermopressor to 
“live for the present only, with no thought for the future,” and 
consequently cannot by itself give the final answer to the question 
uf how the Aerothermopressor should be designed. On the other 
hand, it certainly represents a starting point for a more adequate 
approach such as that outlined in Section 2.7, and it is hoped that 
ultimately a study of specific results generated by the rather in- 
volved procedure of Section 2.7 will in turn suggest some simple 
rules of thumb with which the results of the comparatively simple 
dP,/Pydw method may be modified to be more closely in accord 
with the best design. 


2.6 Some Design Considerations 

Disarmingly simple as it is in structural arrangement, the 
Aerothermopressor is host to a bewildering variety of physical 
events. These phenomena, constituting fundamentally mass con- 
servation, momentum effects, and energy effects for both the 
droplet cloud and the gas stream, are strongly interrelated. Con- 
sequently the designer, in attempting to give due weight to each 
factor influencing performance, is faced in the Aerothermopressor 
with a large number of confiicting tendencies. The best design 
is, as usual, a compromise among these. What is baffling is that 
at present there seems to be no simple way for evaluating the 
relative importance of each effect and thus of arriving at clear-cut 
design rules. No doubt a combination of sufficient experimental 
data with worked-out numerical cases such as those of Section 2.7 
will some day help in this regard. 

Having made these rather discouraging remarks, we may im- 
mediately add that much is indeed known in a qualitative way 
about the influences of the most important design variables. This 
knowledge is important not only because it reveals pitfalls, but 
also because it usually suggests how experimental information can 
be used in improving a given design. Therefore we shall discuss 
the major elements of the Aerothermopressor, state the de- 
cisions facing the designer in each, and present the major con- 
siderations by which the design choices may be made. 

Design Specifications. Inaspecific situation, we are confronted 
by design values of air flow (w,), initial stagnation temperature 
(Tm), and initial stagnation pressure (po), although the magni- 
tudes of the two latter quantities are in some degree dependent 
on the performance of the Aerothermopressor itself. In addition, 
there may be a range of these three parameters specified in the 
area of off-design operation. 

Control of Aerothermopressor. Once a particular unit has been 
built, at least three procedures are possible for adjusting to off- 
design conditions or for compensating for imperfections in design: 

(a) By far the easiest scheme is to control the rate of water in- 
jection at the inlet, thereby governing the water-air ratio. Pre- 
sumably it would be routine procedure for the operator to adjust 
the water flow to the point of maximum stagnation-pressure rise. 
At best, however, this method can take care of off-design condi- 
tions or lapses in design only approximately. 

(b) “Trimming” of the lengthwise Mach-number variation may 
be accomplished by meansof variable-area devices such as a central 
plug or a series of concentric sleeves located along the axis of the 
Aerothermopressor. This would detract considerably from the 
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mechanical simplicity which the Aerothermopressor otherwise 
possesses. 

(c) Trimming of the lengthwise Mach-number variation 
may be achieved also by the injection of auxiliary water at ceveral 
stations along the evaporation section. Even though the effec- 
tiveness of the auxiliary water may be slightly impaired through a 
loss in residence time, the effectiveness of the main injected water 
might be augmented sufficiently to effect a net gain. 


Aerothermopressor Components. For purposes of isolating and 
dealing separately with the principal phenomena, it is convenient 
to think of the Aerothermopressor as comprising the following 
elements: (a) The air nozzle which accelerates the hot air from the 
low-speed upstream section into the high-speed section; (6) the 
water-injection system; (c) the “‘acceleration” section, in which 
occur atomization and the major portion of the droplet accelera- 
tion; (d) the evaporation section, in which evaporation is gen- 
erally controlling and where most of the evaporation occurs; and 
(e) the diffuser, which ultimately decelerates the stream to low 
speeds and terminates the process. 

Each of these components will now be considered separately. 

Air Nozzle. Two questions arise here: (a) How high should 
be the Mach number M, at the nozzle exit (which is also the plane 
of water injection), and (b) what shape should the nozzle have? 

For the specified values of w, pu, and 7’, the diameter at the 
nozzle exit determines the Mach number M,. If M; is excessively 
large, the stagnation-pressure loss associated with the droplet 
acceleration may be prohibitive; however, if it is too small, the 
droplet diameter will be comparatively large, and the required 
length of the evaporation section will be excessive, leading to in- 
tolerable frictional losses. The best value of M, in each case must, 
therefore, be determined either by experiment or by calculations 
of the type illustrated in Section 2.7. 

The influence of the Mach-number level on the length required 
for evaporation may be seen from the following approximate con- 
siderations: For air atomization, the droplet diameter dp varies in- 
versely with the air velocity V (reference 4). Since the distance 
traveled by each droplet during its acceleration period is a very 
small fraction of the total distance L required for evaporation, L 
may be approximated by supposing that the droplet moves with 
the same velocity as the air. From considerations of heat transfer 
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T — T,) 


For very low Reynolds numbers, hrd/x = 2. Substituting this 
value of hy, and integrating the equation, we find that the time for 
complete evaporation follows the law t ~ d*. In addition, the 
length L is proportional to the product of V and¢. Therefore 


L~ Vi~ ~d ~ 1/V 


and the required length is seen to be inversely proportional to the 
velocity. For a given length, a greater fraction of total evapora- 
tion occurs at high air speeds than at low, even though high air 
speed means a comparatively small residence time. 

Regarding the shape of the air nozzle, the main considerations 
here are that (a) it should be longitudinally as short as possible so 
that any massive part of the water-injection system may easily be 
placed in a low-velocity region, and (b) it should avoid adverse 
pressure gradients on the walls large enough to induce bound- 
ary layer separation. 

Water-Injection System. The requirements of the water-injec- 
tion system are that (a) the droplet cloud produced should have 
the smallest possible volume-surface mean drop size, (b) the drop- 
size spectrum be such that the mass fraction of the drops lying 
above the volume-surface mean size is not too large, (c) the drop- 
let cloud should be uniformly distributed over the cross section, 
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and (d) the parasitic stagnation-pressure loss associated with the 
aerodynamic drag of the injection system should be a minimum. 

Without precluding the possibility of other arrangements which 
may prove more favorable, most of the effort thus far has been 
given to a “poreupine”’ type of injector, comprising small tubes in 
parallel, with the water injected at low speed into the high-speed 
air approximately at the exit of the air nozzle. Little more can 
be said now about the injection system except that the lack of pre- 
cise information concerning the drop size produced is perhaps the 
weakest link connecting theory and experiment. 

The best water-air ratio results from a compromise between two 
opposing effects; that is, as the water flow is increased, the ac- 
celeration drag is increased (unfavorable), but the amount of 
evaporation occurring in a given distance is also increased (favora- 
ble). Fortunately, this is a matter which in each case can be very 
easily settled on an operating Aerothermopressor. 

Acceleration Section. Within the very few inches of length con- 
stituting the acceleration section, the droplet cloud is formed and 
accelerated approximately to the gas speed, and of the order of 
1/,the total evaporation occurs. Because of the exceedingly short 
length (5) and the extra complexity of the processes in this region, 
it may prove unfeasible to attempt any Mach-number control by 
means of area variations in this zone. 

A considerable loss of stagnation pressure occurs in the ac- 
celeration section. The loss of stagnation pressure associated only 
with the acceleration of the droplet masses (disregarding heat 
transfer and evaporation) is illustrated by the following values 
(5) for a water-air ratio of 0.2 (the loss is approximately linear 
with water-air ratio): 

Poz/ Poi 

0.978 

0.957 

0.927 
0.615 (choked) 0.846 


These losses are of the same order as the net gain in the Aerothermo- 
pressor, thus emphasizing strongly the necessity of careful design 
at every point in order to achieve acceptable performance. 

For the limiting case of very low Mach number, a formula for 
the irrecoverable loss of stagnation pressure due to droplet 
acceleration may be derived. From momentum considerations, 
the pressure change (pg — p,) due to the acceleration of the drops 
from zero speed to the gas speed V without area change is given by 

wV w 
Pa — Pa = - 
and is equal to the loss in gas stagnation pressure during the ac- 
celeration. If the mixture is then reversibly decelerated to zero 
speed, the pressure pc attained is calculated by considering the 
two-phase mixture to be homogeneous with the appropriate 
density 


Pc = Ps 


Accordingly, the net loss in stagnation pressure is given by 


1 w; kp? 


That is, the minimum conceivable net loss in stagnation pressure 
is one dynamic head multiplied by the water-air ratio, and is ex- 
actly one half the loss in gas stagnation pressure during the ac- 
celeration. 

The best water-injection velocity is governed by the opposing 
considerations that (a) a low water injection velocity results in 
small drops but large acceleration loss, whereas (b) a high water 
injection velocity gives large drops but small acceleration loss. 
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The required number of injection points depends on the angle 
of spread of the droplet spray. From the data obtained thus far, 
it appears that the best number probably lies within the range of 
1/, to 2 injection points per square inch of cross section. 

Evaporation Section. The primary considerations for the design 
of the evaporation section have been discussed in Sections 2.4 and 
2.5. 

Diffuser. No precise line of demarcation in terms of the Aero- 
thermopressor process can be made between evaporation section 
and diffuser, inasmuch as significant evaporation and droplet de- 
celeration effects occur within the diffuser. A substantial portion 
of the evaporation may occur in that portion of the evaporation 
section which has a geometrically diverging cross section. More- 
over, the gas decelerates and the pressure rises in virtually the 
entire length of the evaporation section. 

Granting these facts, a stage is ultimately reached in the Aero- 
thermopressor process where the main objective is to decelerate 
the stream and recover pressure efficiently. This part of the 
apparatus is arbitrarily called the diffuser. The best conventional 
diffuser is a cone of approximately 6 deg included angle. A con- 
sideration of the concurrent phenomena of evaporation and drop- 
let deceleration occurring in the Aerothermopressor diffuser, how- 
ever, can be interpreted to suggest a somewhat longer diffuser in 
order better to exploit these additional phenomena. The diffuser 
of smaller angie makes the revived evaporation in the diffuser more 
effective because it causes the evaporation to occur at rela- 
tively higher Mach numbers; and it adds to the efficiency of drop- 
let deceleration by causing the droplets to remain more nearly at 
the gas speed (6). 

Optimum Mach-Number Distribution for Entire Aerothermo- 
pressor. Guided by a combination of the qualitative considera- 
tions presented in this Section, together with approximate design 
method for Regime II given in Section 2.5 and the results obtained 
by the more complete theoretical method discussed later in the next 
Section, the nature of the optimum Mach-number distribution for 
the entire Aerothermopressor may be rationally anticipated. 
The discussion is illustrated schematically in Fig. 7(d). 

From a consideration of the importance of maintaining a large 
temperature difference for heat transfer, we may confidently ex- 
pect that the position of maximum Mach number (point b) should 
occur near the beginning of the process where the humidity is low 
and the stagnation temperature high. 

Now, referring to the approximate method for Regime IT, large 
values of the relative Reynolds number can be established only in 
the part of the process where the Mach number is high and where 
large accelerations and decelerations are possible. Thus in the 
neighborhood immediately downstream of point b, the curve of 
M versus w will be that of Fig. 7(b) for a Nusselt number of about 
4. Near the end of the evaporation region the Mach number is 
necessarily smaller, the speed of sound is lower, and large ac- 
celerations or decelerations are no longer possible. Together with 
the fact that the droplet diameter is also smaller, all this implies 
that the relative Reynolds number is quite small. Therefore, 
near the end of the evaporation section (point c), the curve of 
M versus w should be like that of Fig. 7(6) for a Nusselt number of 
about 2. 

Assuming that point c represents the location where the rate of 
stagnation pressure rise has virtually vanished, the curve c-d will 
represent the diffuser. The latter, as explained previously, 
will most probably be a cone of half-angle somewhat less than 3 
deg. 

The best inlet Mach number (point a) cannot be foreseen easily, 
as it depends on the best compromise between small droplet size 
and small acceleration drag. In some cases the inlet Mach num- 
ber might be the highest of the entire process, and then M would 
decrease continuously. 
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The value of w at point b is determined by the advantage of 
making the Mach number rise from a to 6 occur as quickly as 
possible, with the restraint, however, that too rapid an accelera- 
tion will maintain such large differences in velocity that large 
losses in Py will be produced, It seems extremely important to 
choose the location and Mach number of point b wisely, for the 
nature of the entire process calls for the maximum exploitation of 
the benefits of cooling in the very region where evaporation is 
most predominant, where the temperature differential is still 
large, and where there exists the possibility of operating locally 
at large Mach numbers. Immediately downstream of point b is 
where the maximum gains are to be won, and if they are not won 
there, they are forever forfeited. 

In summary then, the best Mach-number distribution for sub- 
sonic entry appears to call for a soaring rise of Mach number in 
the acceleration zone, followed by a gradual decrease in Mach 
number in Regime II (involving a gradual transition from the 
curve Nu = 4 to that for Nu = 2), and concluded by a fairly rapid 
decrease of Mach number in the diffuser. 


2.7 Numerical Calculations of Aerothermopressor Process 


Because of its complexity, its many diverse design considera- 
tions, and the fact that only by great care can a poor design be 
avoided, a successful future for the Aerothermopressor may de- 
pend as much on the development of a rational theory as on ex- 
perimental development, The latter goes slowly, and may be of 
greatest significance in helping to form a theoretical design method 
which adequately represents Aerothermopressor performance. 
Then we may look to the theory for such matters as determining 
the optimum cross-sectional area variation, extrapolating per- 
formance to unknown ranges of supply pressures and tempera- 
tures, and predicting off-design performance. 

Theoretical Model for Analysis. The analysis considered is 
purely one-dimensional: in any cross-sectional plane (a) the gas 
velocity, temperature, and pressure are uniform, and (b) the drop- 
let velocity, temperature, size, and spatial density are uniform. 
In addition, it is assumed that the droplets are atomized imme- 
diately upon injection, and that no subsequent atomization or 
agglomeration occurs. 

Variables of the Analysis. At the entry plane of the Aerother- 
mopressor (section 1), the initial conditions may be character- 
ized by seven quantities, of which the first six are intensive and 
the last extensive: 


(i) Po, inlet-gas stagnation pressure 


(ii) To, inlet-gas stagnation temperature 
(iii) |My, inlet Mach number 

(iv) Qo, inlet water-air ratio 

(v) Tn, inlet-liquid temperature 

(vi) Vu, inlet-liquid velocity 

(vii) Aj, inlet cross-sectional area 


Note that po:, 7’, M:, and A; together determine the air-flow rate 
W,, 80 that w, could be used in place of A;. Furthermore, for a 
given style of water injector, we may anticipate that the listed 
variables will determine the initial droplet diameter do. 

The duct itself may have a shape which might be characterized 
by relating the area ratio to the distance z from the inlet plane. 
For example, we might write 

A z 2? 

=l+aQ, VA, + Qe [12] 
where a, @2, etc., are dimensionless numbers defining the duct 
shape. 

At any section z downstream of the inlet plane, having a local 
cross-sectional area A, the state of the stream may be charac- 
terized by six intensive quantities: 
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(i) p, gas pressure 

(ii) 7’, gas temperature 
(iii) M, Mach number 
(iv) @, specific humidity 
(v) T;, liquid temperature 
(vi) V;, liquid velocity 


Governing Equations. Thus for specified values of the seven 
initial variables and a specified duct shape, six physically inde- 
pendent equations are necessary for establishing the six re- 
quired properties at each station z. These six equations are 
fundamentally (a) the equations of continuity, momentum, and 
energy for the gas stream, and (b) the equations of mass transfer, 
heat transfer, and drag for the droplet cloud. 

The three governing equations for the gas stream are derived 
in Appendix A, and their simultaneous solution has already been 
summarized by means of the influence coefficient equations of 
Table 3. In these equations the terms dw/w and dW /W are de- 
pendent on mass transfer (evaporation) from the droplets; the 
term dk/k is dependent upon changes in temperature and hu- 
midity of the gas stream; the term in dh, is dependent on the mass 
transfer and heat transfer for the droplets; and the term in dV, is 
dependent on the drag forces between the droplet and gas. 
Therefore a complete analytical formulation of the problem re- 
quires that the equations of Table 3 be augmented by the three 
equations of mass transfer, heat transfer, and drag for the drop- 
lets. The derivation of the latter equations is presented in Ap- 
pendix C. 

Numerical Solution of Equations. The system of ordinary, 
simultaneous, nonlinear, differential equations just referred to 
seems to be well beyond the possibility of analytical integration, 
and numerical solution is therefore necessary. After a brief ex- 
perience with working out solutions by hand computation, it be- 
came evident that real progress could be made only by a much 
more rapid calculation procedure. The problem was accordingly 
programmed for the Whirlwind I computer, a high-speed, elec- 
tronic, digital machine at the Massachusetts Institute of Tech- 
nology. 

Although extended discussion of the means of solution is in- 
appropriate here, it may be mentioned in passing that some of the 
difficulties encountered during the development of this numerical 
treatment involved (a) adequately large high-speed memory, (b) 
tolerably small truncation error without excessively large compu- 
tational time, (c) tendency of the numerical solution toward 
serious instability, and (d) establishment of the singular solution 
passing continuously through Mach number unity. More de- 
tails are given by Gavril (8). 

At the present time the fourth-order Runge-Kutta method of 
numerical integration is used, but the general scheme of calcula- 
tion may be more easily illustrated by considering the first-order 
(Euler) method of numerical integration. In the latter the basic 
idea is to calculate the increment at a point using only the first 
term of the Taylor series expansion about the point, for example 


AM? = (dM/dz) Ax 


Suppose that the initial values of the problem are given, and 
that the fraction evaporated, z =w/Q, which is taken as running 
variable, is divided into many small intervals Ar. The finite- 
difference equations are then solved for each interval, and the 
properties computed for the end of the interval are then available 
for use in the next interval. 

To illustrate, imagine that the calculations have been carried to 
a certain value of z, where the values of w, d, V;, T;, p, T, V, M, 
z, and A are all known. Then, for an increment in humidity Az; 
the values of Ad and Aw are calculated from Equation [41]; 
AT, is computed from Equation [456] with Equations [43], 
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[43a], [44], [46], and [47]; Atis found from Equation [45a] with 
Equations [46] and [47]; AV, is obtained from Equation [48] 
with Equations [49]; and, finally, the distance Az, in which the 
foregoing changes in droplet properties occur, is determined by 
Equation [50]. Assuming that the duct shape is known AA may 
be found for the corresponding Az. All the increments in the 
top row of Table 3 are now known for the step under considera- 
tion, and the corresponding changes in gas properties, AM?, Ap, 
AV, ete., may be reckoned from the equations of Table 3. Hav- 
ing carried out these calculations, the droplet and gas properties 
are completely determined at the end of the humidity interval, and 
all is in readiness for repeating the procedure within the next 
humidity interval. 

It should be noted here that the solution is propagated by the 
fact that at any section z, where all the stream properties are 
known, it is possible to calculate the first derivative of each prop- 
erty by means of the equations of Appendix C and Table 3. The 
increment in each property can therefore be determined by any 
of the conventional numerical procedures. One of the crucial 
aspects of such a calculation is that each successive value de- 
pends on previous values, 

Present Status of Numerical Calculations. At the present writ- 
ing a considerable number of integrations have been carried out for 
the constant-area Aerothermopressor and a smaller number for 
the variable-area case. Currently, work is proceeding on a prom- 
ising scheme for systematically optimizing the parameters and 
the area variation controlling performance, but this has not yet 
progressed to the point where results may be reported. Many of 
the results thus far obtained have heen presented by Gavril (8). 
A few are presented here for illustration, and in Section 2 we shall 
present additional computed results for comparison with the ex- 
perimental results. 

Constant-Area, Subsonic Aerothermopressor Process. Fig. 8 
shows the results of numerical calculations for the case of a con- 
stant-area unit with an initial Mach number of 0.7, a water-air 
ratio of 0.20, initial stagnation conditions of 1500 deg R and 14.7 
psia, a friction parameter f/D of 0.004 ft—! (corresponding to f = 
0.004 with a duct of 12 in. diam), and an initial droplet diameter of 
13.8 microns [as computed from the Nukiyama and Tanasawa 
formula (4).] All the varied phenomena previously described as 
occurring in Regimes I, IT, and ITT are seen here quantitatively. 
Noteworthy points include: (a) Regime I is of the order of only 
0.1 ft in length, although the actual delay in atomization will in- 
crease this somewhat; (6) the liquid overtakes the gas in about 
0.4 ft; (c) about 10 per cent of the water is evaporated in Regime 
T and about 30 per cent at the end of the droplet acceleration 
period; (d) the 7 per cent loss in stagnation pressure incurred in 
Regime I is not recovered until about 50 per cent of the water in- 
jected is evaporated, thus placing the burden of winning a net 
gain on the remaining part of the process; (¢) the net rise in stag- 
nation pressure is about 6 per cent; (f) the required length of 
evaporation section is of the order of 4 ft, and the droplet resi- 
dence time is of the order of 0.01 sec. 

Constant-Area, Supersonic Aerothermopressor Process. Fig. 9 
is for the same case as Fig. 8 except that the initial Mach number 
is 1.5 and the corresponding initial droplet diameter is7.34 microns 
(based on the risky extrapolation of the Nukiyama and Tanasawa 
drop-size formula to supersonic speeds). Here again the distinct 
phenomena of Regime I, II, and III are clearly evident, although 
they are generally of opposite character to the subsonic case, The 
lengths of Regime I and of the evaporation zone are roughly the 
same as those in Fig. 8. The liquid temperature, however, is 
about 70 F as compared with about 140 F for the subsonic case, 
due primarily to the lower pressure level. From a consideration 
of the Mach number and temperature variations, it appears that 
the net stagnation pressure rise of some 6 per cent could be con- 
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siderably augmented by decreasing the cross-sectional area of the 
duct at about 1 ft from the inlet in such a way that the Mach 
number would be reduced. 

Effect of Varying Initial Parameters for Subsonic, Constant-Area 
Operation. With regard to certain initial parameters, namely, 
f/D,, do and T, it can be said with assurance that a given change 
will be either undesirable or desirable. Specifically, the per- 
formance will improve as f/D, and dy, decrease and as 7'y; increases 
(except at very high values of the latter). This will generally be 
true irrespective of the values of such other parameters as (2, 
M:, Po, Vn/Vi, and area variation, although the effect on per- 
formance associated with alterations in any of the variables 
f/D,, do, and Tq will, of course, depend greatly on the values of 
all the parameters. 

Considering, on the other hand, the parameters Qo, M:, po, and 
Vn/Vi, we can only state vaguely that whether or not increases in 
these will improve or detract from the net stagnation-pressure 
rise depends on the specific values of these variables as well as 
those of f/D,, do, Tm, and of the area variation. The reason for 
this indeterminancy, as explained before, is that an increase (or 
decrease) of any of the variables Qo, Mi, poi, and Vn/V; has both 
favorable and unfavorable aspects; in some circumstances 
the favorable aspects will hold the upper hand; in others the un- 
favorable aspects will predominate. 

These remarks show that the effects of 2, Mi, Po, and Vn/Vi 
ean hardly be deduced from a few comparisons, and that hasty 
conclusions drawn from a few cases might be dangerous. What is 
more, a really meaningful study of the effects of 2, Mi, pm, and 
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Vu /Vi requires a selection of the optimum area variation for each 
set of initial variables for otherwise a favorable case might unfairly 
be compared with an unfavorable one. This really implies that 
determination of the optimum area variation and optimum values 
of the initial parameters must be made simultaneously. The 
studies already made may be far from those desiderata, so no 
attempt will be made here to evaluate systematically the in- 
fluence of Qo, Mi, Po, and 

Regarding f/D,, do, and 7, it is well to repeat that the magni- 
tudes of the effects on performance are, in fact, strongly dependent 
on all the other initial variables and on the area variation, al- 
though the direction of the effects is not in doubt. Recognizing 
in advance that the results of one comparison may not be meaning- 
ful in other circumstances, we nevertheless shall present certain 
specific results for the sake of illustrating the influence of the 
variables f/D;, Qe, and do. 

Effect of Size. With values of the other variables remaining 
the same, Fig. 10 shows the effect of variations in rate of air flow 
on subsonic, constant-area operation. The parameter f/D, 
shown in Fig. 10 varies approximately inversely with the square 
root of the air fiow. For a value of f in the neighborhood of 0.004, 
the three values of f/D, correspond to duct diameters of approxi- 
mately ©, 12in., and 2 in. 

The curves of temperature, velocity, and distance versus frac- 
tion evaporated are nearly independent of f{/D,. The curves of p, 
Po, and M, however, show a strong dependency. As f/D, in- 
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creases, Regime III sets in earlier (Regime III is absent when 
f{/D, = 0), and the maximum stagnation pressure is decreased. 
A net rise in po seems impossible if f/D, exceeds a certain value. 
There seems to be little difference between the cases f{/D, = 0 and 
f/D, = 0.004, yet the former would be very superior if the opti- 
mum area variation were employed for each case. 

Effect of Droplet Size. Assuming that the initial droplet size 
may be varied independently of M, through the injector design, 
or that the droplet size produced differs from that of the Nuki- 
yama and Tanasawa formula (4), Fig. 11 shows how a case of 
small-scale, subsonic, constant-area operation would be altered 
if the droplet size were either one half or twice as large as the 
Nukiyama and Tanasawa value (do;). 

The influence of dy is seen to be enormous, and would be even 
greater if each case had the optimum area variation. For 80 per 
cent fraction evaporated, the distances required are 1 ft, 5 ft, and 
20 ft (approximately a square law, see Section 2.6) for the three 
droplet sizes. With dy = 2d); evaporation never becomes pre- 
dominant over wall friction, while with dy = d,);/2, a net stagna- 
tion pressure rise appears possible even with a 2-in-diam duct. 

These results illustrate two conclusions of paramount sig- 
nificance: (a) Nothing is more crucial to effective performance 
than an atomization system producing very small drops, and (6) 
the weakest link between theory and experiment is a lack of 
knowledge of the actual drop-size spectrum produced in the Aero- 
thermopressor. 

Effect of Water-Air Ratio. Again with a reminder concerning 
the inadvisahbility of drawing general conclusions, we show in 
Fig. 12 the effect of water-air ratio on a specific case of subsonic, 
constant-area performance. 

Noting that here the amount of water required to saturate the 
gir stream is in the neighborhood of 2) = 0.2 it is seen that the 
values of 0.1 and 0.3 correspond, respectively, to a considerable 
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water deficiency and a considerable water excess. As (Q in- 
creases, both the drag and evaporation phenomena are strength- 
ened; Regimes II and IL{ each set in at earlier values of z, but 
at about the same distance z. Evaporation barely achieves some 
predominance for Q) = 0.1 and is most forceful for 29 =0.3. A 
deficiency of water seems to be more detrimental than an excess, 
a result confirmed by experiment. The best performance seems 
to be obtained for a value of Q) greater than that required for 
saturation, although it is of considerable practical consequence 
that the net stagnation pressure rise as well as the position of 
maximum pp are relatively insensitive to Qo. 

Passage Through Speed of Sound. Fig. 13(a) illustrates con- 
stant-area operation at various subsonic initial Mach numbers, 
and shows the extreme sensitivity of the flow to the initial Mach 
number when it is in the neighborhood of the critical. To pass 
through the speed of sound, the calculations give M: = 0.74289 

, whereas M, = 0.74 gives purely subsonic operation with a 
peak Mach number of 0.93 while M; = 0.75 leads to choking at 
z 20.1. On the supersonic branch of the critical curve the rapid 
rise of Mach number soon brings on Regime III, and frictional 
choking ensues in the vicinity of z = 0.57. 

Fig. 13(5) illustrates the corresponding curves of gas-stagnation 
pressure. The corresponding static pressure variations are shown 
in Fig. 27, where they are compared with experimental data. 

Shocks. Once supersonic speeds have been reached, there 
exists the possibility of normal discontinuities (shocks) in the gas 
phase. These may occur at various positions, depending on the 
back-pressure level. In the calculations it was assumed that the 
gas stream passed through an adiabatic, normal shock as though 
the droplet cloud were not present, and the properties of the drop- 
let cloud on the downstream side of the shock were assumed the 
same as those on the upstream side. 
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Figs. 13(a) and 13(6) show operation on the supersonic critical 
with a shock at « = 0.35, the performance downstream of the 
shock being typically subsonic. Following a slight drop in stag- 
nation pressure across the shock itself, there is a rapid rate of rise 
brought on by the deceleration of the droplets and a high evapora- 
tion rate resulting from comparatively large differences in ve- 
locity and temperature. 

Control of Cross-Sectional Area. How considerabie are the gains 
to be won by proper control of the cross-sectional area is il- 
lustrated in Fig. 14. On this chart the base run for purposes of 
comparison is the constant-area supersonic critical curve with 
To = 1500 deg R, po = 14.7 psia, f/D; = 0.004 ft-!, Q, = 0.25, 
and dy = do; = 13.4u, for which the critical Mach number is Mi 

The striking feature of this constant-area case is 
its earlier mentioned suicidal character; after passing through 
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Mach number unity, the Mach number is pushed to such high 
values by evaporative cooling that the temperature potential for 
heat transfer is severely depressed and, after about 48 per cent 
fraction evaporated, wall friction gains control, and the stagna- 
tion pressure declines rapidly before it is ever able to ascend even 
to its initial value. 

By inserting a normal shock at z = 0.30 (M = 1.26), the gas 
temperature is not allowed to fall too rapidly, and there is a 
notable gain in performance, the net stagnation pressure rise 
being more than 10 per cent. 

With operation at constant area on the subsonic critical curve, 
the maximum rise in stagnation pressure is seen to be in the neigh- 
borhood of 7 or 8 per cent. 

In the light of the discussions of Sections 2.4 and 2.5 and of 
other considerations too lengthy for discussion here, the Mach- 
number distribution shown in Fig. 14 was described. In this 
figure the solid lines represent operation on the subsonic and su- 
personic critical curves for a unit of about 12 in. diam. The 
variable-area case (dashed line) is compounded of (a) constant- 
area operation on the supersonic critical up to ¢ = 0.30, (b) 
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variable-area operation from z = 0.30 to z = 0.54 with the 
Mach-number distribution illustrated, and (x) operation in a 
conical diffuser of 6-deg included angle for z > 0.54. It may be 
seen that the maximum area reduction is 25 per cent of the initial 
area, and that the diffuser begins shortly after the position of 
minimum area. What is of greatest practical importance is that, 
in the variable-area case shown, a stagnation pressure rise of more 
than 18 per cent is indicated. 

The foregoing example is only an isolated instance presented 
merely to show the importance cf Mach-number control, and is 
illustrative of the improvements to be gained whether this con- 
trol is brought about by area control or by lengthwise water in- 
jection. In this example the Mach-number variation was chosen 
arbitrarily and would be the optimum only through coincidence. 
As mentioned earlier, more systematic ways of determining the 
optimum are under development. Only fragmentary results of 
this more systematic study are available, the most important 
practical conclusion thus far being that with T» = 1500 deg R 
and an air flow of about 20 Ib/sec, a stagnation pressure rise of 
more than 20 per cent seems to be attainable provided that the 
drop size is that of the Nukiyama-Tanasawa formula (4). 


2.8 Approximate Discontinuity Analysis 


For real insight into the details of the Aerothermopressor 
process, or for knowledgable optimization of the area variation, 
we have no better procedure at the moment than the extended 
numerical integrations described in Section 2.7. But for the 
approximate computation of the order of magnitude of attaina- 
ble performance, a comparatively simple algebraic method may 
be constructed. 

Rather than dealing accurately with the history of the process, 
the approximate analysis proceeds on the assumption that in the 
evaporation section the curve of pressure versus area may be 
represented as a straight line. The core of the analysis is then 
the integral equations of continuity, momentum, and energy 
connecting the inlet and exit states of the evaporation section. 
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At low Mach numbers an especially simple form of the analysis 
becomes usable. 

Details of the analysis are recorded in Appendix D, and a typi- 
cal set of computed results is shown in Fig. 15. More extended 
analyses of the discontinuity type together with a wealth of 
numerical results are presented in reference (8). 

In Fig. 15 the solid curves represent the low Mach-number 
analysis. For comparison, the dashed curve shows how, for the 
case of no friction in the evaporation section and diffuser, the re- 
sults are modified when the more accurate iterative calcuiation 
procedure of Appendix D is used. With the inlet parameters 
shown, an abscissa of 1.0, of course, corresponds to constant area; 
1.24 corresponds to equal Mach number at inlet and exit; and 
1.51 corresponds to equal pressures at inlet and exit. 

A glance at the results of Section 2.7 shows that the linear pres- 
sure-area relationship is a crude approximation. Nevertheless, it 
is believed that as far as gross orders of magnitude are concerned, 
the curves of Fig. 15 are significant in respect to the attainable 
stagnation-pressure rise and in displaying the effects of area 
change, wall friction, and diffuser loss. Among the conclusions 
that may be drawn are the following: 


1 With a diffuser loss coefficient of 0.1, a diameter of 1 ft, a 
length of 6 ft, and f = 0.004, a stagnation-pressure rise ap- 
proaching 20 per cent is possible. 

2 A net rise in stagnation pressure is not possible if fL/D ex- 
ceeds approximately 0.075 (for f = 0.005, this limits L/D to 15). 

3 Area decrease is definitely beneficial, and the optimum 
amount of area contraction increases as the frictional effects are 
minimized. 

THERMOPRESSOR 


3.1 Objective of Small-Scale Experiment 


The experiments to be described were carried out on a scale of 
air flow so small that there was no expectation of a net rise in 
stagnation pressure. Instead the goals were as follows: 


1 Toexplore quickly and economically the diverse phenomena 
and regimes of operation in the Aerothermopressor. 

2 To obtain experimental data for testing the validity of the 
theoretical calculations. 

3 To estimate by extrapolation what would be the prospects 
of effective operation on a large scale, with the purpose of as- 
sessing the advisability of an expensive, medium-scale experi- 
ment, 

4 To acquire information necessary for the intelligent design 
of such a medium-seale unit. 


All these aims were achieved. The methods and results are 
described in full detail by Wadleigh (9), and a summary of this 
work is presented here. 


3.2 Details of Apparatus 


Flow System. Powered by a steam-jet ejector at the down- 
stream end, the entire system, Fig. 16, operated at subatmos- 
pheric pressure. Air from the atmosphere was drawn into a gas- 
fired combustion chamber; from the latter the heated air passed 
through two mixing elbows and a straightening length to the up- 
stream stagnation section; thence through a converging, ac- 
celerating nozzle into the evaporation duct; and, after being 
cooled by water evaporation, into a conical diffuser of 6-deg in- 
cluded angle; finally, the air flowed through a large quench tank 
to the jet pump via a control valve by means of which the back 
pressure on the Aerothermopressor was adjusted. 

Test Duct. As the objective was to obtain basic data rather 
than maximum performance, the evaporation duct was of con- 
stant area, 2.13 in. diam and 73 in. long. The test section was 
fitted with twenty static pressure taps on the wall, and with eight 
access ports for introduction of measuring probes. 

Water-Injection System. Atomization of the so-called “‘gas- 
atomization’ type was achieved by introducing water at low 
speed into the high-velocity air stream at the beginning of the 
2.13-in. evaporation duct. Since the type of water-injection sys- 
tem which would best yield the desirable features of small droplets 
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together with uniform spatial distribution could hardly be pre- 
dicted in advance, preliminary experiments were carried out with 
some twenty different injection schemes (9), involving combina- 
tions of axial-flow water jets, radial-flow water jets originating in 
the pipe wall, and water-sheet formation nozzles. The merit of 
each injection system was judged by comparing the net change 
in stagnation pressure from upstream stagnation section to 
downstream quench tank, with all other variables at the inlet 
plane of the evaporation duct held constant. Very substantial 
differences in performance were found, The best injection sys- 
tem, and that used for all further work, was an axial injection 
system in which the water was introduced at the inlet plane of the 
2.13-in. duct by means of seven tubes of dimensions 0.125 in. OD, 
0.110 in, ID, with one tube on the axis and the others disposed 
symmetrically on a circle of 1.25 in. diam. 

Measurements. The following measurements were made: 


1 Stagnation pressure and stagnation temperature in the up- 
stream stagnation section were measured directly by an impact 
tube and a multishielded thermocouple. 

2 Stagnation pressure at the diffuser exit was measured by an 
impact tube. 

3 Air-flow rate was inferred from the upstream stagnation 
properties and the pressure drop across the inlet bellmouth, as- 
suming for the latter a discharge coefficient of unity. 

4 Water flow was measured by a rotameter and a sharp-edged 
orifice. 

5 Entrance-air Mach number (at the plane of water injection) 
was calculated from the isentropic law connecting it with the 
upstream stagnation pressure and the pressure drop across the 
inlet bellmouth. 

6 Longitudinal static-pressure distributions along the length 
of the test section were determined by connecting the wall static 
taps to a multiple manometer board, 

7 The amount of water evaporated at the sections where ac- 
cess ports were available was determined by transversing these sec- 
tions with a special sampling probe designed for withdrawing a 
sample of the gas phase only and by measuring the humidity of 
the air-vapor sample by means of a Foxboro ‘‘Dewcel’’ indicator, 
Details of the humidity-measuring system and of the novel 
sampling probe are given in reference (9). 


Control of Variables. In the apparatus described, the sig- 
nificant parameters which could be controlled were (a) the up- 
stream stagnation pressure po, (b) the upstream stagnation tem- 
perature 7; (c) the water-air ratio Qo, and (d) either the initial 
Mach number M:, or, in the case of choked flow where M, was 
uniquely determined by poi, 7's, and Qo, the position of a normal 
shock in the test section. 

These were varied in a systematic manner during the course of 
the tests. 


3.3 Experimental Results 


We present here selected results which illustrate the theoretical 
considerations of Section 2 and which also show the influences of 
the controllable parameters. Here again the reader is cautioned 
that the effects of these parameters in a small-scale, constant-area 
apparatus are generally not the same as in a large-scale unit 
having an optimum area variation. 

Comparison of Flows With and Without Evaporation. Fig. 17 
illustrates in an unmistakable way the powerful influence of that 
evaporative cooling which is the heart of the Aerothermopressor 
process. 

The three runs with 7); = 1500 deg R constitute essentially 
adiabatic flows. With no water injection (Q» = 0) the process is 
the one-dimensional Fanno-line process (reference 2, chapter 6) 
and exhibits a constantly falling static pressure typical of sub- 
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sonic flow, with the rate of pressure decrease increasing because 
the Mach number is increased by friction. As water is introduced, 
with { first equal to 0.1 and then 0.2, a larger drop in pressure 
than before oceurs near the inlet because of droplet drag; after the 
first few inches, the droplet drag is small, and the pressure drop is 
primarily that of pipe friction. However, the rate of frictional 
pressure drop is greater at the larger values of { because the 
droplet drag increases the Mach numbers at which friction occurs 
throughout the duct. For the case 7 = 530 deg R and {) = 
0.2, in fact, the flow at the duct exit is nearly choked; i.e., the 
Mach number is nearly unity. 

The case of = 0 at 7 = 1500 deg R is again essentially 
adiabatic and is directly comparable with the case of 2) = 0 at 
To = 530 deg R. The small difference in the rates of pressure 
drop for these two Fanno-line runs is present because of a dif- 
ference in initial Mach number and also because the pipe-friction 
factor f is altered by the difference in length Reynolds number 
between the two cases. 

Turning to the curves for Ty, = 1500 deg R with water injec- 
tion, we see pronounced differences owing to the evaporative cool- 
ing which is now present. Whereas for 7’, = 530 deg R (i.e., no 
evaporation) water injection increases the pressure drop, with 
Ta = 1500 deg R (i.e., strong evaporation) water injection de- 
creases the pressure drop. It seems safe to say also that the 
Mach-number rise here when evaporation occurs is less than 
when evaporation does not occur. 

Effect of Water-Air Ratio. Certain aspects of the phenomena 
just discussed are brought out more clearly in Fig. 18, for which 
the initial Mach number of 0.65 is higher than that for the runs 
shown in Fig. 16, thus magnifying the pressure gradients. The 
fact that cooling at subsonic speeds does indeed tend to decrease 
the Mach number was clearly evidenced by this series of runs, 
inasmuch as it was not even possible to operate at M; = 0.65 with 
no water injection, the initial Mach number for choking when 
operating dry being less than 0.65. 

For each value of {%, the three characteristic regimes discussed 
in Section 2.3 are observed: 


1 Regime I. For a distance of about 2 in. the pressure falls 
rapidly because of droplet drag. The magnitude of this initial 
pressure drop is roughly proportional to the rate of water flow, 
i.e., to Qo. 

2 RegimeII. A rapidly rising pressure occurs in the next 20 
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in. or so, where evaporative cooling is predominant. The maxi- 
mum rate of pressure rise increases as {% increases, chiefly be- 
cause an increased {%) means a greater amount of heat-transfer 
surface in the droplet cloud. For such a small { as 0.10, the net 
rise is rather small and reaches its peak at z = 10 in.; in this 
case there is scarcely enough surface to accomplish much cooling, 
and the droplet cloud vanishes comparatively rapidly because the 
driving temperature differential is not decreased very much by 
cooling of the gas. With values of Q) between 0.2 and 0.4 the 
pressure rise exceeds the loss in Regime I, such that at ¢ = 25 in. 
the pressure is higher than in the inlet plane. The maximum pres- 
sure in the duct and also at the diffuser exit is obtained with Q: = 
0.3, this being the water-air ratio for which the balance between 
pressure rise due to cooling and pressure drop due to droplet 
acceleration and wall friction is an optimum. For low values of 
Qo, the distance z to the point of maximum pressure increases as 
Qo increases because the droplet cloud persists for greater dis- 
tances. For high values of Qo, on the other hand, the distance de- 
creases as {Q increases because the gas stream tends toward 
saturation more quickly. 

3 Regime III. After the rate of evaporation has been re- 
duced sufficiently by the falling gas temperature and diminishing 
droplet diameter, wall friction gains control. The pressure begins 
to drop, and the rate of pressure fall grows as evaporation be- 
comes weaker and weaker. 


Passage Through Mach Number Unity. Fig. 19 shows the pres- 
sure distributions obtained with constant values of 7, po, and 
Q, but with varying initial Mach numbers M:. 

The curves for M; = 0.48 and M; = 0.65 are for values of back 
pressure so high that the entire flow is subsonic. Qualitatively 
similar to those of Fig. 18, they demonstrate as well the dy- 
namic character of the events in the sense that the pressure 
gradients grow as the Mach number ascends. 

All the remaining curves of Fig. 19 are for the critical initial 
Mach number, M; = 0.78, for which evaporation becomes pre- 
dominant over drag just at the point where the local Mach num- 
ber is unity. The lowermost curve in Fig. 19 is for the greatest 
possible length of supersonic flow in the test section and, except 
for a shock near the exit, corresponds to the supersonic critical 
curve shown in Fig. 13. The branch curves rising precipitously 
from this lowermost curve represent normal shocks followed by 
subsonic flow. 

Shock Configurations. Considering in more detail the lower- 
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most curve in Fig. 19, it is seen that the pressure falls and the 
Mach number rises to unity in Regime I, up to z = 2 in.; the 
pressure continues to fall and the Mach number rises to substan- 
tial supersonic values in Regime II, up to z = 28 in.; then, be- 
cause of wall friction, the pressure begins to rise and the Mach 
number to fall in Regime III, up toz = 55in. However, the duct 
length is too great for supersonic flow to continue to the exit, for 
in the absence of shocks, the Mach number would reach the 
choking value of unity before the exit. Therefore a shock must 
stand somewhere in the duct. For very low back pressures (e.g., 
condition 2 in Fig. 19), the shock is at its furthermost possible 
position downstream, that is, at the position for which the sub- 
sonic flow following the shock becomes choked at the duct exit. 
In this case the shock lies in the range of z between 55 and 62 in., 
and M = 1 at the duct exit; the flow in the diverging diffuser 
(now operating as a nozzle) then accelerates to supersonic speeds, 
and is again decelerated to subsonic speeds by means of a shock in 
the “‘diffuser,’’ the shock having a loss in stagnation pressure suf- 
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ficiently high to match the prescribed low back pressure. The 
lowermost curve therefore exhibits an amazing range of gas dy- 
namics phenomena, comprising two continuous accelerations 
through the speed of sound (albeit by different mechanisms), two 
normal compression shocks, three distinct regions of subsonic 
flow, and two distinct regions of supersonic flow. 

As the back pressure is increased, say, from condition 2 to con- 
dition 3, the shock in the diffuser moves upstream to lower super- 
sonic Mach numbers, but the flow in the duct is completely un- 
altered. When the back pressure reaches condition 4, however, 
the diffuser shock disappears in the duct exit where M = 1, 
and this then represents the limit of operation with choked flow 
at the duct exit, and with the furthermost downstream position 
of the shock in the duct. 

A iurther rise in back pressure over that for condition 4 there- 
fore causes the shock in the duct to move upstream. As the back 
pressure is increased the shock continuously and successively 
moves from position 1 to positions 5, 6,7, and 8. For all the latter 
modes of operation the flow following the shock and at the duct 
exit is subsonic. Following the shock, the pressure at first rises 
because of subsonic cooling and deceleration of the liquid droplets, 
and subsequently falls because of subsonic friction. 

Because of the now-familiar shock-boundary-layer interaction, 
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the shocks, rather than being discontinuities, occupy a distance 
of about 8 in., corresponding to about four duct diameters. 

Stable Versus Unstable Operation at the Critical Mach Number. 
Attempts to operate on the subsonic branch of the critical curve 
or with shocks further upstream than the position corresponding 
to curve 8 were unsuccessful, When the back pressure was 
raised slightly above that of condition 8 (corresponding to curve 
8), the entire flow became highly unsteady, with large surges in 
pressure, flow rate, and shock position. 

This strange behavior may be explained by reference to the 
schematic diagram of Fig. 20, which refers to a small-scale Aero- 
thermopressor in which there is at all times a net loss in stagnation 
pressure from inlet to diffuser exit. Consider an experimental 
arrangement in which pu, Tm, and Q are fixed and in which, at 
least for the present, steady flow is assumed possible. Then, as 
M, increases from zero, the value of pp at the diffuser exit will at 
first decrease because the net loss in pp is roughly proportional to 
M,*. This loss continues until M; reaches its critical value, after 
which M, may increase no further, and we may use the position 
of the shock as the controllable variable governing performance. 
From the theoretical consideration of Section 2, there will be a 
particular position of the shock (point a) in Fig. 20 for best per- 
formance. In Fig. 19, therefore, the curve of po versus shock posi- 
tion will first rise to point a, and will subsequently fall as the shock 
moves further downstream. 

Now, operation at a point to the right of a, such as at 5, is 
stable in the sense that a slight variation in the imposed back 
pressure will induce a change in Aerothermopressor operation of 
such nature as to make the delivered exit pressure adjust to the 
imposed back pressure. For example, suppose that steady opera- 
tion prevails at b, and that the imposed back pressure is suddenly 
increased slightly. This will generate a small compression wave 
which will propagate upstream until it reaches the shock, and its 
interaction with the shock will force the latter slightly upstream. 
But the latter event increases the delivered back pressure and 
thus the Aerothermopressor adjusts stably to the imposed dis- 
turbance. 

Operation at a point such as ¢ on the portion of the curve be- 
tween a and e, on the other hand, is unstable. If, after an as- 
sumed steady operation at c, the imposed back pressure is sud- 
denly raised slightly, the generated compression wave will on 
reaching the shock again move the latter upstream. But this re- 
duces the delivered exit pressure, with the result that conditions 
are further from equilibrium than before, and the point of opera- 
tion is driven toward e. There ensues an oscillatory mode of 
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large amplitude, the character of which depends upon the 
transient characteristics of the air and water-flow systems, that 
is, on the way in which po:, 7’, and Q) react to the changes in air 
flow pursuant to M, dropping below its critical value. 

These phenomena are reminiscent of the behavior of converg- 
ing-diverging diffusers for supersonic flow. It is well known that 
the operation of such a diffuser is stable when the shock is in the 
divergent portion (in which region a downstream displacement of 
the shock reduces the delivered stagnation pressure), but un- 
stable when the shock is in the convergent section (in which re- 
gion a downstream displacement of the shock increases the de- 
livered stagnation pressure). 

Definition of Performance Coefficient. Inasmuch as all the 
phenomena occurring within the Aerothermopressor are strongly 
dynamic in character, a measure of over-all performance is re- 
quired from which most of the sensitivity to Mach number has 
been removed, Being mindful of the form of the influence co- 
efficients for dpo/po shown in Table 3, we form the over-all per- 
formance coefficient 


Pos — Pas 
PaM,? 


where pos is the stagnation pressure at the diffuser exit. 
Although the use of this dimensionless figure of performance 
does in fact illuminate the results, it seems in place once again to 
state that the value of this performance coefficient depends not 
only on pox, 7'o1, 0, Mi, and length of evaporation section, but also 
on the actual duct diameter and on the area variation, because 
both friction and area change act to alter the local Mach number. 
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mance.) 


Effect of Water-Air Ratio on Over-All Performance. The curves 
of Fig. 21 are typical of the variation in over-all performance when 
the water-injection rate is varied and the initial stagnation con- 
ditions and Mach number all held constant. For each set of 
initial parameters (Mi, T, Poi), there is an optimum value of Mp. 
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Below this optimum {Q, the total amount of cooling is weak com- 
pared with wall friction; above this value, the added droplet drag 
cannot be offset by evaporative cooling because of the tendency of 
the stream to reach saturation too quickly. The performance is 
less sensitive to variations in Q) above the optimum value, how- 
ever, than to variations below the optimum; i.e., excessive water 
is not as detrimental to performance as a deficiency. The curves 
are fortunately quite flat near their peaks, and so the precise ad- 
justment of the water flow is not critical. 

As might be expected from the theoretical considerations, an in- 
crease in 7p; requires an increase in Q. For example, with po = 
14.8 psia, the following table shows the optimum values of {) at 
several temperatures: 


1200 deg R 1800 deg R 


1500 deg R 
0.24 0.31 


Fig. 21 shows also that the optimum water-air ratio is sub- 
stantially independent of poi. 


Qo 
psiac Lb Woter/Lb Air 
14.7 to 14.8 0.15 to 0.18 
14.7 to 14.8 0.23 to 0.25 
14.7 t0 14.8 0.30 to 0.32 
10.57 0.22 to 0.24 
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1500 
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(Each point is for the water-air ratio of best performance. The right-hand 
point of each curve represents the choking Mach number, and refers to the 
shock location of best performance.) 


No significant trend of optimum water-air ratio with initial 
Mach number was observed. 

Effect of Initial Stagnation Temperature on Over-All Performance. 
From Fig. 21 it may be seen that, with a given initial Mach num- 
ber, the best performance attainable with the appropriate value 
of Q) is improved as the initial stagnation temperature is raised. 
The same result is obvious also from Fig. 22, which shows only 
the best performance at each Mach number and temperature. 
An increase in the temperature difference available for cooling, as 
well as an increase in the saturation humidity, account in a simple 
manner for the better performance at high temperatures, On the 
same grounds it is easy to understand also why the optimum 
water-air ratio rises as the initial stagnation temperature in- 
creases, at least in the range of the latter under consideration. 
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Effect of Initial Mach Number on Over-All Performance. Natu- 
rally, the net loss in stagnation pressure in the small-scale Aero- 
thermopressor increases as the Mach-number level is increased. 
However, this gives a false picture of how the performance of a 
large-scale unit might depend upon initial Mach number. A bet- 
ter representation is given in Fig. 22, where the over-all per- 
formance coefficient is plotted against initial Mach number. 
The right-hand end of each curve represents the choking Mach 
number for the specified values of 7’, po, and Qy; the correspond- 
ing value of the ordinate is for the shock position yielding the 
maximum final stagnation pressure. 

What Fig. 22 shows is that the over-all performance improves 
as the initial Mach number increases. If the wall friction were 
somewhat less than in the case here considered, curves such as 
those in Fig. 22 would also have negative values of the ordinate 
at low Mach numbers; however, they would differ in that they 
would have positive values at high Mach numbers. Thus there is, 
in general, a certain initial Mach number below which a rise in po 
cannot be achieved, and above which the net rise in stagnation 
pressure mounts rapidly as the initial Mach number is increased. 
The explanation of this behavior is related to the effect of M, on 
droplet diameter; as M; increases, the droplet diameter de- 
creases, and a greater fraction of the water is evaporated in the 
given length of duct, as described previously in Section 2.6 and 
as shown later in Fig. 26. 

Effect of Initial Stagnation Pressure on Over-All Performance. 
Figs. 21 and 22 also show a considerable worsening in performance 
as the inlet stagnation pressure is reduced. For fixed values of 
M:, Tn, and Q, the influence of decreasing po: may be felt in 
several ways, namely, (a) through an increase in initial droplet 
diameter produced by decreased atomization forces; (b) through 
a reduction in heat-transfer coefficient and in drug effects produced 
by lessened relative Reynolds numbers; (c) through an increase 
in pipe-friction factor produced by the decrease in pipe Reynolds 
number; (d) through the lowered wet-bulb temperature and the 
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increased vapor-carrying capacity of the stream before saturation 
is reached; and (e) through an increase in the mass-transfer co- 
efficient associated with an increase in the mass diffusivity. 

As heat transfer rather than mass transfer is controlling in the 
evaporation process effects (d) and (e) are probably of small con- 
sequence. Furthermore, it is hard to imagine effect (c) as ac- 
counting for the results seen in Figs. 21 and 22. 

Some additional relevant facts appear in Fig. 23, which show 


ne 
; 
> 
& 
| 
\ 
= wid fist 
9 
Pos Po 
- 
af 
ad 
| 
| 
¥ 
ine 


SHAPIRO, WADLEIGH, GAVRIL, FOWLE—THE AEROTHERMOPRESSOR 641 


0.8 


Qo 


0.4 


10 05 0 O5 1.0 


on 


5S in. 


oul 
10 05 0 O05 10 10 05 0 O5 
r, in. r, in. 


Fig. 24 Smaui-Scate Experimenta, Resutts, SHowinc Hv- 
mipity Prorites at Severat Lonoiruprnat Cross Sections: 
M: = 0.502; % = 0.150; Tn = 1500 deg R; pou = 14.6 psia 


the longitudinal pressure distributions at two pressure levels with 
comparable (but slightly different) values of M; and Q:. Taking 
note of the comparative values of M; and Q), what is most striking 
is the enormous difference in the rates of pressure rise at the be- 
ginning of Regime II. In the theoretical calculations of reference 
(8), the effect of po, under conditions of unchanged dy was found to 
be extremely small; i.e., the net influence of item (6) in the fore- 
going list was found to be unimportant. Accordingly, the evi- 
dence points to items (a) as being controlling, i.e., that the effect 
of initial stagnation pressure is strongest through its influence 
on drop size. 

Evaporation Profiles. For fixed initial conditions, Fig. 24 shows 
typical profiles of specific humidity at four different transverse 
cross sections of the flow. 

Near the inlet, at z = 4.5, the humidity profile reflects the de- 
ficiencies of the water-injection system in achieving uniform dis- 
tribution. However, even in the short distance of 4.5 in., an as- 
tonishing amount of evaporation has occurred, thus testifying to 
the tremendous heat-transfer surface of a droplet cloud. 

Further downstream, a rapid straightening of the humidity 
profile is observed, until at z = 67.5 in. the profile is nearly flat. 
By virtue of the large droplet inertia, it does not seem likely that 
the turbulence of the stream does much to redistribute the drop- 
lets in a more uniform way. What the data suggest, rather, is 
that the turbulent migrations of the gas itself rapidly mix those 
portions of the gas in contact with many droplets with those por- 
tions in contact with few. Or from a different point of view, each 
piece of gas courses turbulently through the different parts of the 
droplet cloud, and thus experiences the average water distribu- 
tion. If this picture is true, uniformity of the spray distribution 
on a fine-grained scale may not be critically important, so long as 
uniformity on a large-grained scale is achieved. Weight is added 
to this picture of highly turbulent gas motion by the observation 
in Fig. 24 that the gas humidity at r = 0.5 in. decreases as the 
gas goes from z = 13.5 in. to z= 40.5 in.; this can only be ac- 


counted for by the mixing of the very humid gas at r = 0.5 in. 
with the much less humid gas near the walls. 

Ultimately, the humidity is higher near the walls than at the 
center. This seems to be the result of the velocity profile in the 
duct, which grants to droplets near the walls a longer residence 
time than to those at the center. 

Longitudinal Rate of Evaporation. By integrating humidity 
profiles such as those of Fig. 24, we obtain the open-point curves 
of Fig. 25, showing now average humidity increases with longi- 
tudinal distance. There is evident here the very rapid initial 
rate of evaporation followed by a decreasing rate which continues 
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to fa!! as the stream tends toward saturation. At a given duct 
position, the specific humidity increases as the water-injection 
rate is increased. The fraction evaporated, however, decreases as 
Q increases because the increased water concentration causes 
the stream to approach seturation more rapidly. 

For the case 2) = 0.150, 50 per cent of the water is evaporated 
in the first 10 in., and 95 per cent is evaporated in a distance of 40 
in. For the case Q, = 0.252, which is slightly greater than the 
saturation value of about 0.21, approximately 50 per cent of 
the saturation amount is evaporated in the first 10 in., and about 
85 per cent of the saturation amount in 40 in. 

In addition to the direct humidity measurements, it was possi- 
ble to infer the local fraction evaporated from a knowledge of 
initial conditions, from the measured local static pressure, and 
from a one-dimensional analysis involving the equations of con- 
tinuity, momentum, and energy between the inlet and the section 
in question (9, 8). Three additional assumptions were necessary, 
to wit: (a) The droplet moves at the gas speed, (b) the value for 
the pseudo friction factor used in the analysis may be taken at an 
average value for f of 0.004, and (c) the droplet temperature is 
130 F. With these assumptions the curves marked by the full 
points in Fig. 25 were obtained. Because of assumption (a), the 
discontinuity analysis can be fairly accurate only at considerable 
distance from the inlet. Where the assumption V;/V = 1 is a 
fairly good one, the validity of the calculated humidity will depend 
on the choice of the value used for f. With conventional values of 
the friction factor, this discontinuity analysis leads to values 
of humidity which are too high. A comparison of the direct hu- 
midity data with those inferred from the pressure measurements 
indicates similar trends and orders of magnitude, with the quanti- 
tative agreement improving as z increases. 

Total Water Evaporated. Fig. 26 shows how the specific hu- 
midity near the end of the duct (z = 67.5 in.) varies with water-air 
ratio (Q2)) and initial Mach number (M;). 

For a fixed value of M,, the exit specific humidity increases 
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with Q) because the total amount of heat-transfer surface in the 
droplet cloud is proportional to Q. As Q proceeds above 0.3, 
however, the exit specific humidity tends to level off owing to the 
stream having become nearly saturated at a specific humidity of 
about 0.21, such that the exit humidity can scarcely increase no 
matter how much water is fed in. 

How important a role is played by drop size is shown strikingly 
in Fig. 26, where it may be seen that for fixed values of J’, pu, 
and Q», the exit humidity increases as M: increases. This despite 
the fact that the residence time of the droplets is less at the higher 
Mach numbers. As shown in Section 1.6, the length required for 
complete evaporation varies approximately in inverse proportion 
to the initial Mach number; in a given length the total amount 
evaporated increases as M; increases. 

Wall-Friction Factor. In order to interpret the small-scale ex- 
perimental data and to predict the performance of large-scale 
units, knowledge of the effective friction factor f is desirable. 
The value of f may well be different from that for ordinary fully 
developed pipe flows for several reasons: (a) The water cloud 
probably tends to make the velocity profile more uniform; (b) 
evaporation alters the density and viscosity profiles; (c) near the 
pipe inlet the boundary layer surely does not fill the pipe; (d) 
in much of the evaporation section the static pressure is rising, 
which is opposite to the falling pressure characteristic of simple 
pipe flow; (e) impingement of water on the walls, crashing of 
droplets into the boundary layer, and tearing of water off the 
walls, all must have some influence on the skin-friction coefficient. 
These effects are separate and complex and for the present it is 
necessary to simply lump them all into an “effective” friction 
factor. 

Values of the effective friction factor under various circum- 
stances were evaluated from three types of experiments: 

1 Dry runs at low and high temperatures. 

2 Wetruns at low temperature and therefore with no evapora- 


tion. 
3 Wet runs at high temperature, with considerable evapora- 


tion. 
For type 1, the friction factor could be determined from the 
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TABLE 6 RESULTS OF FRICTION-FACTOR CALCULATIONS 


Fanno-line analysis (reference 2, chapter 6). In addition, a fric- 
tion factor for all three types could be estimated from a “‘discon- 
tinuity” analysis involving the conservation laws of mass, mo- 
mentum, and energy between the inlet and exit of the constant- 
area duct, together with measurements of static pressure and 
humidity at these stations and with certain assumptions, for ex- 
ample, that at the exit the droplets move at the same speed as 
the air. Details of the calculations are given in reference (9), 
and the pertinent results are presented in Table 6. The last 
two rows in Table 6 represent, respectively, the pipe Reynolds 
number and the usual friction factor for fully developed turbu- 
lent pipe flow at that Reynolds number. 

In the dry runs the discontinuity analysis (which involves cer- 
tain assumptions leading to small errors in the computation of the 
wall force) yields effective friction factors about 10 per cent less 
than those of the Fanno-line analysis (which reckons the wall force 
more accurately). The Fanno-line friction factors, in turn, lie 
within about 10 per cent of the conventional values for fully de- 
veloped pipe flows. 

The injection of water seems to raise the effective friction factor 
by some 10 to 20 per cent. Whether by coincidence or otherwise, 
the effective friction factor for the wet runs is in close agreement 
with the conventional friction factor for fully developed pipe flow. 


3.4. Comparison of Theory and Experiment 
We turn now to a comparison of the experimental results of 
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Section 3.3 with those computed using the theoretical method 
of Section 2.7. 

Fig. 27 shows, in addition to the observed curves of Fig. 25 for 
Q, = 0.252, the corresponding theoretical curves computed with 
f = 0,005 and the Nukiyama and Tanasawa drop size of 19 
microns as well as with slightly smaller drop sizes. The meas- 
ured and theoretical curves are of the same general character, and 
the agreement is not disappointing when one considers the broad 
sweep of physical phenomena which the theory attempts to 
model. 

In Fig. 28 are shown the theoretical curves corresponding to the 
observed critical curves of Fig. 19. The theoretical critical Mach 
number of 0.74 compares favorably with the measured value of 
0.78, and the theory gives a gratifying accurate picture of the 
different regimes of operation, including the interposition of 
shocks with subsequent subsonic operation. 

These results speak well for the theory as a means of estimating 
performance of a large-scale unit, and as a basis for determining 
the optimum area variation. 


38.5 Extrapolation of Small-Scale Experimental Data to Larger 
Sizes 


Other things remaining the same, the main effect of increasing 
the air-flow capacity of the unit is in reducing the importance of 
the term 4fL/D and therefore diminishing the stagnation pres- 
sure loss caused by pipe friction. However, it is no easy matter 
to estimate this size effect, as a change in pipe friction alters the 
Mach-number distribution in the test duct, and this in turn 
modifies the stagnation-pressure changes associated with cooling, 
drag, etc. The extrapolation can be made only if the Mach- 
number distributions are the same in the two cases (it is found that 
humidity distribution is quite insensitive to changes in 4fL/D). 
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As the comparatively large wall friction in the small-scale con- 
stant-area unit tends to force the Mach number toward unity 
(Table 4), an equivalent Mach-number distribution in a large- 
scale unit requires area changes to accomplish the same result. 
This means that the comparison to be made in the following is 
between the small-scale constant-area unit and a large-scale unit 
in which the area is constantly reduced in such a way as to give 
the same Mach number at each value of z as in the small-scale 
unit. 

Based on the foregoing reasoning, we may proceed as follows. 
Inasmuch as all the phenomena, except that of wall friction, are 
alike in the cases considered, we may (using Table 3) express the 
performance coefficient as 


Pos — Por a L 


where Y includes the effects of all terms other than that of wall 
friction, and is the same for all the cases considered. Now, as- 
suming f equal to 0.0040, Y may be computed for the small-scale 
unit, and the results given in Table 7, corresponding to the 
maximum points of Fig. 21, are obtained. 


TABLE 7 EXTRAPOLATION OF SMALL-SCALE PERFORMANCE 


= 


The results under the dashed line in Table 7 represent extrapo- 
lated performance for the large-scale unit. 

To gain some estimate of size, we observe from the pressure 
and humidity data that a length of about 5-ft is required. A 
diameter of 1 ft would correspond to an air flow of about 25 lb/sec, 
or that of a gas turbine of about 1500 net horsepower. With 
L/D = 5, a stagnation-pressure reduction at the turbine exit of 
about 10 per cent is seen from Table 7 to be possible when 7’; 
= 1500 deg R. 

There seems little doubt that the large-scale performance just 
estimated may be achieved as a minimum. It seems equally 
likely that considerably better performance is attainable, the 
reasons being as follows: 


1 Only a strange coincidence could assure that the Mach- 
number distributions involved in the foregoing calculations are 
the optimum for each combination of po, Tn, Qo, Mi, and f/D,. 
What is more, in large-scale units the optimum values of Q%, M:, 
and length will surely differ from those in smaller units. 

2 The friction faetor should be less for large units than for 
small because of a small favorable pipe Reynolds number. 

3 Little attention was given to diffuser design in the small- 
scale unit, and gains may very likely be won by careful attention 
to this element of the apparatus. 

4 Undesirable effects associated with water near the walls can 
be minimized in larger units. 


Therefore the extrapolations should be considered conserva- 
tive, and the extrapolated performance of large-scale units 
shown in the foregoing table as assured levels, with a consid- 
erable margin of improvement possible. 

As explained before, the extrapolated performance refers to a 
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large-scale unit having an area variation that will produce the 
same Mach-number distribution as in the small-seale unit. Con- 
siderable practical importance is therefore attached to the ques- 
tion of how much area variation is required to assure the attain- 
ment of extrapolated performance. This may be estimated from 
the influence coefficients in the first line of Table 3. To obtain 
the same Mach-number variation in a variable-area unit without 
friction as in a constant-area unit with friction, it is only neces- 
sary to set equal to the terms in dA/A and in 4f dz/D appearing 
in the equation fordM?/M?, remembering that the terms involving 
dw/w will be the same in both instances. Thus we obtain 
dA kM? dz 


= — — 4f— 
A 2 ID 


as the sought-for criterion. Lacking precise information as to the 
Mach-number distribution in the small-scale unit, we may only 
compute the over-ali change in area in terms of some average 
value of M*. Thus we may write 


AA 

A 
Taking k = 1.35, f = 0.004, L/D = 34.5, and using a value of 
M? = 0.7, we obtain AA/A = —0.26. This means that the 
exit area must be approximately three fourths of the inlet area in 
a unit so large that friction is negligible. Whether this is the best 
area reduction for a large-scale unit remains problematical. The 
actual manner of area variation required to obtain the Mach- 
number distribution of the small-scale unit cannot of course be 
found from this simplified calculation. 
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4 Meprum-ScaLe AEROTHERMOPRESSOR EXPERIMENT 


At the time of this writing, there is under preliminary test a 
medium-scale Aerothermopressor, 11 in. diam, with a maximum 
available air flow of 25 lb/sec. For these preliminary tests the 
evaporation section is of constant outside diameter and is 
thoroughly instrumented. Area variations will subsequently be 
provided by means of internal tapered plugs; this general ap- 
proach is thought best suited to determining optimum area varia- 
tion most quickly and economically. 

In Section 2 it was shown that the greater portion of the 
evaporation section should be of diminishing area in order to 
establish a desirable Mach-number variation. In the small-scale 
constant-area unit, the comparatively large frictional effects 
accomplished the same Mach-number variation as that which 
would result from an area reduction of about one fourth in the 
absence of friction. Therefore the Mach-number distribution of 
the medium-scale constant-area unit is less favorable than that of 
the small-scale constant-area unit. Accordingly, it may be ex- 
pected that the medium-scale constant-area unit will not have 
as good performance as the extrapolated performance shown in 
Table 7. 

Despite the handicaps accompanying this medium-scale con- 
stant-area unit until mentioned, the preliminary tests have already 
yielded the gratifying result of a net rise in stagnation pressure of 
about 3 per cent from the upstream stagnation section to the 
diffuser exit. What is important here is the positive proof of 
the Aerothermopressor principle, rather than the smallness of the 
net rise achieved under unfavorable circumstances. There is 
every reason to believe that substantial improvements lie ahead, 
ready to be gained by intelligent control of the cross-sectional 


area. 
5 AssociaTeD PROBLEMS 


The research and development discussed in this report have 
brought to the fore a number of technical problems which are of 


special significance to the Aerothermopressor. These will be 
named and the steps looking toward their solution outlined. 


5.1 Determination of Drop Size 


The weakest link between theory and experiment is currently a 
knowledge of the drop size produced during atomization. Two 
methods of measuring mean dreplet size are under development, 
one depending on optical scattering of a light beam (10), the 
second depending on the pressure gradient near the hose of an im- 
pact tube (11, 12, 13). 


5.2 Atomization 


Nothing would better assure good performance of the Aero- 
thermopressor than a means for producing extremely small drop- 
lets. Experiments are being planned to determine the effect of gas 
speed and gas properties on droplet size, and to determine whether 
tricks of injector design can lead to smaller droplets. 


5.3 Measurement of the Properties of a Droplet-Laden Stream 


An understanding of what happens inside the Aerothermopres- 
sor requires the measurement of sufficient properties to estab- 
lish the point properties of the gas and the droplet cloud. Vari- 
ous types of devices have been developed or are under develop- 
ment for this purpose: 


1 A probe for drawing a sample of the gas phase only has been 
successfully developed (9). 

2 Probe designs for accurately measuring the stagnation pres- 
sure of the gas phase only have been devised and calibrated (13). 

3 Techniques for sampling the liquid flow per unit area are 
under development (13, 14). 

4 A scheme for determining the droplet velocity has received 
some experimental attention and appears promising (13). 


CONCLUSIONS 


1 The wide variety of gas-dynamics phenomena observable 
within the Aerothermopressor are explainable in terms of heat 
transfer, evaporation, droplet drag, wall friction, and cross- 
sectional area variation. 

2 Experiment and theory both show that the Aerothermo- 
pressor can produce a net rise in stagnation pressure with mass 
flows of about 2 lb/sec or greater. 

3 A net rise in stagnation pressure has already been won in a 
25-lb/see unit, and in this size the theory suggests that rises of 
perhaps 20 per cent are achievable. The latter figure would lead 
to improvements in both fuel economy and power capacity of a 
simple gas-turbine plant of about 20 per cent. 

‘4 The theoretical analysis of the Aerothermopressor gives a 
generally correct picture of its performance. 

5 With high subsonic Mach numbers at the inlet, the required 
length of evaporation section is about 5 ft, and for an initial stag- 
nation temperature of 1500 deg R, the optimum water-air ratio is 
in the neighborhood of 0.25, 
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Appendix A 


DERIVATION OF INFLUENCE COEFFICIENTS 


The analysis is most conveniently carried out by casting the 
definitions and physical laws applicable to the infinitesimal con- 
trol volume of Fig. 4 into the form of logarithmic differentials. 
The gas mixture is assumed to obey the perfect-gas law and the 
Gibbs-Dalton law, but with variable specific heats. 


Definition of Mach Number. For a perfect gas 


Conservation of Mass. With w the mass rate of flow of the gas 
phase, and A the net cross-sectional area for gas flow 


__ thoy _ dp, 
w w p 


Momentum Theorem. Taking account of the pressure and shear 
forces acting on the control volume, and of the momentum 
fluxes entering and leaving, we have (Fig. 4b) 


p dA — d(pA) — t,9D dz 
= (w + dw)(V + dV) + (w; — dw)(V, + dV,) 
—wV — w,V; 


Introducing the definition of local skin-friction coefficient 
T =f y2 
p 

simplifying, and rearranging in dimensionless form with the help 
of the relation pV? = kpM?, the momentum equation becomes 
dp dV kM? dz Ww, dV, 
vo 2 (4% + 

d 

+ =0 

w 

Energy Equation. Considering the heat transfer dQ from the 


walls and the fluxes of enthalpy and kinetic energy, Fig. 4(c), the 
first law of thermodynamics is written as 


w dQ = d(wah,) + dwh,) + d(wyh;) + d(wV*/2) + diw,V,*/2) 


For a mixture of perfect gases following the Gibbs-Dalton law 
w w 
— dh, + — dh, = ¢,dT 
w w 


Moreover, from continuity 
w= ww, + wv, 
dw = dw, = —dw, 


Combining these, simplifying, and rearranging, the energy equa- 
tion becomes 


he — hy + 
aT dV 
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Formation of Influence Coefficients. Equations [15], [17], [19], 
[20], and [21] constitute five simultaneous linear algebraic equa- 
tions among twelve differential variables: dM*/M?, dp/p, dp/p, 
dT/T,dV/V,dW/W, dw/w, dk/k, dA/A, 4fdz/D, w,dV;/wV, and 
[dQ — (w;/w)dh,]/cpT. Therefore seven of these may be 
chosen as independent, and the remaining five may be computed 
from the values of these seven independent variables. For the 
latter, the last seven are selected, inasmuch as these represent 
most directly the influence of the duct geometry and of the drop- 
let acceleration and evaporation on the gas properties. Solving 
the equations simultaneously in the manner outlined, the in- 
fluence coefficients appearing in the first four lines of Table 3 are 
obtained. 

Gas-Stagnation Temperature. The stagnation temperature of 
the gas phase alone is defined as the temperature which would be 
reached if the gas phase were steadily and adiabatically deceler- 
ated to zero speed without interacting with the liquid. Placing 
its exact variation within the scheme of the influence coefficients 
is complex because k varies during the deceleration. Since the 
effect of this variation in k is very small, and for the sake of ob- 
taining results simple and instructive in form, a pseudostagna- 
tion temperature is defined as in the foregoing, except that the 
gas is assumed to have constant k during the deceleration. Then 


(2) 
= 1+ Mt... 


kM? 


iM 
= 
M 1+ 


dT i 


To T k—1 


+ M 


from which the fifth line of Table 3 is found. 

Gas Stagnation Pressure. The stagnation pressure of the gas 
phase alone is defined as the pressure which would be reached if 
the gas phase were steadily, reversibly, and adiabatically de- 
celerated to zero speed without interacting with the liquid. As 
above, we define a pseudostagnation pressure based on the as- 
sumption of unchanged k during the deceleration. Then (2) 


k 
k—1 
Po/p ~ (1+ 


dM? 


kM?*/2 


k—1 
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k°M2/2 
(1+ (k — 1)? 


log (: 


from which the seventh line of Table 3 is found. 

Mizture Stagnation Temperature. For certain purposes a con- 
sideration of the stagnation properties of the mixture of gas and 
droplets is more revealing than that of the gas phase alone. Here 
the question arises of how to define the mixture stagnation proper- 
ties; that is, what are the interactions between the droplets and 
gas during the fictitious decelerations? After reflection on the 
various possibilities, what seem most useful are definitions which 
differ from the previous definitions only in that they take account 
of the kinetic energy of the droplets. Therefore the mixture stag- 
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nation temperature is defined as the gas temperature which would 
be reached if the mixture were steadily and adiabatically de- 
celerated to zero speed with only mechanical (i.e., no heat transfer 
or evaporation) interactions between the gas and droplets. Then, 
again using the notion of a pseudostagnation temperature for 
constant k during the deceleration 


which, after some manipulation becomes 
V?\k—1 
aor 
w 
Ww, V;? 


1+ (: +— 


= Ty 
2 


or, in differential form 


from which the sixth line of Table 3 is found. 

Mixture Stagnation Pressure. Analogously with the mixture 
stagnation temperature, we define the mixture stagnation pres- 
sure as the gas pressure which would be reached if the mixture 
were steadily, reversibly, and adiabatically decelerated to zero 
speed with only mechanical interactions between the gas and 
droplets. For the deceleration to be reversible, the gas alone 
must first change speed until it is at the same speed as the drop- 
lets; then the two phases must decelerate together so slowly that 
the difference in velocity between the phases is at each point 
vanishingly small. Since the gas undergoes isentropic changes 
during the defined process, the pseudostagnation pressure Py ob- 
tained by ignoring variations in k during the deceleration is found 
with the help of Equation [26] to be 


from which the last line of Table 3 is found. 


Appendix B 


ANALYsIS FOR APPROXIMATE OPTIMIZATION 
Procepure In Reome II 


With the aim of obtaining an explicit and simple design proce- 
dure, the following assumptions are made which are approxi- 
mately valid in Regime II: (a) y = 1; (6) 7, is constant; and 
(c) the influence of the dk/k term on stagnation pressure is 
negligible. For the purpose to which the present analysis is later 
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put, a consideration of the gas stagnation pressure pp» leads down 
a blind alley (because the analysis would indicate speciously that 
po could locally be made to rise most rapidly by extreme decelera- 
tions which would profit pp through the momentum of the drop- 
lets), and so we shall deal with the mixture stagnation pressure 
Po. 


Approximate Equation for dP»/P» 
Using tine assumptions listed in the foregoing, Table 3 yields for 
the expression 


2 


( 


ry — 
w 


1+ (14) 
w 2 


In what follows, we shall express dW and dz in terms of dw, and 
thus we shall obtain an expression showing the amount of stagna- 
tion-pressure rise per unit of evaporation. 


Introduction of Specific Humidity 

Using the definitions of local specific humidity (w = w,/w,) 
and of initial water-air ratio (Qh) = wy/w,), we may form the 
following equations relating the mass-flow terms of Equation [30] 
to the specific humidity 

We + Wo 1 + Q 
wtw, 
d(w,/‘w,) dw 
+ 1 + (w,/w,) 1+@ 

Change of Droplet Diameter 

Assuming the existence of a droplet cloud of uniform size, and 
that neither further atomization nor agglomeration occurs in 
Regime II, the number of droplets per unit time passing any sec- 


tion will be unchanged. The mass rate of water flow will there- 
fore be proportional to the cube of the droplet diameter 


dy Q dw 


Evaluation of dW /W 


The molecular weight of the mixture of gases is related to the 
molecular weights of the component species by 

w, + We 
We 1 + o( W,/W,) 


W = 


Hence Equation [5] becomes, after rearrangement 


_ (W./W.)—1 
Ww (W./W,) +o 1l+o 


Heat Transfer to Droplet 

Since, by assumption, the droplet temperature is unaltered, and 
the droplet and gas have the same speed, the amount of heat 
transferred between gas and droplet during the time interval dt 
may be equated to the enthalpy change of that portion of the 
droplet which evaporates. Thus 


dd 
— T,)dt = (h, — hy) 
The distance traveled by the droplet during the time dt is 


V kRT, 
k—l1 
2 
3 M 


Combining these relations, employing Equations [33] and [34], 
and expressing the heat-transfer coefficient by the Nusselt num- 
ber through the definition 


= hd/k; 


dz=Vdt= 


h, = (Nupx)/d 
we get 


dz 1 h, hy M 
6( Nur) T— T; 


vier, 


Working Formula for dP,/Pydw 


Setting Equations [31], [32], [36], and [37] into Fquation [30], 
simplifying and rearranging, we finally obtain 


1+%k—1,.\ 

2 

2 

h, — h; tok 1 +w ] 
(W,/W.) +@ 


3 (Nup) + 2, ( 


Calculation of Ts 


Considering the energy equation relating the properties at the 
Aerothermopressor inlet to those at any section where y = 1, we 
may write 


+ wiki = Wahoo + + > + wrov. . [39] 


The enthalpy changes may be closely approximated by 


hore — hoe Tn — To) 
hey — h, £ + Col To 
h, — ho — Tw) 


and the term V?/2 may be expressed as 
vs 
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Introducing these into the energy equation, the local stagnation 
temperature may be solved for as 


k—1 
2 
1+ M 


x 


3 


(1 +0) + (1 + 9) 


[« + — Q (T;— Tw) bi J (Ta | 
c fy c 


Estimate of Nusselt Number 


The value of Nur depends upon the relative Reynolds number 
between droplet and gas stream (7). If y were exactly unity, this 
Reynolds number would be zero, and Nu, would be 2.00. Al- 
though y may be so close to unity that it may be so assumed for 
the purpose of Equation [30], its deviation from unity may gen- 
erate a sufficiently high Reynolds number to give Nusselt num- 
bers substantially greater than 2.00. To find the local value of 
Nur, therefore, would require integrating the entire set of govern- 
ing equations of the Aerothermopressor after the manner of Sec- 
tion 2.7. But this is exactly what we wish to avoid in the present 
simplified design method. Fortunately, the numerical integra- 
tions of the type of Section 2.7 show that in Regime II, the value 
of Nu, lies between 2 and 4, thus setting upper and lower limits on 
Nur, which are not excessively apart. 


Method of Constructing Curves of dP)/P» dw 


Suppose that in a given case the conditions at the Aerothermo- 
pressor inlet, i.e., 7’, Qo, and do, are known. In Regime II the 
value of 7’, may be set equal to the average wet-bulb temperature, 
which, for the range of pressures and temperatures encountered, 
is generally not far from 140 F. A particular value of Nu between 
2 and 4 is also selected. In addition, we choose an appropriate 
average value of f/D, neglecting the variations of diameter, inas- 
much as these amount only to some 10 or 20 per cent in the range 
of interest. 

Then, for each combination of M and w, Equations [38] and 
[39] allow the value of dP)/P») dw to be calculated. Thus it is 
possible to construct curves of dP)/P, dw versus M, with w as a 
parameter, as exemplified by the chart of Fig. 7(a). 


Appendix C 


GovERNING Puysicat Equations FoR DropLets 


Consider a single droplet of diameter d, velocity V,, and tem- 
perature 7',, journeying in a gas stream of velocity V, tempera- 
ture 7’, pressure p, and specific humidity w. As the mean dis- 
tance between droplets is of the order of 10 droplet diameters or 
more, mutual interactions between the droplets are ignored, and 
the gaseous medium surrounding each droplet is imagined as in- 
finite in extent. 


Droplet Diameter Versus Stream Humidity 


Since the droplets are uniform and incompressible, and of un- 
changed number per unit time, the mass rate of liquid flow at any 
section is proportional to the cube of the droplet diameter. Thus 
the local humidity, which is a measure of the loss in liquid mass 
flow, is given by 


or, after differentiation, the change in droplet diameter is related 
to the change in humidity by 
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da 1 dw/Q 


dy 3 (d/do)* 
Mass Transfer 

The reduction in droplet diameter is the result of transfer of 
mass from the saturated water vapor at the surface of the droplet 
to the external gaseous medium. The resulting rate of change of 
mass is expressed in terms of the mass-transfer coefficient, the sur- 
face area, and the “driving force’”’ which constitutes the difference 
in spatial mass concentration 


d 
= hy — Pro) 


which simplifies to 


dt Pot [ 


For the coefficient hp, we have used the seemingly satisfactory 
(at least for solid spheres with small temperature differences and 
mass-transfer rates) correlation of Ranz and Marshall (7) 


Nup = 2 + 0.6(Sc)'/(Rey)'”............ [43] 
where 
Nup =hpd/D; Se=p/pD; Rey =(pd|V — V;|)/u..[43a] 


In evaluating the driving potential, p,, is taken as the reciprocal 
of the specific volume of saturated water vapor at the temperature 
T1; Pvw is computed from the perfect-gas law of mixtures as 


[44] 
Poco 


Heat Transfer 


From a consideration of the first law of thermodynamics, the 
rate of heat transfer to the droplet is equal to the sum of the rate 
of enthalpy change of both the evaporated and unevaporated 
water. Thus 

wd d d {md 
— T,) = | — 


which simplifies to 


where £ is the latent heat at the temperature T;. Using Equa- 
tions [41] and [42], this may be written in the alternate form 


aT, 1 hy (T — 
45b 
dz (1 — @) hp Pot — Pro 


The heat-transfer coefficient hy has also been taken from the 
correlation of Ranz and Marshall (7) 


Nuy = 2 + [46] 
where 
Nur = hyd /k; Pr [47] 
Droplet Acceleration 
Employing the conventional definition of drag coefficient for 
blunt bodies like spheres, we may equate the net force on the par- 
ticle to the product of mass and acceleration. Thus 
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a, 


3 


pd? 
In the numerical calculations the well-established correlation 


between C, and Rey for solid spheres has been approximated by 


Cp = 24/Rey forO0 < Rey<1l 
Cp = 24/Rey’* forl < Rey < 390 
Cp = 0.45 for 390 < Rey < 


ao 


Displacement of Droplet 


The distance dz along the duct traveled by the droplet cloud in 
the time dt is given by 


dz/dt = V, 


Appendix D 


ApPROXIMATE DiscontTINUITY ANALYSIS 

Governing Integral Equations 

Let section 1 be the inlet plane and section 2 the exit plane of the 
Aerothermopressor, and let the entire water input be evaporated 
completely at section 2 (it is known from other considerations 
that excess water has little effect on performance). Then we 
may write the following conservation equations between sections 
1 and 2: 

Energy 


hoar) + Qe( hove + Qo(hovr hn) = 0 


(1 + Toe — Toa) = —Qe( hon — hn) 


Momentum Equation. Omitting wall friction for the present 


2 
A dp 
= pAiVi[((1 + — Vi) 


To compute the definite integral requires a detailed knowledge of 
the drop history, which we are here avoiding. As shown by 
Wadleigh (9), the results are insensitive to the way in which A 
varies with p, and so we have arbitrarily chosen a linear variation 


2 
+ pdA -—f, 


dp P2 — Pi 
cot 
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Evaluating the integral in the momentum equation, and simplify- 


ing, we get 
2 
- 
Ag [ 


Stagnation Pressure. The well-known isentropic relation gives 


As shown in reference (2), page 95, the isentropic stagnation 
pressure may also be expressed approximately, at least in terms up 


to order M‘, as 
Po—p kM? ( M? ) 
= —{1+- 
Retaining only the terms of order M?*, we may form 


(Por — Pardo P2— Pr 


= 
where the subscript infinity here refers to infinite duct size, for 
which the wall friction is indeed zero. 
First-Order Solution. Explicit algebraic solution of the fore- 
going set of equations for 


— 


seems impossible. For low Mach numbers, however, such a 
solution may be approximated. Having in mind the assumption 
of low Mach numbers, we may, according to Equation [55], set 
P2/~: = 1 in Equations [54] and [56]; and we may further set 
T/T = T2/T; in Equation [51]. Algebraic combination of 
Equations [52], [53], and [54] then yields 


A 


In addition, algebraic combination of Equations [52], [54], and 
[55] produces 


[1 — (1 + [59] 


A: 
+ A 


The calculation procedure is now as follows, for given values of 
M,, Q, and A2/A; 


(a) T: is calculated from the low Mach-number approximation 
for Equation [51}. 

(b) is calculated from Equation [57]. 

(c) — pr) /kip:M,? is calculated from Equation [59]. 

(d) (por — Poi) /kip~iM,? is calculated from Equation [56b]. 


Exact Discontinuity Solution. If more accurate results than 
those obtainable from the low Mach-number analysis are desired, 
trial-and-error solution of Equations [51], [52], (53), [54], [55], 
and [56a] is necessary, the approximate solution serving as a use- 
ful starting point. First we derive several required formulas. 

Eliminating V/V; from Equation [55] with the help of Equa- 
tions [52] and [54], we obtain 


* 4 
fro 
m 
149 
i 
= 
a) 4 ; ae 
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. [60] 
2 2 
1 2 
1+ A, 
Solution of this for p2/p; yields 
1 \Z 
1 1 4. £58 
Ay 


Then, employing Equations [60], -[52], and [54], the value of 
keM:2?/k:M.? may be found from Equation [53] as 


A 
—Z 
[62] 
— 
As 
As 


The exact expression for the stagnation pressure ratio may be 
found from Equation [56a] as 


(: + Me) 
Pe 2 


Po/ (: mw) /( 1) 


2 


in which the value of p:/p, is that given by Equation [51]. 

Assuming that values of Mi, 71, Qo, and A:/A; have been 
selected, the numerical calculations may be carried out in the 
following order: 


(a) Guess Me, using the low Mach-number analysis as a guide. 

(b) Compute the corresponding T, from Equation [51]. 

(c) Evaluate Z from Equation [58]. 

(d) Check whether the guessed value of M:; is correct by comput- 
ing M2 from Equation [62]. 

(e) Using the value of Mz from Equation [62], repeat steps (a) 
to (d) until satisfactory convergence is obtained. Only two trials 
are usually necessary. 

(f) Calculate — from Equation [60]. 

(g) Solve Equation [63] for (po2/po1).- 


Effects of Wall Friction and Diffuser Loss. We may now take 
account of wall friction in a manner which is in the same vein as 
the approximations already made. Taking note of the influence 
coefficients of Table 2, the change in p» associated with wall fric- 
tion may be expressed as 


(Pox— Por), AM? L 
Por we 2 D 
where kM? is the arithmetic mean of k;M,? and k2Mg?. 
Besides wall friction, there is a loss in the diffuser which may be 


expressed as a per cent loss of stagnation pressure in terms of a 
loss coefficient € 


Linearly superposing the losses due to wall friction and the dif- 
fuser on the previous results, we obtain 
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Discussion 


D. H. Dicxsrern,’ In this paper a very complex phenomenon 
has been given a very thorough treatment. The phenomenon has 
been taken apart, examined, and the numerous aspects of its 
inner workings clearly distinguished from one another in as excel- 
lent a fashion as one could wish at this time. The paper is an 
excellent application of analysis and its tool, high-speed comput- 
ing, to a problem which otherwise would have been quite mysteri- 
ous and which would have required experimental work of mam- 
moth scope. 

Faced with the same basic problem, within the past year the 
writer has solved the same equations as those solved in this paper. 
However, the wealth of interpretation of the solutions and the 
precise experimental work validating the theory of the paper came 
as a welcome surprise. The writer took the equations describing 
gas flow with evaporation, friction, etc., from the paper of Shapiro 
and Hawthorne and developed three equations describing evapo- 
ration of the liquid spray. These three equations are identical to 
those of the paper. 

Solutions to the three drop equations—heat transfer, mass 
transfer, and Newton’s law—plus seven of Shapiro and Haw- 
thorne’s equations were obtained using the automatic computing 
facilities at Evendale, Ohio. Thus the history of the evaporating 
spray traveling along a duct was obtained. 

As emphasized in the paper, decreasing the initial drop size is 
of prime importance in shortening the time required for vaporiza- 
tion, and consequently maximizing performance. Therefore 
work is in order toward devices to inject minimum size drops. 


R. E. Eneutse.* This investigation of the Aerothermopressor 
is an impressive one. The salient characteristics of the Aero- 
thermopressor in improving the gas-turbine cycle appear to be as 
follows: 


1 With a comparatively small addition to engine volume and 
weight, this mechanically simple device will increase both the 
power per unit size and thermal efficiency of a simple gas-turbine 
engine. 

2 The gains in thermal efficiency are not as large as obtainable 
by means of other devices, such as a regenerator. 

3 For good performance, the rate of water flow is about ten 
times the rate of fuel flow. 


Use of an Aerothermopressor is thus most advantageous in 
those applications for which a large water supply is readily availa- 
ble and for which bulk and weight supersede the desire for high- 
est thermal efficiency. Ships and locomotives appear to be the 
most likely beneficiaries. The high liquid consumption rules out 
aircraft and automobiles, and for central power stations the re- 
quirement of highest thermal efficiency will predominate. 

The authors state the principle that theoretical understanding 
occasionally leads to evolution of a different mechanical arrange- 
ment that results in improved performance. This principle can 
be applied to increase thermal efficiency over that obtained with 
the Aerothermopressor. As Table 2 implies, large gains in thermal 
efficiency are potentially obtainable by reversible evaporation of 


7 Fluid Mechanics Unit, Aircraft Gas Turbine Division, Aerody- 
namics, General Electric Company, Cincinnati, Ohio. 

® Aeronautical Research Scientist, National Advisory Committee 
for Aeronautics, Cleveland, Ohio. 
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water to cool the exhaust gases. But, as the authors phrase it, 
“Tt does not seem possible in a real Aerothermopressor even to 
approach the reversible mixing of air and water upon which Table 
2 is predicated.” A different mechanical arrangement might 
permit a closer approximation of reversible evaporation. One 
such possibility is to extend the expansion in the turbine to a 
pressure considerably below atmospheric pressure. A portion of 
the water could be injected into this low-pressure gas stream and 
the resulting cooled mixture compressed a small amount by an 
engine-driven compressor. Additional injections of water could be 
followed by additional compressions until atmospheric pressure 
is reached. If the energy of the initial expansion were delivered 
to a turbine rather than being stored in kinetic energy, the losses 
resulting from droplet drag and wall friction could be greatly re- 
duced. Less rapid evaporation of the water would then be ac- 
ceptable, and the reversible process would be more closely ap- 
proximated. 


R. V. Kuernscumipt.® On reading this paper the writer was 
reminded of the old definition of a physical chemist as “a person 
who made very inaccurate measurements on very impure sub- 
stances.” The authors appear to have made a rather futile 
mathematical analysis of a device whose practical utility the 
writer seriously questions. The writer does not mean to blame 
the authors for this, as the subject is one of those intriguing in- 
vitations to “beat the game” which are great fun to play with, but 
which leave us empty-handed and frustrated. 

The writer first studied their work over a year ago, and the 
main advance since that time seems to be a laboratory demon- 
stration of the fact that a slight rise in stagnation pressure is 
possible. To the writer this seems quite obviously possible. 
Whether a practical application can be achieved the writer regards 
as highly questionable, especially in view of the high temperatures 
and large amounts of water involved. 

The paper is full of strange inconsistencies in thought. For ex- 
ample: Heat exchangers are ruled out because of the influence of 
friction factor, but in the next paragraph the “analysis will... . 
be simplified . . . . by assuming that the frictional term of Equa- 
tion [1] is negligible.” Immediately afterward the authors as- 
sume that “the liquid is injected with negligible forward velocity,” 
and in the next sentence but one they “(ignore) the kinetic energy 
increase of the injected fluid,” these being admittedly the two 
major forms of loss in the system. 

Later in the “Introduction,” the amazing statement is made 
that “Nothing stands in the way of installing a second Aerother- 
mopressor in the turbine exhaust,” though the gas at this point is 
obviously partially saturated by the adiabatic expansion in the 
turbine of the previously heavily loaded gases from the first Aero- 
thermopressor. Incidentally, anyone familiar with gas-turbine 
cycles knows that the injection of water in the position of the first 
Aerothermopressor results in an almost prohibitive loss in ef- 
ficiency. 

In Section 2.1 the authors propose ‘‘a hypothetical apparatus 
having no thermodynamic irreversibilities.’”’ The writer would 
very much like to know how they propose, even hypothetically, to 
inject water into.a hot-gas stream “reversibly."’ The writer’s 
brand of thermodynamics requires that some regard be paid to 
the facts of life. At the end of the section the authors do, in 
effect, apologize for this approach, but why put it in at all? The 
writer is also amused by the naive little sentence at the end of 
the first paragraph of Section 2.2, and in the next paragraph, “the 
droplets are assumed to be of uniform size,’’ is a condition, the 
attainment of which would be worth many times the possible 


* Consulting Engineer, Stoneham, Mass. Life Mem. ASME. 
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value of any Aerothermopressor. The writer need not weary the 
reader with further examples. 

The real trouble with this paper is a very serious and basic one 
in our whole approach to engineering in educational institutions. 
We are so enamored of the solving of mathematical equations, 
that we teach our students that any distortion of the facts is 
worth while just so long as we can thereby integrate the differen- 
tial equation. We must use mathematics to show that we know 
how to use it whether it is useful or not. 

Seriously, the writer feels that our young engineers should be 
taught to analyze problems in physical terms and in economic 
terms before they spend months in detailed analysis. In Section 
2.6 the authors have given a good engineering analysis of the real 
problems of design and performance. These and the experi- 
mental results presented are, to the writer altogether discourag- 
ing, in comparison with other ways of improving gas-turbine 
efficiency. The writer gravely doubts if the results, here pre- 
sented, are worth the vary substantial expenditure of public 
funds that was required to obtain them. 


Autuors’ CLOSURE 


The authors thank Mr. Dickstein for his complimentary 
remarks and agree that research aimed at atomization with 
minimum-drop size is well worth while. 

Mr. English’s summary of the salient characteristics of the 
Aerothermopressor as applied to a gas-turbine cycle is endorsed 
by the authors. Besides ships and locomotives, however, there 
are certain types of stationary installations, those having a low- 
load factor, where the low cost and increased-power capacity 
of the Aerothermepressor may make it economically more suitable 
than a regenerator. 

It is quite true, as Mr. English mentions, that the energy 
in the exhaust gas may also be utilized by installation of an 
auxiliary turbine, cooler, and auxiliary compressor. The work 
of the auxiliary turbine exceeds that of the auxiliary compressor, 
and thus the net fuel economy is improved. The cooling may be 
done in a conventional surface heat exchanger, or by evaporation 
of water at low speeds and virtually static conditions, or by evapo- 
ration of water at high gas speeds with a concurrent rise in total 
pressure. A cycle scheme of this type was patented some 
thirty years ago. 't goes without saying that such an arrange- 
ment adds very greatly to the complexity of the plant and 
increases rather than decreases the capital cost per unit of net 
horsepower installed. On the other hand, it will undoubtedly 
yield a considerable improvement in fuel economy. Now that 
gas-turbine-power sets have found some small place in the indus- 
trial spectrum of prime movers, it would seem well worth while 
to study this cycle arrangement from the points of view of capital 
cost, fuel economy, and flexibility in operation. 

The authors approach their reply to Dr. Kleinschmidt’s 
discussion with incredulity, embarrassment, and diffidence: 
Incredulity, because it hardly seems possible that a mature 
engineer of some standing would allow so irresponsible and 
venomous a statement to be printed over his name. Embarrass- 
ment, because the discussion is more revealing of the spirit in 
which it was written than of anything connected with the paper. 
And diffidence, because additional valuable journal space must 
be used to reply to a discussion apparently composed of errors 
and bias in equal parts. 

It seems best to begin with the third, fourth, and fifth para- 
graphs of Dr. Kleinschmidt’s discussion, for these contain definite 
technical statements with which one can at least come to grips 
frontally. These paragraphs bear a common stamp: Every 
statement in them is either wrong or misleading. 

Dr. Kleinschmidt finds it “a strange inconsistency in thought’ 
that heat exchangers are ruled out as a means of obtaining a rise 
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in total pressure because of friction, while in the next paragraph 
the “analysis will . . . . be simplified by assuming that the 
frictional term of Equation [1] is negligible.” This feeling on Dr. 
Kleinschmidt’s part can only mean that he does not realize that 
an Aerothermopressor and a heat exchanger are altogether 
different in construction and principle of operation. In a surface 
heat exchanger, the heat transfer and the wall friction go hand 
in hand at every element of tube surface. With a certain 
amount of cooling goes an inevitable amount of wall friction, 
and the latter always produces a loss in total pressure greater 
than the gain produced by the cooling. In the Aerothermopres- 
sor, on the other hand, the cooling of the gas stream does not 
occur at the wall of the duct, and there is no inescapable connec- 
tion between the amount of cooling and the amount of wall 
friction. For successively larger units, in fact, the total pressure 
loss due to wall friction becomes progressively smaller. The 
analysis in question is one where the object was to determine 
whether the gain in total pressure due to cooling could ever 
exceed the inescapable loss in total pressure due to the accelera- 
tion of the liquid droplets. For this purpose, wall friction, 
which is indeed very small in large units, was omitted from the 
analysis. The results of the analysis, which are embodied in 
Table 1, show that with the evaporation of water into air, there 
is, in fact, a comfortable margin of net pressure rise, and demon- 
strate that a sufficiently large Aerothermopressor will work. In 
sum, what Dr. Kleinschmidt finds strangely inconsistent is a 
statement of the type that oranges are different from apples, 
or that heat exchangers are different from Aerothermopressors. 
Incidentally, it is only to obtain the simple criterion of worka- 
bility of Equation [7] that wall friction is ignored; in the more 
complete analysis leading to Table 3, and in the numerical cal- 
culations, it is taken account of fully. 

Dr. Kleinschmidt also finds a strange inconsistency in thought 
in the assumption that “the liquid is injected with negligible 
forward velocity,’ although shortly afterward the authors 
‘“(ignore) the kinetic energy increase of the injected fluid,’’ in 
spite of (quoting Dr. Kleinschmidt) ‘these being admittedly the 
two major forms of loss in the system.”” The complaint here, the 
authors infer, is not with the conservative assumption of injection 
with negligible velocity, which leads to an unfavorably large 
loss of total pressure due to the momentum increase of the water. 
Rather it is the subsequent neglect, in the energy equa- 
tion, Equation [4], of the kinetic-energy increase of the water. In 
Equation [4], the magnitude of the kinetic-energy change of the 
water is very small compared with the change of enthalpy in the 
transition from water to steam and the subsequent superheating. 
For example, the enthalpy change is of the order of 1200 Btu 
per lb of injected water, while even at a speed of, say, 1300 ft per 
sec, the kinetic energy increase is only 34 Btu per lb of injected 
water. The authors feel that an approximation involving less 
than 3 per cent error is warranted, especially when the object 
is to arrive at a simple criterion, without lengthy computation, 
of whether a scheme will or will not work. The analysis in ques- 
tion is again the preliminary one leading to Equation [7] and 
Table 1; in the more complete analysis leading to Table 3 which 
later supersedes it, and in the numerical calculations, the kinetic- 
energy change of the liquid water is, in fact, fully accounted for, 
but this naturally makes the analysis more complicated. It is 
well to point out that the velocity change of the injected liquid 
can not be ignored in the momentum equation, where it is sizea- 
ble compared with the other terms in the same equation. For 
example, a speed of 1300 ft per sec in air at 1000 F corresponds to 
a momentum flux per unit area almost exactly equal to the static 
pressure in value. Therefore changes in speed of that magnitude 
cannot be ignored in terms of its effect on the static pressure. 
It is the momentum increase of the injected water which leads to 
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the loss of total pressure which is associated w:th acceleration. 

It should not be surprising that what can be igaored for one 
purpose cannot be ignored for another one. For instance, when 
water flows steadily through a long pipe we treat it as incompressi- 
ble; but when a valve is closed at the end, initiating water ham- 
mer, the compressibility of the water is central to the treatment 
of the pressure wave. When we calculate the power output 
from a steam turbine, we may ignore the change in gravitational 
potential energy from inlet to exit because it is so small compared 
with the enthalpy changes; but in a hydraulic turbine the change 
in elevation is all-important. In the Aerothermopressor, the 
kinetic-energy change of the injected liquid makes only a tiny 
contribution to the energy equation, but its momentum change 
makes a major contribution in the momentum equation. 

Dr. Kleinschmidt next finds “amazing’’ the authors’ statement 
that ‘Nothing stands in the way of installing a second Aero- 
thermopressor in the turbine exhaust,” although, quoting Dr. 
Kleinschmidt, ‘the gas at this point is obviously partially satu- 
rated by the adiabatic expansion in the turbine of the pre- 
viously heavily loaded gases from the first Aerothermopressor.”’ 
If Dr. Kleinschmidt had taken the trouble to perform a simple 
thermodynamic calculation he would have found that, for a 
given temperature at turbine exhaust, the presence of water 
vapor in the turbine exhaust allows more rather than less liquid 
water to be subsequently injected and evaporated before satura- 
tion is reached. This may seem paradoxical at first, but the 
explanation is simple. The presence of water vapor increases 
the specific heat of the exhaust mixture. This reduces the tem- 
perature fall produced by a given amount of evaporation, and 
since vapor pressure varies rapidly with temperature, more 
water may thus be evaporated before saturation is reached. 

In the same paragraph, Dr. Kleinschmidt says that “anyone 
familiar with gas-turbine cycles knows that the injection of water 
in the position of the first Aerothermopressor results in an 
almost prohibitive loss in efficiency.’”’ Here again a few simple 
calculations might have averted ill-founded conclusions. If, 
with a fixed-turbine-inlet temperature, the temperature at the 
combustor exit is increased by burning more fuel, and the gas is 
then cooled by evaporation of water, the fuel consumption is in- 
creased and the power is also increased because of the increased 
mass flow through the turbine. In the conventional cycle, with 
no Aerothermopressor effect, the net specific-fuel consumption is 
increased, and Dr. Kleinschmidt’s statement is true. But if the 
evaporation also increases the total pressure, this augments the 
turbine power still further. Whether the specific fuel consump- 
tion is, on the whole, better or worse than in the simple cycle, then 
depends on how much rise in total pressure may be realized. 
Some calculations made by the authors show that there is some 
possibility of improving the fuel economy with an Aerothermo- 
pressor between the combustor and turbine. 

Next, Dr. Kleinschmidt attacks thermodynamics itself. He 
challenges a kind of thermodynamical reasoning which has served 
engineers long and well when he scornfully refers to the authors’ 
examination of “a hypothetical apparatus having no thermody- 
namic irreversibilities,’’ and asks that some regard be paid to the 
facts of life. The authors submit that nothing could be more real- 
istic than to establish what is the maximum performance that 
one can possibly extract thermodynamically, for then one knows 
it is futile to hope for more. If the analysis had shown a total 
pressure rise of no more than ten or twenty per cent with no 
irreversibilities present, this would immediately have choked off 
any further effort on the scheme. But since the analysis showed 
that the limits on performance were far beyond this, it was pos- 
sible to proceed with the knowledge that one was at least not 
bucking the thermodynamic facts of life. The authors cannot 
help but wonder how many times Dr. Kleinschmidt, in the ordi- 
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nary course of his work, has calculated the power one might get 
from a steam turbine if there were no friction. What is more, 
the authors feel that, had they not carried out such an analysis, 
they would have been criticized (and rightly so) for violating the 
principle that practical engineers should always determine what 
is the maximum theoretical performance of which the apparatus 
they are studying is capable. 

In response to Dr. Kleinschmidt’s query as to the hypothetical 
process by which water may be mixed reversibly with a hot-gas 
stream, the authors will point out that the customary hypothetical 
frictionless nozzles and diffusers, as well as semipermeable mem- 
branes, are involved. The combination of these into a hypo- 
thetically reversible device is left to the mechanical ingenuity of 
Dr. Kleinschmidt. 

Many readers will know of the delightful books by Stephen 
Potter on “‘Lifemanship” and “Gamesmanship.”” More recently 
he has published an article on the principles of “Reviewmanship,”’ 
and it is to be hoped that this will soon be followed by one on 
“Discussmanship.’’ Mr. Potter will find four brilliant examples 
of the last-named art in the brief space of the fifth paragraph of 
Dr. Kleinschmidt’s discussion. 

(1) There is a world of difference between the authors’ “con- 
sidering a hypothetical apparatus having no thermody- 
namic irreversibilities’’ and Dr. Kleinschmidt’s statement that 
the authors “‘propose’’ such an apparatus. By implying that the 
authors put forward the reversible device as a practical embodi- 
ment, Dr. Kleinschmidt was able to slay the dragon which he had 
himself created. And, contrary to Dr. Kleinschmidt’s state- 
ment, the authors did not in the least “apologize’’ for such an 
analysis. As pointed out earlier, such an analysis is essential to 
fixing on the absolute limits of performance, and the authors 
would have been seriously at fault if they had not carried it out. 
The principle of Discussmanship illustrated here falls in the gen- 
eral category of: “‘call the dog a bad name, and then hang him for 
being bad.” 

(2) No explanation is given by Dr. Kleinschmidt of precisely 
what is amusing and what is naive when he states that “The 
writer is also amused by the naive little sentence at the end of the 
first paragraph of Section 2.2.” This principle of Discussman- 
ship might be described in the general terms: “adopting an air of 
faint superiority, make politely contemptuous bul vague remarks of 
a veiled nature, with the added implication that only a dolt would 
fail to understand them.” 

(3) Dr. Kleinschmidt, in discussing the assumption of uni- 
form drop size, pontificates that “the attainment of . .. . . (this) 
would be worth many times the possible value of any Aerother- 
mopressor.’’ The authors note that Dr. Kleinschmidt has not 
questioned the simplifying assumption of uniform droplet size 
for purposes of analysis; a further analysis which takes account 
of the drop-size spectrum shows, in fact, that the assumption of 
uniform size leads to only minor inaccuracies in the analysis. 
What Dr. Kleinschmidt does do is a supreme example of another 
general principle of Discussmanship: ‘“‘inferentially suggest in 
innocent language that the authors should have spent their efforts in a 
different field of research altogether.”’ 

(4) Every expert at Discussmanship has one final ace up his 
sleeve. Dr. Kleinschmidt is not found wanting. When every 
trick has been played, and the bag is quite empty, the practiced 
Discussman ends casually with some artfully considerate phrase 
such as Dr. Kleinschmidt’s: “The writer need not weary the reader 
with further examples.” 

One can only admire Dr. Kleinschmidt’s omniscient statement 
that “To the writer a slight rise in stagnation pressure 
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seems quite obviously possible.” It was never obviously possible 
to the authors, nor to any one of their acquaintance, that energy 
extraction could produce a rise in total pressure; under static 
conditions, in fact, cooling tends to produce reductions in pres- 
sure. Nor were they ever convinced that a rise was possible 
until after a great amount of both theoretical and experimental 
work had been done. Many besides the authors would like Dr. 
Kleinschmidt to explain why it is “obvious” that some rise in 
total pressure is possible and why it is also “obvious” that this 
rise is slight but not great. 

Dr. Kleinschmidt considers that “the high temperatures and 
large amounts of water involved make practical application 
questionable.”’ There are other grounds on which the practical 
application of the Aerothermopressor will yet turn, but not these. 
The temperatures discussed in the paper are those normally to be 
expected at the exhaust of a gas turbine. The water require- 
ments are not negligible, but they amount to only about one per 
cent of the condenser-cooling-water consumption in a condensing 
steam plant of equal-power capacity. 

Not content with finding fault with the Aerothermopressor 
research, Dr. Kleinschmidt must needs overflow with a -haymaker 
swing at “our whole approach to engineering in educational insti- 
tutions.””’ To the authors this brings to mind the story of the 
elephant and the blind men, each of whom described the elephant 
in terms of the one portion of the anatomy which he could feel. 
There may be some schools guilty of Dr. Kleinschmidt’s charges, 
but in the main such a statement only reflects a lack of knowledge 
of the facts. 

The authors are in no position to discuss Dr. Kleinschmidt’s 
feelings on the question of whether or not the expenditure of pub- 
lic funds on the Aerothermopressor research is justified. Put 
granted that government sponsorship of research is a fact of these 
times, the authors are fully prepared to argue that a portion of 
this research is well spent on projects whose success is not assured 
from the first. Most researches whose end products can be fore- 
seen have a pedantic quality. They are necessary, and they 
must not be scorned, but it would be fatal not to support at the 
same time directions of research which, though risky, are bold 
and unconventional. 

It is frightening to realize that, in 1939, there was so little imagi- 
nation and courage in government support of aircrait-engine re- 
search that the amount of work being done on jet engines was 
minuscule, if not zero. By 1946 all development of piston engines 
had ceased and all funds went to turbine-engine research, but 
this happened only because the boldness and vigor of German and 
British development had made any other course absurd. For- 
tunately for our safety, a very different attitude imbued the atom- 
bomb development. By citing these cases the authors do not 
wish to imply in any way that the Aerothermopressor represents a 
significant advance. However, the authors do hold that it is te 
the best interests of the country that unconventional technical 
ideas founded on sound principles be investigated on a scale of 
effort in keeping with the potential rewards and the likelihood of 
success. It is all too easy and, for some, too satisfying, to find 
reasons why any new idea is foolish and bound to fail. Such an 
attitude is worse than passivity, for it is hostile to the reasoned 
enthusiasm which makes engineering developments come to life. 

Regarding the Aerothermopressor itself, more work remains to 
be done before it is known whether it is effective enough to de- 
serve practical application. The authors have enjoyed carrying 
forward their research on the Aerothermopressor in such a spirit 
of inquiry and hope that it will be possible to continue the work 
until the question is reasonably settled. 
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A new resistance-network analog method for the solu- 
tion of heat-flow problems under transient conditions is 
described. In this method, electrical networks represent 
the difference equatious which approximate the differen- 
tial equations governing the problem to be solved. Tem- 
perature is represented by voltage, the spatial features of 
the problem by a network of parallel resistances, and the 
thermal constants by series resistances. A solution in 
steps 6¢ of time is obtained by successive readjustments of 
potentiometers supplying the voltages to the network. 
The new method is very flexible, the time interval 5¢ and 
the thermal constants being adjustable during the prog-, 
ress of the work. It can be applied to problems of con- 
siderable complexity. One of its outstanding features is 
its “stability.”” Accuracies of better than 1 per cent can be 
obtained. 


INTRODUCTION 


HE analytical solution of heat-flow problems under transi- 
ent conditions often proves forbiddingly complicated and 
sometimes even impossible. In recent years, more and 
more attention has, therefore, been given to graphical,? numeri- 
cal,* and analog‘ methods. While these methods do not usually 
lead to solutions of high accuracy, they may give the solutions in 
arelatively short time and often can deal with problems of greater 
complexity than is practicable with the analytical methods. 
The most general mathematical description of heat conduction 
in a composite body is the ewuation 


div (K grad U) = 


In Equation 


subject to given initial and boundary conditions. 
{1] U is the temperature, K the thermal conductivity, ¢ the speci- 
fic heat, p the density, and ¢ the time. 

The heat capacity (cp) and thermal conductivity K appearing 
in Equation [1] may be functions of the co-ordinates (z, y, z) or 
(r, z) as well as of the temperature U. 

The new electrical analog method described in this paper can 


deal with any of these conditions, simple or complex. Its main 
characteristic arises from the fact that it uses finite intervals of 
1 Senior Research Physicist, Associated Electrical Industries, Ltd., 


Research Laboratory. 
?Schmidt, 1924; Jaeger, 1950 (see references at the end of the 


paper). 

* Schmidt, 1942; Emmons, 1943; Dusinberre, 1945; Eyres, Hartree, 
Ingham, Jackson, Sarjant, and Wagstaff, 1946; Crank and Nicolson, 
1947; Dusinberre, 1949; Allen and Severn, 1951. 

* Moore, 1936; Beuken, 1937; Paschkis and Beuken, 1938; Paschkis 
and Baker, 1942; McCann and Wilts, 1949; Coyle, 1951. 

Contributed by the Heat Transfer Division and presented at the 
Diamond Jubilee Semi-Annual Meeting, Boston, Mass., June 19-23, 
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Nore: Statements and opinions advanced in papers are to be 
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space and time. This distinguishes it from the earlier capaci- 
tance-resistance analog method (Beuken, 1937; Paschkis and 
Baker, 1942), in which finite intervals of space are used, but real 
time, continuously variable, is used as the independent variable. 
While the new method does not therefore possess the attribute of 
an automatically proceeding solution, it allows just for this reason 
the choice of an arbitrary time scale, which can be changed at 
will, and it permits the arbitrary interruption of the process of 
solution to make adjustments to the parameters of the problem. 
This gives great flexibility to the new method and makes it suita- 
ble for attacking problems of considerable complexity. While 
the new method can deal effectively and speedily with simple 
cases, it has also been applied successfully to large-scale problems. 
A brief preliminary account of the method was given at the 
“General Discussion on Heat Transfer” in London, England, in 
September, 1951 (Liebmann, 1951). The extension of the method 
to problems of heat transfer across a surface or of internal heat 
generation under nonstationary conditions will be discussed in a 
later paper. 
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If the body is uniform and isotropic, Equation [1] has the 
simpler form 


V*being the Laplacian operator, and in the case of one-dimensional] 
problems, e.g., a slab of width and height large compared with its 
thickness, this simplifies further to 


where 


is the diffusivity. 
or New ANALOG Meruop 

The new analog method, basically, is an electrical resistance 
network method for solving step-by-step finite-difference equation: 
which are approximations to the partial differential Equations [1] 
to [3]. The difference equations underlying the analog method 
are those also used by the author to solve heat-conduction prob- 
lems numerically by the relaxation technique (Liebmann, 1955); 
e.g., the finite-difference approximation to Equation [3] is 


where U,,,, is the temperature at the point P,,, at the distance x 
= mdz from the boundary z = 0, see Fig. 1, at the time ¢t = nét 
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SISTANCES Ro 


since the beginning (¢ = 0); dz and 6¢ are the finite space and time 
intervals in which the solution is worked. As discussed in the 
other paper, the solutions of heat-conduction problems based on 
Equation [5] are stable for all values of the parameter 


a = (6xr)?/Dét 


It is shown there that an error € made at the time (n — 1)é¢ at 
the point P,, is, in a first approximation, reduced to an error 
ae/(2 + @) at the time nét at P,,, but spreads at the same time to 
the points neighboring on P,, in geometrically decreased manner 
by the factor 1/(2 + @); hence single errors become damped out 
as the solution proceeds, and randomly distributed errors will 
cancel rapidly. 

The high degree of stability of Equation [5] is very advanta- 
geous in the new analog method, because the error cancellation just 
mentioned applies to the experimental errors in the analog meas- 
urement of the temperature function. Moreover, as 6t may be 
chosen without any restriction by a stability condition, it may 
be chosen in such a way that the solution can be completed in 
relatively few steps. 

Consider now a chain of M equal value resistances R,, see Fig. 
2. Let the beginning of this chain be Po, the first junction point 
be P:, ete., and the end point Py. With the later generalization 
to two or three-dimensional problems in mind, these resist- 
ances R, will be called the “network resistances.’’ To each 
junction point P,...., P,, ...a resistance of value Ro i 
connected, the free terminals of these resistances, called “series re- 
sistances,’’ being the points P;’..., P,,’... Let the value of Ro 
be related to that of R, by the formula 


The chain of resistances R, may then be considered a one-dimen- 
sional “model” of a body in which the heat-conduction phe- 
nomena can be fully described by one spatial co-ordinate z and 
are therefore determined by Equation [3]. The junction points 
P,....,P,.... correspond to points z = bz,....2 = méz,.... 
in the real body, the end points Py) and Py corresponding to its 
boundaries. Temperatures are then represented by the voltages 
in the model, i.e. 


where a is a conversion constant, its numerical value depending 
on the temperature and voltage scales used. 

Let the end points Py and Py, of the chain of network resistances 
R, be connected to potential sources of values Vo and Vy, corre- 
sponding to the prescribed boundary temperatures U» and Uy, 
and voltages Vio... V,,,0.... corresponding to the prescribed 
initial temperatures Uj... . be applied to the ter- 
minals (“feeding points’’) P,’ i 
sistances Ry. Then the voltages Vi... . ... will appear 
at the “network” junctions P, ..., P,, . . ., and these voltages 
V,,,1 Will correspond to the temperatures U,,,, in the body, repre- 
sented by the model, at the time ¢ = dt. If the network voltages 
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V,,,. are measured and the voltages at the termi- 
nals P,,’ are then made equal to V,,,, the voltage 
V,,.2 Will appear at the network junctions, cor- 
responding to the temperatures U,,,. at the time 
t = 26t, and so on. Generally, if the voltages 
Vin.n—1, Tepresenting the temperatures U,,.,-1 at 
the points z = méz at the time ¢ = (n — 1)éi 
are applied to the terminals P,,’, the voltages 
Vin,» corresponding to U»,,, the temperatures at 
the time ¢ = ndét, appear in the network. 

To prove this statement, consider the section 
of the network between points P,,,-; and P,+:, as shown in Fig. 3. 
According to Kirchoff’s law 


3 
=0 


where 7), iz, ts; are the currents flowing into the junction point 


Vin.n)/Ro 


ts = CF 


one has 


This equation is formally identical with the difference Equation 
[5] if the relative values of R, and Ry satisfy the Relation [7]. 
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Hence the voltage relations in the described network model 
represent the difference Equation [5] which approximates the 
partial differential Equation [3], within close limits, set by the 
accuracy of voltage measurements and the tolerances of the re- 
sistance values (see section Experimental Tests). 

The solution of a heat-conduction problem by the described 
analog mode! has therefore essentially the characteristics im- 
posed by the finite-difference approximation, Equation [5]; i.e., 
the solution is subject to the truncation errors 0(6z)? and 0(6t) of 
this approximation, but it is stable for any value of dz or dt chosen 
to work out the solution of the problem. In particular, it is possi- 
ble to reset at will the value of 5t, by readjusting the values of the 
resistances Ry during the progress of the work. 


PRAcTICAL REALIZATION OF ANALOG METHOD 


A practical realization of the discussed resistance-network 
analog method is achieved by adding the required voltage sources 
and a measuring circuit to the network shown in Fig. 3. This 
results in the electrical-circuit arrangement of Fig. 4. The 
voltages Vwm.—1 are provided by a number of low-resistance po- 
tentiometers (slide wires) D,, . . ., the tapping points of the 
potentiometers being connected to the terminals P,,’ of the Ro. m 
resistances. These potentiometers are connected across a voltage 
source E. The network or potentiometer voltages are measured 
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by connecting a probe Pr to the network stud or poten- 
tiometer tapping where the measurement is desired and 
adjusting the tapping point of the potentiometer bridge 
B, or of the potentiometer D,, so that the meter M 
shows no current flowing through the probe circuit. 
The network voltages are therefore expressed in rela- 
tive units, the relative terminal voltage of the source 
E having the value V = 1. 

If the boundary temperature at P» is a function of 
the time, the potentiometer Dp is appropriately read- 
justed after the required number of time intervals 6¢.5 

A modification of the network arrangement, Fig. 4, 
which gives greater working speed, is shown in Fig. 5. 
The petentiometers D,, are duplicated (denoted by D,,’ 
and D,,”) and a change-over switch S,, is provided. 
Instead of measuring all network voltages V,,,,, with the 
help of the bridge B, recording the results and then resetting all 
potentiometers D,, from their previous settings V,,.. to the 
values V,,,,, the second potentiometer D,,” which is not in cir- 
cuit, of each pair D,,’ and D,,”, is balanced directly against 
the network voltage V,,,,. When this has been done for all 
potentiometers D,,”, all switches S,, are simultaneously switched 
over so that now the potentiometers D,,", set to the voltages 
Vinny are in circuit. At the network nodes P,, the volt- 
ages Vn.+: have appeared through this, and the potentiometers 
D,,’, which are not in circuit now, are balanced to these new 
values Vm,,+:. Then the switches are changed over again and 
so on. Network voltages are only recorded where and when 
required.® 


EXPERIMENTAL APPARATUS FOR APPLICATION OF METHOD 


An experimental apparatus was constructed to study the 
practical application of the method as described in the foregoing 
sections. The apparatus comprises the complete equipment, in- 
cluding measuring circuits, etc., with the exception of the re- 
sistance network proper. This was done to secure greater flexi- 
bility, because it is then possible to use the new apparatus in 
conjunction with any type of resistance network analog. For 
instance, the apparatus was used in co-operation with existing 
linear networks and (z, y) and (r, z)-networks. As the main pur- 
pose of constructing the apparatus was to study the method, an 
apparatus providing for only 41 network points was built.?. The 
e :perimental model has a height of 38 in. and a width of 30 in. 
Eighty two potentiometers D,,’ and D,,” are represented by 
straight resistance wires (21 SWG Eureka wire) of 25 in. length, 
strung out above vertical '/s-in-wide grooves in a vertical bakelite 
panel. The end contacts are made by pulling the resistance wires 
over the sharp edges of two heavy horizontal copper bars, let 
into the bakelite panel, and clamping the ends of the resistance 
wires down on the copper bars. Good electrical contact is essen- 
tial as the resistance of the potentiometers must be low com- 
pared with the network resistances to avoid interaction of the 
voltages at the potentiometer sliders which are interconnected 
through the resistance network. The potentiometer sliders are 
phosphor-bronze leaf springs carried on */,-in-long, '/s-in-wide 
brass blocks sliding in the grooves of the bakelite panel and 
making, in turn, contact with thin copper strips lying at the 


5 The extension of the resistance-network arrangement of Fig. 4 to 
the solution of problems involving heat transfer at prescribed rates 
at boundary points, or heat generated at interior points, requires 
additional series resistances Ro,»’, as will be discussed in a later paper. 

® The described technique can be turned into an automatic method 
by providing a servomotor system which carries out automatically 
the required potentiometer-balancing operations (see British Patent 
Specification 684, 989). 

7 An automatic analog apparatus with 200 network points is now 
under construction. 
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bottoms of the grooves; the contact to these copper strips is made 
from the back of the bakelite panel. 

Horizontal] lines are ruled across the front of the bakelite panel, 
80 that the position of the sliders gives a direct reading of the net- 
work voltages V,,,,. Hence, during the operation of the ap- 
paratus, the solution of the problem appears in the form of 
two “graphs,”’ the positions of one set of sliders giving the tem- 
perature distribution at the time nét and the positions of the other 
set of sliders giving the temperature distribution at (n + 1)é¢. 
The two sets of sliders are distinguished by a color code. 

The A»,,, and Ro,,,’ resistances® are miniature wire-wound ad- 
justable rheostats, arranged in a sloping panel in front of the 
vertical bakelite panel. Each of these resistances comprises in 
series a rheostat of 5000 ohms for coarse adjustment, and a rheo- 
stat of 120 ohms for fine adjustment, or to represent short-time 
intervals 5¢, and so on. 

The circuit arrangement of the apparatus is shown in Fig. 6. 
The Rp,,, and Ro,,,’ resistances are connected through telephone- 
jack sockets J,,’ and J,,”._ A telephone jack plug J can then be 
used to insert any of these resistances into the fourth arm of a 
built-in Wheatstone bridge, the straight wire potentiometer B (of 
same construction as the D,,’ and D,,” potentiometers) and the 
multiplier W forming the other arms. In this way. it is easy to 
reset quickly any of the Ro,,, or Ro,,,’ resistances during the solu- 
tion of a problem. 

All change over switches S,, (as discussed with reference to Fig. 
5) are ganged together, so that the solution can be advanced by 
6t, after all D-potentiometers have been reset, by operating a 
single switch lever. This lever operates at the same time an 
electrical counter which counts the number of switching opera- 
tions, i.e., the number n of time intervals dt since the beginning. 
By pressing any of the individual spring-loaded double-pole S,,’ 
switches, one can connect the balance indicator M (an amplifier 
with miniature cathode-ray-tube indicator) into any of the 
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Fig. 6 Execrricat Crrcurr Diagram or Practica, Apparatus ror Use tn ConsuNc- 
tion (2), (r), (z, y), (7,2), OR (2, y, ANALOGS 


potentiometer circuits, to allow the balancing operation described 
in the preceding section, or into the Wheatstone bridge circuit 
by pressing switch 

The feeding voltage E(V = 1) is supplied from a low-voltage 
high-current transformer Tr. The connector plug C,, allows the 
resistance Ro,,,’ to be connected either between V = 0 and the 


network point P,,, or between Vy’ = 70 E and P,,.* The ter- 
minals of the resistances Ro,» and Ro,m’ are jointly brought out to 
the terminals O,, at the front of the sloping panel. These ter- 
minals O,, are then connected to the network points P,, in the ex- 
ternal resistance network. 

A photograph of the apparatus, used in conjunction with a 
linear network, seen in the foreground, is shown in Fig. 7. The 
temperature distribution in a thermally insulated bar, with its 
left end (x = 0) kept at a temperature V, = 1, is shown in the 
photograph. The temperature at the various points is indicated 
by the lower edges of the potentiometer sliders visible in Fig. 7. 


EXPERIMENTAL Tzsts oF ANALOG METHOD 


The accuracy and reliability of the new analog method was 
checked by solving a considerable number of standard problems 
for which exact solutions are known. 

Typical test results are given in Table 1, which gives the tem- 


perature distribution in a thermally insulated semi-infinitely long 
bar, or a “semi-infinite solid’’ of initial temperature U = 0 every- 
where, whose end face z = 0 is raised at the time t = 0 to the tem- 
perature Up» and kept thereafter at this temperature. 

In applying the analog method to this problem, values of 
z = 1emand of D = 0.125 em*/sec corresponding to the diffusiv- 
ity of mild steel were assumed and a time interval of dt = 8 sec. 
A comparison of the tabulated values obtained by the analog 
method with those calculated from the exact solution,’ shows 
that (a) the errors by analog measurement are small, mostly of 
the order of 1 per cent, and (b) that they decrease in this type of 
problem with the number n of time intervals used. 

As mentioned earlier, the analog solution is subject to two 
kinds of error (1) the truncation errors €, of the finite-difference 
approximation, and (2) the experimental errors &. To allow an 
estimate of how much of the total error is due to cause (a) and 
how much to cause (b), the numerical relaxation solution (to 
three-figure accuracy) based on the finite-difference approxima- 
tion Equation [5] (Liebmann, 1955) is shown alongside the 
analog solution in Table 1. 

It is seen from the data given in Table 1 that the truncation 
error €, makes by far the greater contribution to the total error 


* Carslaw and Jaeger, 1947, p. 43. 
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€ = € + & in the type of problem solved by Equation [1], par- 
ticularly at the beginning of the solution (n small). 

The experimental errors €: can be subdivided into the adjust- 
ment errors of the D,,’ and D,,” potentiometers during the prog- 
ress of the solution, and the errors arising in the setting up of the 
model, i.e., the errors in the values of the 2, and Rp» resistances. 
The influence of the errors occurring in the setting up of the 
model, which lie in practice in the range 0.2 to 1 per cent, is 
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ews panel contains, counting from back to front, switches Sm’, rheostats 
.m (coarse and fine), telephone-jack sockets, Jm’ and Jm”, rheostats Re,m’ 
(coarse and fine), connectors C, and outlet terminals 0. The miniature c.r.o. 
balance indicator M, bridge multiplier W, switch Sm, and an electrical 
counter for time intervals n are seen near the left end of the sloping panel. 
Straight wire potentiometers Dm’ and Dm” are visible on vertical panel.] 


TABLE 1 


D = 0.125 cm*/see, 
= (U/U») (U/ Ut) 


éz = 1 om, 


= (U/U) num 


usually negligible owing to the error-equalizing property of re- 
sistance-network analogs (Liebmann, 1950). 

The errors due to the setting inaccuracy of the D,,’ and D,,” 
potentiometers are of the order of +0.2 per cent in the experi- 
mental apparatus described in the preceding section, and seem to 
account almost entirely for the experimental errors €. These 
errors correspond to the rounding-off errors of numerical solu- 
tions. Owing to the stability of the solution, as discussed in the 
second section, an error of this kind diminishes quickly as the 
solution proceeds. This can be readily confirmed by experi- 
ment. 

In solving the linear bar problem on the analog apparatus, with 
éz = 1 cm, D = 0.125 cm?/sec, and dt = 4 sec, a setting error of 
10 per cent, from U/U, = 0.311 to U/U» = 0.411, was introduced 
after t = 166t, at x = 4, and the solution was thereafter continued 
in the ordinary way, giving values U’/Uo. In Fig. 8 the error e’ 
= (U’/Us) —(U/U>), where U is the undisturbed analog solu- 
tion, is plotted as a function of position z along the bar for 
several time intervals n’dt after making the error. . 

It is seen that the maximum error decreases, roughly in geo- 
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TEMPERATURE DISTRIBUTION IN SEMI-INFINITE SOLID INITIALLY AT ZERO TEMPERATURE 


= (U/ Us) (U/ U0) 
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TABLE 2. REDUCTION OF SYSTEMATIC ERRORS IN MEASURED TEMPERATURE DISTRIBUTION THROUGH EXTRAPOLATION 
(Temperature distribution in semi-infinite solid initially at zero temperature) 


D = 0.125 em?*/see, 
«= 


— (U/t 


——— = 4 sec (n = 4) 
(U/ Uo) (U/ Ue) 
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Fic.9 Error e’ tn Per Cent or Up Arter SEVERAL TIME INTERVALS 
n’ Due to Two Errors or Equat Amount (10 
Per Cent) But Opposite Sign at Time INTERVAL 
n’'=0 
(D = 0.125 em?*/sec, 5t = 4 sec.) 


metric progression, with the number n’ of time intervals since the 
introduction of the error, while spreading out over more and more 
adjacent points. The total area under the error curve remains 
constant, except for some loss of error (“liquidation”) at the 
boundary z = 0(U = U») for larger values of n’. Hence a local 
setting error eventually will be spread over all network points, 
and if there are equal amounts of positive and negative errors, as 
is probable in most solutions, these will soon cancel. This is 
illustrated by Fig. 9, in which after ¢ = 166¢ a negative error of 10 
per cent was introduced at z = 3, and a positive error of 10 per 
cent at x = 5. 

The convergence of the analog solution is illustrated in Fig. 


=lcm, ¢ = 16sec 
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10, which refers to. the temperature distribution in a semi-in- 
finite solid, or linear insulated bar (D = 0.125 cm?/sec) initially 
at temperature U = 0, the end of which is suddenly brought 
to the temperature U,) = 1, at the time t = 0(n = 0). The 
graphs show |€! max, the maximum error irrespective of sign, of the 
analog solution which occurs at the time nét anywhere within 
the solid, 

A great range of time intervals was used. It is seen that, after 
an initial maximum error of a few per cent, there is always a 
monotonic decrease of the maximum error to well below 1 per 
cent after a reasonably large number of time intervals, say, n = 
20, very nearly independently of the length of the time interval 
6t. This confirms the earlier statement that one can choose, over 
a wide range, arbitrary values of 5, or of the mesh-size 6z. Only 
for very small values of 5t, or more specifically for a > 1, there is 
an initial rise in |€/max with increasing n before its subsequent 
monotonic decrease. 

The initial error can be reduced greatly by the extrapolation 
method discussed in the paper on the relaxation solution (Lieb- 
mann, 1955). In this method, a problem is first worked with a 
time interval 6t,, giving the solution U;, and then with a time in- 
terval dt, = 5t,/2, giving the solution U2. An improved solution 
U, is then obtained by adding the difference (Uz, — U;) to U2. 
The degree of improvement is shown by the results of Table 2. 


GENERALIZATION OF THE ANALOG METHOD 


Practical problems in heat conduction are mostly of a two or 
three-dimensional nature, and often involve several materials of 
different thermal properties. Then the more general heat-con- 
duction Equation [1] has to be solved. The analog method dis- 
cussed in the foregoing is applicable to these more complex prob- 
lems without appreciable change. The only difference is that now 
the resistance-network model is of a correspondingly more com- 
plicated nature, being, e.g., a two-co-ordinate network model, and 
that different values of the thermal conductivity K may have to 
be used in different parts of the model. Also, from a practical 
point of view, it is often useful to employ unequal co-ordinate 
intervals; e.g., one uses a coarse mesh where temperatures are 
expected to change slowly only, and a finer mesh where a rapid 
temperature change is anticipated, or a complicated shape has to 
be represented. 

The resistance-network representation of the finite-difference 
approximations to equations of the type of Equation [1], in Car- 
tesian or cylindrical co-ordinates, with locally different values of 
thermal conductivity K, and unequal mesh sizes or subdivided 
meshes, has been discussed elsewhere (Liebmann, 1954). The 
equation considered there is div K grad U = g, and the results 
given can be directly transferred through replacing g = go at the 
point Py at the time ndt by 


[ep(OU /dt) Jon (ep)o( Uo.n — Uo,n—1)/8t 


where (cp) is the averaged value of cp within the volume element 
surrounding Pp. 
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In a two-dimensional model, for instance, mesh intervals 5z;, 
dz;, and dys, dy,, as shown in Fig. 11, may be used, the mean ther- 
mal conductivities between Py and P, being K,, etc. It is con- 
venient to express the thermal conductivities K,, as multiples k,, 
of a standard value Ko 


The “resistance-network star,” Fig. 12, with the voltages V,,,,,, 
= aU,,,,, at its terminals P,,, and the voltage Vm..-1 = @Um.»—1 at 
the feeding point P»’ then represents the finite-difference equa- 
tion replacing Equation [1] if the resistance R, has this value 


R 26x; 
+ Sys 
and similarly for R2, Rs, Ry (see Liebmann, 1954), whereas 
4K bt 
(dr, + drs by2 + [12] 


Ry being a suitable standard value of resistance. 

For k, = . = ky = 1, and dz, = by. = .... = dz, the ex- 
pression for Ry reduces to Ro = (DétRy)/(5zr)*, which is identical 
with Equation [7], whereas R, = -Ry = Ry. 

The design data for a resistance network for solving three- 
dimensional heat-conduction problems of rotational symmetry 
follow in a similar way from the formulas given in the paper by 
Liebmann (1954). Curved boundaries can be represented in a re- 
sistance-network analog model; rules for the required modifica- 
tions have been discussed in an earlier paper (Liebmann, 1952). 

Anisotropic values of K as expressed by ki = k; = Bk: = Bk, or 
a sudden change of medium, as determined by ki # k;, can be 
easily represented by a corresponding choice of the values of R, .... 
R,. If asudden change of medium affects also the values of (cp), 
the required value of Ry is determined by evaluating its reciprocal 
Go 


. 


Ro = 
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where each conductance G, is given by 


Here, A, is the part of the area (dz; + 62;)(dy2 + 6y.)/4 around 
point P, to which the values ¢, and p, are assigned, suitably aver- 
aged over the area A, and Gy = 1/Ry. 


Units AND SCALING 

In this paper, CGS units are used throughout, but in applying 
the analog method, and any apparatus carrying this into effect, 
one can use any system of units, as long as all dimensions, thermal 
constants, and other data are consistently expressed in the same 
system of units. 

It is found in many formal solutions of problems which permit 
rigorous analysis that the solution depends on the parameter u 
= z*/Dt, and not separately on z or ¢t. Formal solutions can 
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therefore often be expressed in generalized co-ordinates, which 
facilitates the adaptation of a solution to a variety of cases, and 
the conversion of results for one case to those of another one by a 
“sealing’’ operation. 
This principle of scaling can be equally applied to the analog 
method. Let 
h = prh, 
(cp) = palcp), 
the constants p: . . . ps being the scaling factors. Inserting the 
scaled values h, U, etc., into Equation [1] and rearranging, one 
obtains 


C=pU, K = pK 
= pst 


(cp) — 

PsPs 

Hence a solution by the analog method of a specific problem 
governed by Equation [1] gives, at the same time, the solution for 
all similar problems, with linear dimensions changed in the ratio 
pi: 1, or the time scale changed in the ratio p;:1, etc., provided the 
condition 


div (K grad U) = 


is satisfied; e.g., if the linear dimensions are scaled by the factor 
7, the solution for unchanged thermal constants is identical with 
that of the unscaled problem if the time ¢ is replaced by p,*t. 


REPRESENTATION OF VARIABLE THERMAL CONSTANTS 


If the thermal constants, e.g., K or (cp), are functions of the 
temperature, it is necessary to reset some of the resistances during 
the progress of the solution to represent these changes. If the 
changes of the data with temperature are considerable, and rela- 
tively coarse dz and 6¢ intervals are used such that the tempera- 
ture rises are great between successive steps, it may be necessary 
to use an iterative method. In this, the values of the constants 
are set, in the first obtained solution, for the advance from U,, to 
U,+: according to the value U,. The process of solution is then 
repeated, using the constants corresponding to U,,+:/, of the first 
solution when proceeding from U, to U,+: in the second solution. 
If need be, the solution is further improved by repeating the 
second solution, etc. Very often one can avoid this repetition of 
solutions by estimating the temperature U,+:/, (by extrapola- 
tion), and set the resistances to represent the thermal constants 
at this estimated value of U,+1/,. 

If changes AK of the thermal conductivity K with temperature 
cannot be disregarded, but are relatively small over the period of 
a time interval dt, such that 
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one can, to a sufficiently good degree of approximation, throw this 
change into a change of Rp instead of R, .. . . Ry, by resetting the 
value of Ro by the factor (1 + AK/K); this is often easier to 
carry out. 


Two Furruer ExamMples 


As a further example, the temperature distribution in a ther- 
mally insulated uniform bar heated periodically at one end was 
determined. 

Values of dz = 1 cm, dt = 2 sec, and D = 0.125 cm?/sec were 
used, the initial temperature being Up = 0. Att = 0(n = 0), 
the temperature at z = 0 was raised to Up = 1, and kept there for 
n = § time intervals. For the next eight time intervals, the tem- 
perature was lowered to Up = 0, then raised again, etc., as shown 
in the diagram, Fig. 13. The diagram displays the well-known fea- 
tures of this problem, the higher frequencies in the square pulse 
being rapidly attenuated as the temperature wave progresses 
along the bar. At xz = 5, a slight ripple of a periodicity equal to 
the fundamental oscillation (pulsatance w = '/3 sec~') is left, 
superimposed on a nearly linear steady rise of temperature. 

A few points computed from an exact solution, in the form of 
an infinite Fourier series,® are shown as dots in Fig. 13. The 
vertical bars indicate the calculated phase delay 6 for the funda- 
mental oscillation 6 = a(w/2D)'/ *. The calculated values agree 
very well with the analog solution. However, it is much 
quicker to obtain the analog solution than to work out the 
formal solution for a sufficiently great number of points. The ad- 
vantage of the analog method would be further increased if ad- 
ditional complications were introduced into the problem, e.g., if 
the on-off ratio of the heat pulse, or its height were changed. 

An application to a two-dimensional problem is illustrated by 
the results given in Table 3. This table gives the analog solu- 
tion for the temperature distribution at ¢ = 32 sec (n = 16) over 
the rectangular cross section of a mild-steel bar of 12cm X 8 cm, 
the initial temperature being U = 0, and the surface temperature 
being raised at the time = Ofrom U = Oto U = The fourth 
column of Table 3 shows for comparison the corresponding calcu- 
lated values found by interpolating Russell’s (1936) graphs. 
Agreement between the analog values and the calculated values 
is seen to be very satisfactory. 


® Carslaw and Jaeger, 1947, p. 50. 
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TABLE 3 INFINITE RECTONATEAR BAR, CROSS SECTION 


D = 0.125 (iron) emt/sec; L = 60m; B = 4 cm; = 2 sec 
Initial relative temperature (at t < 0)U/Us = 0 
Boundary temperature raised att = 0 to U/Us = 1 


Temperature distribution at ¢ = 32 sec 
U =Usatz = andy = 
12 8 


U/Uo) cale 
y (em) 4 Russell 


1 0.923 0.925 
0.855 0.860 
806 0.809 


wo 
33 


esse 


42 
375 
363 


Nore: Accuracy of measurement: +0.2 per cent. 


Expected systematic error of measurement: less than 0.9 per cent. 
Acouracy of interpolation from Russell's calculated values: 0.5 
per cent. 


CoNCLUSION 


Experience so far gained with the new analog method has 
shown it to be a very versatile method which can be successfully 
handled by persons who have only very moderate mathematical 
skill. While it is not as fast as the older capacitance-resistance 
analog method, it is free from some of its sources of error (see 
Paschkis and Heisler, 1944), and it appears more flexible. The 
new method is very much faster than the previously used numeri- 
cal methods. Even in cases where a formal solution is known, it 
is often quicker to obtain the analog solution than to evaluate 
the formal solution numerically for a great number of points. 
Using the described extrapolation method, one can with reasona- 
ble care obtain solutions which are accurate to +0.5 per cent; 
this is usually a higher accuracy than that with which the thermal 
constants of the investigated problem are known. 

The main application of the new method may be in problems 
which require a great number of mesh points for their representa- 
tion, e.g., the ternperature distribution in systems of complicated 
geometry, or of very complex composition, and in problems of 
intrinsic diffieulty, e.g., those where the thermal properties are 
functions of time or temperature.” 

However, quite simple small-scale apparatus may be impro- 
vised with the means available in most laboratories, as only a 
number of resistances (rheostats) and simple measuring equip- 
ment is required. It should then be possible to solve many rela- 
tively complex problems with sufficient speed and accuracy. 

The method is, of course, not limited to heat-conduction prob- 
lems, but can deal with any problem described by an equation of 
the type of Equation [1] or [2], e.g., diffusion and mass-flow 
problems. 
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Discussion 


G. M. Dustnperre."'! Every organization now using resist- 
ance-capacitance analogs, or contemplating their use, can profita- 
bly study the considerations of flexibility, simplicity, accuracy, 
and low cost, which are features of the author’s method. 

According to the usual finite-difference representation, we 
consider each ‘future’ temperature an explicit function of the 
“present” temperature of the region in question and of the other 
regions in thermal contact. This remains the preferred method 
for manual calculation and probably also for digital-computer 
work. The author, in essence, writes the future temperatures 
as funetions simultaneously of each other and the present 
temperatures taken singly. This would seem to add confusion 
to a simple picture. It would greatly complicate a manual 
solution. But the simultaneity is taken care of by a resistance 
network only slightly more complicated than that required for a 
steady-state problem, and there is often a gain in the elimination 
of convergence criteria. As compared with the resistance-ca- 
pacitance network there is an advantage in being able to represent 
any variation of the physical properties, with convenience and 
accuracy. 

It must be noted that while the method permits a large time 
interval without losing mathematical stability, still, judgment 
must be used in taking advantage of this feature. Often a tran- 
sient-temperature calculation is made for the purpose of estimat- 
ing stress due to temperature gradients. Then if one uses too 
large a time interval, one obscures the very point of interest. 

The writer has been interested in the prediction of transients 
in heat exchangers. Here an important term is dt/dz, which is 
used to evaluate the heat transported by flow of the fluid. It 
is often, in fact usually, the case that the term d*t/dz* is negligible. 
In this case he has not been able to apply the author’s method. 

But if the term involving d*/dz* is larger than the term in- 
volving dt/dz, as may be the case with liquid metals at low rates 
of flow, then he finds it possible to use the author’s method. 
It requires resistances increasing in a geometrical proportion, 
so that if the two terms were nearly equal it would not be very 
practical. 

It is to be hoped that the author or some other interested person 
can extend the application of this analog in a more general way 
to problems involving fluid flow. 


Vicror Pascukis."* The author, well known for his many 
contributions to techniques of solving heat-conduction problems, 
is to be congratulated not only for an ingenious new method but 
also for an outstanding clear and complete presentation. 

In fact, his considerations are so exhaustive and his analysis 
of errors is so outstanding that but little remains to be asked. 

The writer, working mainly with the resistance-capacitance-type 
analog mentioned by the author, is of course particularly interested 
in a comparison of the new method with the older one. 

The author points out that his method is slower than the older 
method. Does this remark refer only to the electrice! computing 
time or also to the coding time? Particularly for complicated 
problems with temperature-dependent parameters and problems 
involving several materials, it would appesr that the preparation 
of the computing circuit would require considerably more effort 
than the R-C network. 

The new method trades the error due to leakage in capacitances, 
inherent in the R-C network, for errors due to finite time steps 
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and due to inaccuracies in voltages V,,..-1 which may be 
caused by the potentiometers, unless extreme precautions are 
taken. 

With reference to Fig. 12 of the paper, a discussion of the addi- 
tional error in unequal lumping would be very interesting. 


AvTHOR’s CLOSURE 


In his encouraging remarks, Professor Dusinberre has com- 
pared the new analog method with the more familiar numerical 
techniques of solving transient heat-conduction problems by a 
process of explicit forward integration. While the new analog is 
based on an implicit method in which the transient problem is, 
in fact, replaced by a series of boundary-value problems of the 
Poisson type, it is this type of problem which is most conveniently 
and speedily solved by the resistance-network analog. As Pro- 
fessor Dusinberre has pointed out, one has to use one’s judgment 
concerning the length of time interval most appropriate to the 
problem under investigation, as the optimum-time interval is 
no longer determined by the “‘stability”’ criterion of the numeri- 
cal forward integration method. In the analog method one will 
often use a short time interval during the period when a critical 
change of temperature occurs, and a long time interval during 
other periods, as the change of time interval is so easily effected. 

The problem of the transient condition in the heat exchanger 
is a difficult one, and one cannot see how this can be solved in its 
general form by the present analog method. However, if the 
heat transport through mass flow is either rather smaller or con- 
siderably greater than the heat transport through conduction 
in the liquids, solution by the analog technique appears possible. 
The type of resistance-network analog to be used for solving the 
first one of these two cases has been stated by Professor Dusin- 
berre. The second case might be solved by representing the heat. 
transfer between the heat-exchanger pipe and the liquids by a 
resistance-network model, as will be discussed in the following 
paper on solving heat-transfer problems. The difficulty in the 
ease of the heat exchanger is that the local temperatures in 
the liquids, and hence the heat-transfer rates, are depending on the 
general temperature distribution in the exchanger. However, 
it appears feasible to overcome this difficulty by carrying out an 
iterative process for each time interval 4t. 

In reply to Dr. Paschkis, it is the actual computing time which 
is longer in the new analog method because for each time inter- 
val a series of potentiometer adjustments has to be made, whereas 
the solution proceeds automatically, and usually at a much faster 
rate, in the resistance-capacitance analog. The coding time, i.e., 
the time necessary to determine the values of the component. 
parts of the analog model and to set these values in the analog 
apparatus, should be the same in the new method as in the 
resistance-capacitance analog. This applies, in principle, also 
to the resetting of component values, during the progress of the 
solution to allow for the variation of some parameters. But 
whereas one is bound by the automatic rate of progress of the 
solution in the resistance-capacitance method, which requires 
for this reason techniques which are either restricted in accuracy 
or which involve a greater amount of instrumentation, one may 
find it often an advantage that one can interrupt the progress of 
the solution at will in the new analog method and make all re- 
quired readjustments of parameters at leisure before continuing. 

Concerning the question of errors, as was discussed in Section 2, 
Experimental Tests of Analog Method, the inaccuracies in the 
voltages, V»,n1, were found to be of the order of +0.2 per cent 
for the apparatus described in the paper; all measurements were 
taken with ordinary care and without extensive precautions, 
This leaves the errors due to the finite steps of space and time. 
These errors can be estimated from the finite difference approxi- 
mations which have been used by considering the influence of 
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the neglected higher-order terms of the approximations, It is 
indeed one of the advantages of the new analog method that it 
permits a more precise assessment of these errors. 

The additional errors due to unequal lumping can be appre- 
ciated most easily by reference to the finite-difference approxima- 
tion [5]. For different interval lengths adjacent to the point 
Pm; 88Y, 52m4. between Pp and and between P,, and 
Pm—, this equation changes to 


— btm + 
+ myn — + 
— — 52m)/3)(2°U /dx*)m. 
= — )/ Dét ods [5a] 


For 62m4: = 52m, Equation [5a] is identical with [5] but for 
unequal interval lengths a third-order correctiou term propor- 
tional to the difference between the two mesh intervals appears 
in the finite difference approximation. This would be equivalent 
to an error AU in the progressing analog solution of 


AU = —[D6t( bam 41 — 


This error AU can be estimated in retrospect by evaluation of 
(0*U/dz*). For the two-dimensional case of Figs. 11 and 12, a 
more complicated but similarly constructed correction term 
applies. 
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Thermal Properties of Titanium Alloys 
and Selected Tool Materials 


By E. G. LOEWEN,' CAMBRIDGE, MASS. 


Thermal conductivity has been determined of five ti- 
tanium alloys, four high-speed-steel alloys, and four 
types of tungsten-carbide tool materials, over a tempera- 
ture range of 200 to 1000 F. In addition, the specific heat of 
two titanium alloys has been found between 70 and 1400 F. 


INTRODUCTION 

URING recent theoretical investigations (1, 2)* of cutting- 
tool temperatures it became evident that there were not 
sufficient data available on the thermal conductivity and 
specific heat at elevated temperatures of many important ma- 
terials, especially titanium alloys. Using fairly conventional 
methods the thermal conductivities of five titanium alloys, four 
high-speed steels, and four types of carbide tool materials were 
measured up to 1000 F. In addition the specific heat of two ti- 

tanium alloys was determined over a range of 70 to 1400 F. 


APPARATUS 

Thermal conductivity was found from the measurement of the 
temperature gradient in a */,-in-diam rod, one end of which was 
heated and the other end cooled by a constant-flow calorimeter. 
A guard tube was used to approach one-dimensional heat flow as 
closely as possible. The apparatus is quite similar to that de- 
scribed by Donaldson (3) and is shown in Fig. 1. It differs from 
that of Van Dusen and Shelton (4) in that the calorimeter allows 
absolute measurement of the heat flow through the specimen 
without reference to other materials. A more elegant method has 
been proposed by Hogan and Sawyer (5) but it requires more 
elaborate instrumentation than we had available. The heater 
consisted of a stainless-steel block containing four Globar heaters 
fed from a variable transformer. The 2-in-diam calorimeter was 
made of brass and contained hermetically sealed counterflow pas- 
sages for the water flow. The water was supplied from a con- 
stant-head (15-ft) tank, fed*by tap water passing through an 
electric tubular heater, a simple arrangeinent that kept tempera- 
ture variations to less than 0.5 deg F per hr. The small tempera- 
ture rise in the water passing through the calorimeter was meas- 
ured by means of a calibrated 5-junction differential chromel- 
alumel thermocouple and precision potentiometer to the nearest 
0.01 deg F. The water flow rate was determined from the time 
taken to fill a 500-ml flask. The temperature gradient in the 
specimen was found from four No. 22-gage chromel-alumel couples 
butt-welded and inserted in 0.05-in-diam holes drilled through 
the center of the bar, points 3 in. above and below, and one 2 in. 
below the center. The guard tube was 3 in. diam and had a 
separate auxiliary heater wound around its base which could be 
adjusted for optimum guard-to-specimen temperature match. A 

1 Assistant Professor, Mechanical Engineering Department, Massa- 
chusetts Institute of Technology. At present, The Taft-Peirce Manu- 
facturing Company, Woonsocket, R.I. Mem. ASME. 

? Numbers in parentheses refer to Bibliography at end of paper. 

Contributed by the Heat Transfer Division and presented at a joint 
session of the Heat Transfer Division and the Research Committee on 
Metal Processing at the Diamond Jubilee Semi-Annual Meeting, 
Boston, Mass., June 19-23, 1955, of THe American Soctery or 
MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, April 12, 
1955. Paper No. 55—SA-45. 


cooling coil wound around the top of the guard was fed from the 
same water supply as the calorimeter. Thermocouples inserted 
in the guard at the same levels as those in the specimen allowed 
corrections to be made for heat transfer between guard and speci- 
men. The space inside the guard tube was filled with Fuller's 
earth, the outside was insulated with firebrick, and the top of the 
apparatus was insulated with rockwool. The maximum attaina- 
ble temperature was determined by the damage to be tolerated; 
nc readings were made above 1250 F. 
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Fie. 1 or TaermMat-Conpuctivity APPARATUS 

Specific heat was measured by heating to a known temperature 
a '/, X 2-in. cylindrical specimen in a vertical copper-tube fur- 
nace, a simplified version of apparatus described by Ginnings, 
Douglas, and Ball (6). The heat content of the specimen was de- 
termined by allowing it to drop into a solid copper calorimeter. 
This calorimeter consisted of a 5-lb cylinder with a hollow center 
and automatically closing lid; it was located in a thermos flask 
and a 5-junction chromel-alumel couple was used to follow changes 
in its temperature. Continuous recording made it a simple mat- 
ter to apply cooling corrections. 


EXPERIMENTAL ACCURACY 


The coefficient of thermal conductivity k was calculated from 
the one-dimensional Fourier heat-flow equation 


where Q is the heat flowing through section A having a tempera- 
ture gradient d@/dzx. Errors can be discussed in terms of these 
quantities. For the equation to apply we must have truly steady- 
state conditions. By means of a simple bucking circuit a sensi- 
tive recording millivoltmeter kept constant track of the tem- 
perature of the hot end of the specimen. Most readings were made 
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when this temperature varied less than 2 deg F per hr. Errors in 
measuring A can be considered negligible. Errors due to substi- 
tuting A@/Az for d@/dz are also negligible. Changes in A due to 
thermal expansion at high temperatures are compensated for in 
part by an increase in specinen length. This effect has been 
neglected because the maximum error so introduced is only ~1 
per cent. Uncertainty in the distance between couples, the read- 
ings from the calibrated thermocouples, contact potentials, un- 
steady state, etc., combine to give an estimated 1 to 2 per cent 
error in A@/Azr. It is the measurement of Q that has the greatest 
amount of uncertainty associated with it. Calorimeter calibra- 
tion, slight fluctuations in water temperature and rate of flow, 
parasitic heat flow through insulating material result in probable 
errors of 2 to 5 per cent in Q. The errors decrease as the speci- 
men conductivity or the temperature increases. With very low- 
conductivity materials (titanium) it is necessary to correct Q for 
heat transfer Q, between guard and specimen 


where L is the length of section, k; the conductivity of the insula- 
tor [0.05 Btu/(hr)(ft)(F) for Fuller’s earth], A@ the average tem- 
perature difference between guard and specimen, rz and 7 the 
radii of guard tube and specimen, respectively. 

These considerations lead to a total estimated error of about 5 
per cent for a medium conductor (Fe), about 7 per cent for a poor 
conductor (high-speed steel), about 10 per cent for a very poor 
conductor (titanium). These values were found to correspond 
approximately to the experimental scatter of individual points 
from the mean curves. Further confirmation was obtained by 
running a test on Armco iron for which accurate values of k are 
known (7). The results are shown plotted in Fig. 2. While ex- 
perimental points show a scatter of up to +5 per cent, the mean 
differs from the NBS curve no moe than 5 per cent, even in the 
low-temperature region where experimental errors are the 
greatest. 
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In the specific-heat measurements the enthalpy H, as a function 
of the temperature @, is the primary quantity measured. Errors 
in H are due to uncertainty in the initial and final temperatures 
of the specimen (1 per cent), calorimetric measurement (2 per 
cent), calorimeter calibration (2 per cent). Polynomial equations 
were found that best fitted the experimental data points of H, so 
that C, could be found by simple differentiation: C, = dH/dé. 
The uncertainty u in the value of C, so determined will be a func- 
tion of the temperature and can be represented approximately by 
u = +(3 + 0.0050) per cent, where @ is the temperature in 
deg F. 
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EXPERIMENTAL RESULTS 


Thermal conductivity of four different carbide-tool materials 
are shown in Fig. 3. CA-4 and K-6 are cast-iron grades contain- 
ing only tungsten carbide and a small amount of cobalt binder. 
CA-2 and K28 are steel-cutting grades containing titanium and 
tantalum carbide in addition to tungsten carbide as well as an in- 
creased amount of cobalt. 
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TABLE 1 NOMINAL COMPOSITION OF HIGH-SPEED-STEEL 
ALLOYS 


Per cent 
Fe 


Mo 

77 
8.5 85 
5 83 
8 


Cr 
4 
.5 4 
4 
4 86 


1 
1 
2 
2 

The conductivities of four grades of high-speed steel are shown 
in Fig. 4. Their nominal composition is shown in Table 1. The 
specimens were in the annealed condition. Differences between 
them and with temperature are hardly noticeable and it is evident 
that for many practical purposes a single value of 21 Btu/(hr)(ft)- 
(F) will be a satisfactory figure to use. 

Differences in conductivity between titanium alloys, as shown 
in Figs. 5 and 6, are also not very great, except that commercially 
pure titanium (75A) has a higher conductivity than the alloys, just 
as one would expect. The composition of five of the alloys used is 
given in Table 2, that for Ti 75A (1) and Ti 150A (1) is not known 
but evidently not quite the same as Ti 75A (2) and Ti 150A (2). 
Variation of conductivity with temperature is seen to be small. 
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TABLE 2 COMPOSITION OF TITANIUM ALLOYS 
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The specific heat (C,) of Ti 75A and Ti 150A of nominal com- 
position were found to be 


Ti75A: C, = 0.125 + 4.8 X 10-*(@ — 70)* Btu/lb F 
Ti 150A: C, = 0.130 X 4.8 X 10-*(6 — 70)? Btu/lb F 


where @ is the temperature in deg F. 

Caution is in order if these equations are to be extrapolated 
above the maximum temperature of the experiments (1400 F). 
The values between room temperature and 212 F were checked 
independently by heating the specimens in steam and dropping 
them into a water calorimeter. The results so obtained were 


Ti 75A : Cp = 0.129 + 2 per cent (at 140 F) Btu/lb F 
Ti 150A: C, = 0.131 + 3 per cent 


and agree with the equations just given. 

It is obvious that the specific heat of titanium increases rapidly 
with temperature. This fact was confirmed when the new values 
were used in conjunction with the analysis given in (1) to calcu- 
late the temperatures at the tip of a lathe tool machining tita- 
nium. Instead of giving absurdly high values, as the previously 
published values of C, had done, the calculated temperatures 
agree quite well with direct experimental measurement of the 
cutting temperatures (2). 
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Discussion 


B. T. Cuao.* Since the analytical procedure for estimating 
metal-cutting temperature was made available, much useful in- 
formation concerning the mechanism of tool failure has been ob- 
tained, One major handicap in applying the analysis is the lack 
of adequate data of the thermal properties of the tool and work 
materials. The author is to be congratulated on the fine piece 
of work reported here. There is at present great need for addi- 
tional similar work. 

In calculating the thermal conductivity of the test specimen 
from Equation [1] of the paper, the author replaced d@/dz by 
A6/Az, and stated that the error in doing so was negligible. The 
Az used were either 2 or 3 in. No A@ values were reported. 
Actually, the error resulting from such a substitution may be 
small or large depending on (a) the rate of change of the thermal 
conductivity of the specimen material with temperature and (b) 
the range of temperature concerned. For a material whose con- 
ductivity does not vary as temperature changes, the temperature- 
distance relation for the apparatus described will be linear, and, 
consequently, d#/dz and A@/Az are identical. However, if the 
conductivity exhibits a strong temperature dependency, and the 
temperature difference across the hot and cold end of the speci- 
men is large, such a substitution may introduce appreciable error 
inasmuch as the Az selected by the author are relatively coarse. 
Examination of Fig. 3 shows that the data scatter for CA4 car- 
bide is considerably larger than that of other carbides listed, par- 
ticularly in the lower-temperature range where the temperature 

* Associate Professor of Mechanical Engineering, University of 
Illinois, Urbana, Ill. 
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dependency of its conductivity is stronger. Such observation 
seems to support the foregoing discussion. 

Fig. 4 of the paper gives conductivity values of four different 
kinds of high-speed steel in the annealed state. It is well known 
that changes in microstructure of steels oftentimes produce a 
significant change in their electrical and thermal properties. A 
quenched medium or high C steel tempered to a high hardness 
has a lower conductivity than the same steel in the annealed state. 
It seems, therefore, that the data will be more useful if the con- 
ductivity values of high-speed steels were determined from 
quenched and tempered specimens (corresponding to the condi- 
tion in service) rather than from the annealed specimens. 

Finally, the writer would like to know the technique which the 
author used to produce 0.05-in-diam holes in cemented-carbide 
materials. 


«“Heat Transfer,’’ by Max Jakob, John” Wiley & Sons, Inc., New 
York, N. Y., vol. 1, 1950, chapter 6. 
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Avutuor’s CLOSURE 


Professor Chao was too modest in his discussion to point out 
that he, too, has been measuring thermal properties of impor- 
tant engineering materials. Since he used a different method 
it is regrettable that we did not happen to choose at least one 
common material for comparison of results. It is even more 
regrettable that nobody has yet devised a reliable method for 
measuring thermal conductivity rapidly. One specimen per 
week is slow progress. 

The writer was able to prove that conductivity curves must 
have much more curvature than CA-4 (Fig. 3) before the substi- 
tution of A@/Az for d@/dz causes any noticeable errors. The 
scatter Professor Chao refers to is not explained thereby, but 
must be ascribed to less refined measurement techniques since 
this was one of the first materials tested. 

Producing small holes (down to 0.010 in.) in carbide is no longer 
the problem it used to be. Ultrasonic drilling (Raytheon, Cavi- 
tron), controlled Are (Method X), spark (Elox), and others, are 
all capable of doing the job. 
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